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Introduction.
In the theory of comodules over the Hopf algebroids MU∗(MU) and BP ∗(BP ), a major

result is Peter Landweber’s Filtration Theorem and its important corollary, the Exact Functor
Theorem [7]. A careful examination of the proof of Landweber’s Filtration Theorem shows that
it depends on the fact that a comodule M∗ over MU∗(MU) (or BP ∗(BP )) which is finitely
generated over MU∗ (or BP ∗) is connective, i.e., Mn = 0 if n is sufficiently small. This condition
on M∗ allows an inductive proof of the Filtration Theorem based upon the fact that an element
in M∗ of smallest degree is coaction primitive. Clearly such an approach is not possible for a
comodule over a periodic Hopf algebroid since there is no analogous notion of smallest degree.
It is therefore reasonable to ask if there are counterexamples to the Filtration Theorem in this
context.

In this paper we investigate the situation for some periodic Hopf algebroids which play an
important rôle in algebraic topology. These are associated to Noetherian completions of the
spectra E(n) of Johnson and Wilson [6], well known to be ‘lifts’ of the Morava K-theories K(n).

In §1, we describe the Hopf algebroids of interest in terms inspired by Morava; in particular,
we show that they are split. A similar result was also proved by Hopkins and Ravenel in the
unpublished preprint [5]. It is crucial in this and related work that these Hopf algebroids should
be viewed as topologized objects.

In §2, we prove an analogue of Landweber’s Filtration Theorem for finitely generated discrete
topologized comodules over our Hopf algebroids. The proof is essentially a well known result
in p-group theory. It is also the case that any comodule induced from a connective one over a
connective Hopf algebroid for which Landweber’s Filtration Theorem applies has such a filtration;
in particular, comodules such as E(n)∗(X) over E(n)∗(E(n)) have this property as remarked by
Doug Ravenel in [9].

In §3, we give counterexamples to the Landweber Filtration Theorem for arbitrary topological
comodules, by exhibiting examples with no non-trivial coaction primitives.
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Finally, in the Appendix we give an account of some basic facts about twisted group rings,
probably well known to algebraists, but not as familiar to topologists.

I would like to thank the following for help and advice over many years on the subject matter
of this paper and related things: Francis Clarke, Mike Hopkins, John Hunton, Doug Ravenel,
Neil Strickland, and Urs Würgler.

§1 Some periodic Hopf algebroids.
Let p be a prime and 1 6 n. Then there is a graded Hopf algebroid (Γ(n)∗, E(n)∗) where

E(n)∗ =Z(p)[v1, . . . , vn−1, vn, v
−1
n ],

Γ(n)∗ =E(n)∗ ⊗
BP∗

BP ∗(BP ) ⊗
BP∗

E(n)∗

=E(n)∗(tk : k > 1).

In fact, from [6] we know that there is a ring spectrum E(n) for which Γ(n)∗ ∼= E(n)∗(E(n)), but
we will proceed entirely algebraically. In this description, the elements tk ∈ Γ(n)2(pk−1) satisfy
algebraic relations of the form

vnt
pn

k − v
pk

n tk ≡ 0 mod In,

where In C E(n)∗ is the maximal graded ideal (v0, v1, . . . , vn−1) C E(n)∗, where as usual we set
v0 = p.

Now we can consider the invariant ideal In as generating a Hopf ideal in Γ(n)∗, which we will
often denote by In C Γ(n)∗ when no confusion seems likely. Then the In-adic completions of the
rings E(n)∗ and Γ(n)∗ are by definition the Hausdorff completions

[E(n)∗ = lim←−
k

E(n)∗/Ikn,

[Γ(n)∗ = lim←−
k

Γ(n)∗/Ikn,

which give rise to a topological Hopf algebroid ([Γ(n)∗,[E(n)∗). We remark that from a topological
perspective this is an anomalous object, since although there is a spectrum [E(n) satisfying
[E(n)∗ ∼= π∗([E(n)), we do not have [Γ(n)∗ ∼= [E(n)∗([E(n)). Instead, we have

[Γ(n)∗ ∼= π∗

(
([E(n) ∧[E(n))K(n)

)
,

where ( )K(n) denotes localization with respect to Morava K-theory K(n)∗( ) in the sense of

Bousfield [4] (see also [9] and [8]). The Hopf algebroid [Γ(n)∗ is essentially that discussed by
Hopkins and Ravenel in [5], although we give an independent account.

