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Abstract:  This paper presents a review and discussion on the numerical studies on steady and unsteady 
flow in collapsible channels using both the fluid-membrane model and the fluid-beam model.  The aim 
of the research is to explore the possible mechanisms of self-excited oscillations observed in experi-
ments on flow in collapsible tubes. The existence and stability of the steady solutions for different con-
trol parameters  are examined using numerical methods.   Results from the different models are com-
pared and discussed. The limitations of these models are also stated.  
 

Introduction 
The collapse of compressed elastic tubes convey-

ing a flow occurs naturally in several  physiological 
applications (Pedley, 1980), e.g. (a) blood flow in 
veins, either above the level and the heart where the 
internal pressure may be subatmospheric because of 
the effect of gravity (the jugular vein of the giraffe is 
particularly interesting in this context (Pedley, et al., 
1996), or being squeezed by contracting skeletal 
muscle as in the ‘muscle pump’ used to return blood 
to the heart from the feet of an upright mammal;  (b) 
blood flow in arteries, such as intramyocardial coro-
nary arteries during contraction of the left ventricle, 
or actively squeezed by an external agency such as 
blood-pressure cuff; (c) flow of air in the lungs dur-
ing forced expiration, because in an increase in alveo-
lar air pressure, intended to increase the expiratory 
flow  rate, is also exerted on the outside of the air-
ways.  In this case, increasing alveolar pressure above 
a certain level does not increase the expiratory flow 
rate, a process known as flow limitation (Shapiro, 
1977; Kamm & Pedley, 1989); and (d) urine flow in 
the urethra during micturition, where flow limitation 
is again commonplace.  These and other examples are 
discussed in greater details by Shapiro (1977).  Note 
that in all these cases mentioned, the Reynolds num-
ber of the flow (Re) is in the order of hundreds.  

 
In laboratory experiments on a finite length of 

collapsible tube, mounted on rigid tubes and con-
tained in a chamber whose pressure can be controlled, 
with flow driven through at realistic values of Re, 
self-excited oscillations invariably arise in particular 
regions of parameter space (Conrad, 1969; Brower & 
Sholten, 1975).  The thorough experiments of Ber-
tram, in particular, have revealed a rich variety of 
periodic and chaotic oscillations types, demonstrating 
that the system is a nonlinear dynamical system of 

great complexity (Bertram 1982; Bertram et al. 1990, 
1991).   This has stimulated great interests of many 
researchers who tried to explain the mechanisms of 
dynamical behaviour of the system.    Numbers of 
theories, most of them one-dimensional, have been 
put forward to explain the physical mechanisms re-
sponsible for the generation of the self excited oscil-
lations (e.g. Reyn, 1974; Shapiro, 1977; Cancelli & 
Pedley, 1985; Jensen, 1992; Matsuzaki & Kujimura, 
1995;  Pedley, 1992).  However, due to the great 
complexity of the system, involving three-
dimensional dynamic behaviour and fluid-structure 
interactions, there is as yet no complete theoretical 
description of the oscillations in any realizable ex-
perimental conditions.  

 
From the mathematical point of view, a self-

excited oscillation can arise only when a steady solu-
tion fails to exist or becomes unstable in a system 
with constant control parameters.  Hence it is essen-
tial to investigate the existence and the stability of the 
steady flow in a rationally described model, including 
important effects such as the non-linearity of the flow 
and wall dynamics.   

 
As the three-dimensional simulations of the sys-

tem requires computing resources in excess of any 
available to us except in the cases where flow can be 
greatly simplified (Heil & Pedley, 1996; Heil,1997), 
two dimensional models on elastic walled channel 
flow are considered instead (Lowe & Pedley, 1995; 
Luo & Pedley, 1995, 1996, 1998, 2000; Cai & Luo, 
2001; Cai, et al. 2001, Luo et al. 2001).   In this paper, 
both steady and unsteady simulations of these models 
will be discussed.     First, the membrane model is 
used and the study is mainly concentrated on the 
existence of steady solutions (Lowe & Pedley, 1994; 
Rast, 1994; Luo & Pedley, 1995).  It was found that 
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in the given range of Reynolds number and transmu-
ral pressure, although a steady flow solution should 
exist for all values of longitudinal tension according 
to one-dimensional analytic models,  the numerical  
simulations could only achieve these solutions for a 
sufficiently large tension. We  have also found that 
such problems are extremely ill-conditioned when the 
boundaries are highly complaint (e.g., tension very 
small).   Secondly, the stability of the steady solu-
tions are investigated, and self-excited oscillations 
are found to occur if the longitudinal tension of the 
membrane is small enough (Luo & Pedley, 1996).  
Finally,  a new fluid-beam model is introduced where 
the wall mechanics is properly presented.  Results 
from the different models are compared and dis-
cussed.  
 

The fluid-membrane model:  
The system configuration is shown in figure 1.  

The rigid channel has width of D.   One part of the 
upper wall is replaced by an elastic membrane sub-
jected to an external pressure pe. Steady Poiseuille 
flow with average velocity Uo is assumed either at the 
entrance or exit, depending on which type of bound-
ary condition is used (see below); the fluid pressure 
at either the upstream or the downstream end is taken 
to be zero.  The flow is incompressible and laminar, 
the fluid having density  ρ and viscosity µ.   The lon-
gitudinal tension T is taken to be constant, i.e., varia-
tions due to the wall shear stress or the overall change 
of the membrane length are considered to be small 
relative to the initial stretching tension. 

 
 
Steady flow solutions for a fixed pe-pd 

The typical non-dimensional parameters in the 
model are chosen to be L=5, Lu=5, Ld=5 (scaled to D), 
To=179 (scaled to D•Uo

2),  pe-pd=1.03 (scaled to •
Uo

2), and Re=300 (Luo & Pedley, 1995). The main 
results from the steady flow simulations for Re=300, 
and a fixed transmural pressure  pe-pd  are shown in 
figure 2.  It is seen that the membrane started to col-
lapse as tension is reduced. At small • (large T), the 
membrane is stretched tight and is not deformed. As 

•is increased, the deformation increases, the mini-
mum channel width ymin occurring close to the mid-
point of  the membrane.  As the construction becomes 
more severe, it tends to move downstream and a point 
of deflection appears in the upstream half.  When • 
increases above 30 two, possibly independent, phe-
nomena are seen:  the upstream part of the membrane 
begins to bulge out, ymin  increases somewhat as • 
increases. The membrane slope becomes very large.  
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Figure 2. Left: The wall shapes of the elastic section for different values of the membrane ten-
sion T=To/•, where • is a  scaling parameter.  Right:  The minimum wall position ymin  plotted 
against •.  Re=300.  

 
Both the above phenomena are also seen in the 

corresponding high Re one-dimensional model, whi-
ch is the same of that of Jensen & Pedley (1989