Now we need to recall the existence of the n-th Morava stabilizer group Sn. Further details to
augment the following brief account may be found in [8].

For p a prime and n > 1, let Fpn be the Galois field of pn elements. Let W(Fpn) be the ring of
Witt vectors of Fpn , i.e., the unique unramified extension of the ring of p-adic integers Zp. The
group Sn is a profinite p-group which is a subgroup of the group of units in a central division
algebra Dn over the p-adic numbers Qp of degree n2 and which contains the field of fractions of
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W(Fpn) (and in fact any degree n extension of Qp). The elements of this group are expressible
uniquely in the form of a convergent series

α = 1 +
∑
k>1

αkS
k,

where αk ∈ W(Fpn) satisfies αp
n

k = αk for all k. Here S is an element of Dn for which Sn = p.
Moreover, the formula

SγS−1 = γp

holds for any γ ∈W(Fpn) which also satisfies γp
n

= γ; thus conjugation by S agrees with the lift
of Frobenius to W(Fpn), which we will denote by ( )σ.

In order to state our first major result, we need to convert our Z-graded objects into Z/2-graded
objects. We do this in a standard way which is equivalent to introducing a periodicity of degree
2. Thus if M∗ is a module over [E(n)∗ we first construct the object

[E(n)∗[un]/(up
n−1
n − vn) ⊗

[E(n)∗

M∗.

If M∗ is a comodule over [Γ(n)∗, we can extend the coaction to a coaction

[E(n)∗[un]/(up
n−1
n − vn) ⊗

[E(n)∗

M∗
ψ−→

([E(n)∗[un]/(up
n−1
n − vn) ⊗

[E(n)∗

[Γ(n)∗ ⊗
[E(n)∗

[E(n)∗[un]/(up
n−1
n − vn)) ⊗

[E(n)∗

M∗

which makes [E(n)∗[un]/(up
n−1
n − vn)⊗[E(n)∗

M∗ into a comodule over the Hopf algebroid

[E(n)∗[un]/(up
n−1
n − vn) ⊗

[E(n)∗

[Γ(n)∗

To define this extended coaction, we first extend to [E(n)∗[un]/(up
n−1
n − vn) using the formula

ψ(un) = un(v−1
n ψvn)1/(p

n−1).

The latter is meaningful since the formula ψvn ≡ vn mod In allows us to expand the element
(v−1
n ψvn)1/(p

n−1) by the binomial expansion which converges in the In-adic topology on [Γ(n)∗.
The general case now follows using the product formula for the coaction. Having obtained
this Z-graded extended comodule where everything is 2-periodic, we can now take the 0 and 1
components which form a Z/2-graded object whose grading we will denote by • with values +
and −. Thus we have the Z/2-graded ring [E(n)• and the module M• over it, which is also a
comodule over the Hopf algebroid ([Γ(n)•,[E(n)•). If the odd grading in M• is trivial, then we
can and frequently will identify M• with the ungraded object M+. We may recover the original
Z-graded object by tensoring M• with the ring Zp[un, u−1

n ] (over Zp). This actually sets up an
equivalence of categories but we will not dwell on this.
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We will frequently consider the Z/2-graded object [E(n)• as a ring with unique maximal ideal
(p, v′1, . . . , v

′
n−1) generated by the elements

v′k = u−(pk−1)
n vk ∈[E(n)0.

We will denote this by In since it is unlikely to be confused with the ideal In C [E(n)∗.
We also need to define an action of the infinite cyclic group generated by S, 〈S〉, on the ring

of continuous functions Sn −→W(Fpn), Cont(Sn,W(Fpn)); this action is given by

fS(α) = f(SαS−1)σ
−1
.

The fixed point set will be denoted by Cont(Sn,W(Fpn))〈S〉. Of course, this can be considered
as a Z/2-graded object concentrated in degree 0.

Theorem (1.1). There is an isomorphism of topological Z/2-graded algebras over Zp,

Γ̂(n)• ∼= Cont(Sn,[E(n)• ⊗
Zp

W(Fpn))〈S〉

∼= [E(n)• ⊗̂
Zp

Cont(Sn,W(Fpn))〈S〉.

Moreover, there is a Zp-Hopf algebroid ([E(n)•⊗̂Zp Cont(Sn,W(Fpn))〈S〉,[E(n)•) and the above

isomorphism is one of Hopf algebroids. Thus, the Hopf algebroid (Γ̂(n)•,[E(n)•) is split in the
sense of [8].

Proof. If we reduce modulo In, it is a by now well established fact that there is an isomorphism

K(n)•K(n) ∼= [Γ(n)•/In ∼= Cont(Sn,Fpn)〈S〉,

where Fpn is discrete and S acts on it as Frobenius. This isomorphism can be lifted to show that
for each k satisfying 0 6 k <∞ we have

[Γ(n)•/I
k
n
∼= Cont(Sn,[E(n)•/I

k
n ⊗
Zp

W(Fpn))〈S〉

∼= Cont(Sn,W(Fpn)/(pk))〈S〉 ⊗
Zp

[E(n)•/I
k
n

The details make use of results from [1] and also (see [8], [2] for example) the fact that the
generators tj of K(n)•K(n) are identifiable with the locally constant functions

tj : 1 +
∑
i>1

αiS
i 7−→ αj ∈ Fpn

which are known to generate Cont(Sn,Fpn). The work of [2] then gives liftings of these tj to
continuous functions t′j : Sn −→ [E(n)•⊗Zp W(Fpn). For each k as above, we can then show the

desired result since [E(n)•/I
k
n is finitely generated over Z/(pk).
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The result on the Hopf algebroid structure requires the lifting theory of [3] to establish that
there is a continuous multiplicative action of Sn on [E(n)•⊗Zp W(Fpn) which dualises to give a
continuous coaction as required. �

In [5], Hopkins and Ravenel give a different proof of this result. We refer the reader to our
Appendix for a discussion of twisted group rings which is also relevant to this material.

Now suppose that M• is a finitely generated topological [E(n)• module which is also a topo-
logical left comodule over [Γ(n)• ∼= Cont(Sn,[E(n)•⊗Zp W(Fpn))〈S〉. Then if

ψ(m) =
∑

f ′ ⊗m′,

we can define a continuous action of Sn on M• by

α ·m =
∑

f ′(α)m′ for α ∈ Sn.

If M• = [E(n)•, the action is through ring isomorphisms, and we obtain a twisted group ring
[E(n)•{Sn} as described in the Appendix. In the particular case of discrete topological comodule,
we see that for each m ∈ M• we have for some k that Ikn · m = 0. We then obtain that the
minimal sub-comodule M(m)• ⊆M• containing m also satisfies Ikn ·M(m)• = 0 and therefore is
a comodule over the quotient Cont(Sn,[E(n)•/I

k
n ⊗Zp W(Fpn)). In terms of the action of Sn we

have

Proposition (1.2). A discrete topological Γ̂(n)•-comodule M• admits the structure of a topo-
logical [E(n)•{Sn}-module with the property that for each m ∈ M•, Stab(m) ⊆ Sn is an open
subgroup.

Such Sn-modules are usually called proper in the language of Galois cohomology. The converse
to Proposition (1.2) is

Proposition (1.3). A proper topological [E(n)•{Sn}-module M• admits the structure of a dis-
crete topological Γ̂(n)•-comodule.

In effect, this sets up an equivalence of categories between discrete comodules and proper
modules over these algebras.

§2 A Filtration Theorem for discrete comodules over Γ̂(n)•.
We now investigate the structure of discrete Z/2-graded comodules over the Hopf algebroid

[Γ(n)• which are finitely generated over [E(n)•. By our last section these are equivalent to discrete
modules over the twisted group ring [E(n)•{Sn}. The following result is a variant on a standard
fact from group cohomology.

Proposition (2.1). Let G be a profinite p group and M a non-zero discrete abelian group in
which every element has order a power of p. Suppose that G acts properly on M as a group of
automorphisms. Then the set of G-invariant elements MG is non-zero.

Proof. Let m ∈M be a non-zero element. Then the orbit of m under G is finite, of order a power
of p. The subgroup M(m) of M generated by all the G-translates of m is similarly finite since
these all have finite order. But this subgroup is itself a G-submodule of M . Hence we obtain

|M(m)| =
∑
m′

|OrbG(m′)|,
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where the sum ranges over a complete set of representatives m′ of the G-orbits in M(m). Since
each orbit has to have order a power of p, we find that at least one orbit apart from that
containing 0 has order 1. �

An immediate consequence is the following.

Proposition (2.2). Let M• be a finite discrete topological comodule over Γ̂(n)•. Then the group
of primitive elements with respect to the coaction ψM• : M• −→ Γ̂(n)•⊗[E(n)•

M• is non-zero.

Proof. The group of primitives is equal to the group of fixed points under the associated action
of Sn. �

We can now deduce a version of Landweber’s Filtration Theorem for such comodules.

Theorem (2.3). Let M• be a finite discrete comodule over Γ̂(n)•. Then there is a sequence of
subcomodules 0 = M0 ⊆M1 ⊆ · · · ⊆M` = M for which

Mk/Mk−1
∼= [E(n)•/In = Fp.

Proof. By induction on the p-exponent of the order of M•. We carry out the induction by making
use of the fact that there is a non-trivial proper subcomodule constructed by taking a primitive
m 6= 0 (this is possible by (2.2)) and considering the comodule

[E(n)•m = {λ ·m : λ ∈[E(n)•}.

Setting M1 = [E(n)•m we can now appeal to the hypothesis on M•/M1. The induction is
grounded in the case M• = [E(n)•/In = Fp. �

Corollary (2.4). Let M∗ be a comodule over Γ(n)∗ which is a finitely generated In torsion
module over E(n)∗, i.e., every element is annihilated by a power of In. Then there is a sequence
of subcomodules 0 = M0 ⊆M1 ⊆ · · · ⊆M` = M for which

Mk/Mk−1
∼= E(n)∗/In = K(n)∗.

Proof. Such a comodule becomes a discrete module over [E(n)∗ which is also a comodule over
Γ(n)∗ and we can apply Theorem (2.4) to the associated Z/2 graded module [E(n)•⊗E(n)∗M∗

over [E(n)•. �

Of course, there are other topological comodules over [Γ(n)•, which might reasonably possess
an analogue of a Landweber filtration. However, in §3 we will show this to be false in general. This
implies that the vn-periodic situation is radically different from that for BP ∗(BP ) comodules.
However, as remarked upon by D. Ravenel in [9], for any BP ∗(BP ) comodule N∗, the induced
E(n)∗(E(n)) comodule N ′∗ = E(n)∗⊗BP∗ N∗ does possess a filtration with quotients of the form
E(n)∗/Ik where 0 6 k 6 n; a similar fact is true for comodules over [Γ(n)•.
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§3 Some counterexamples.
In this section we show that an arbitrary topological comodule over [Γ(n)• need not have any

non-zero primitives. For ease of exposition we will confine our attention to the details of one type
of example for the case of n = 1; however, this gives rise to a related example for each n > 1.

The ring [E(1)0 is just the ring of p-adic integers Zp and the stabilizer group S1 is equal to the
group of strict p-adic units

1 + pZp = {α ∈ Zp : α = 1 + α′p, α′ ∈ Zp}.

We can form the (pro-)group ring

Zp[S1] = Zp[1 + pZp]

= lim←−
k

Zp[(1 + pZp)/(1 + pk+1Zp)]

= Zp[[γ̃]]

where we set γ̃ = [1 + p] − 1, using the convention that the element α of the group 1 + pZp is
denoted by [α] when viewed as an element of this group ring (hence we have [0] = 1).

For any integer m > 1, the polynomial Xm − p is irreducible over Zp, by Eisenstein’s test,
and hence the quotient ring Zp[[X]]/(Xm − p) is an integral domain. Now setting X = γ̃ and
ensuring that m > 2, we see that the quotient ring Zp[[γ̃]]/(γ̃m − p) is a finitely generated Zp
module which is a Zp[S1] module with no non-trivial fixed points. For example, when m = p− 1
this quotient ring is isomorphic to the ring of integers in the cyclotomic field extension of Qp
obtained by adjoining p-th roots of 1.

Corresponding to such a module over Zp[S1], we have a finitely generated comodule over Γ̂(1)•
which has no non-trivial primitives under the coaction. Thus there is no filtration of Landweber
type for such a comodule.

This example can be generalised to the case of n > 1, using the semi-direct product decom-
position from [2],

Sn ∼= S1
n o (1 + pZp).

This gives a representation of Sn through S1 on the above module. Hence we may conclude that
filtrations of Landweber type need not exist for such comodules over [Γ(n)∗.

Appendix: Twisted group rings and their duals.
In this Appendix we give an account of the algebra of twisted group rings and their dual

function algebras. This is surely well known material but we believe it worthwhile to give an
account relevant to this paper.

Let G be a group, initially assumed to be finite, | a commutative ring with 1, and R a
commutative | algebra on which G acts on the left via | automorphisms (we denote this action
by γr). The twisted group algebra of G over R is the free left R module on the elements of G
endowed with the product

(rα) · (sβ) = rαsαβ

whenever r, s ∈ R and α, β ∈ G. We can view R{G} as a bimodule over R, with right action
given by

(rα) · s = rαsα.
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If the action of G on R is trivial this is the usual group ring over R.
Suppose that M is a left R module on which G acts by left | linear automorphisms. Then M

is a left R{G} module if and only if for t ∈ R, m ∈M and γ ∈ G,

γ · (tm) = γtm.

Now suppose that M is an R{G}module and consider the left R module Map(G,M) consisting
of all functions θ : G −→ M , endowed with pointwise product by elements of R. There are two
natural ways to let G act on Map(G,M), and we will distinguish these by using the notations
MapL and MapD for the resulting |[G] modules.

We define the action of G on MapL by

(α · θ)(γ) = (αθ)(γ)

= θ(γα).

Clearly this is left R linear and in general it does not give rise to a left R{G} module structure.
We define the action of G on MapD by

(α · θ)(γ) = (αθ)(γ)

= αθ(γα).

This does give rise to a left R{G} module structure, as is easily verified.
In fact, the two structures just defined are equivalent in the sense of the following result.

Proposition (A1). There is an isomorphism of |[G] modules

Φ: MapL(G,M) −→ MapD(G,M),

where Φ(θ)(γ) = γ−1θ(γ). Moreover, for r ∈ R and α ∈ G we have

Φ(αrθ) = αrαΦ(θ).

Again let M be an R{G} module and consider the action map

ϕM : G×M −→M ;

(γ,m) 7−→ γm.

Adjoint to this is a coaction map

ψM : M −→ MapL(G,M);

m 7−→ (ψ(m) : γ 7→ γm).

Now for G finite, we can identify the set Map(G,M) with M ⊗R Map(G,R) by using the corre-
spondence

θ ←→
∑
γ

θ(γ)⊗ δγ
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where δγ : G −→ R is the characteristic function

δγ(α) =
{

1 if α = γ,
0 otherwise.

Under this isomorphism, the above coaction ψM corresponds to a map

ψM : M −→M ⊗
R

Map(G,R);

m 7−→
∑
γ

γm⊗ δγ .

Notice that we have

ψM (α(rm)) =
∑
γ

γαrγαm⊗ δγ

=
∑
γ

γαm⊗ γαrδγ

=
∑
γ

γm⊗ γrαδγ

since αδγ = δγα. Hence we interpret the right hand factor Map(G,R) as the R{G} module
MapD(G,R) in order to ensure that ψM is a homomorphism of R{G} modules where we take
the G action on the codomain to be that on the right hand factor only.

For the special case of R = | and M = R with R a | algebra on which G acts as above, we
obtain an isomorphism

Map(G,R) ∼= R⊗
|

Map(G, |)

and we can make this into an isomorphism of |{G} algebras in two different ways, namely

MapD(G,R) ∼= (R⊗
|

Map(G, |))D

and
MapL(G,R) ∼= (R⊗

|
Map(G, |))R

where in the first we take the diagonal action and in the second the action on the right hand
factor alone.

Let us now consider a (left) R{G} module M . Then there is a canonical R module structure
on M given by

r ·m = (re)m

where e is the identity element in G. However, for each γ ∈ G, there is another module structure
given by

r ·m = γrγm.

We can thus identify such an R{G} module M with the | module M together with the collection
of R module structures indexed on G and with products of the form

ϕγ : r ·m 7−→ γrγm
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for γ ∈ G. Of course, such structures fit into commutative diagrams of the form

R⊗|M
ϕe−−−−→ M∥∥∥ yγ·

R⊗|M
ϕγ−−−−→ M

as γ varies over G.
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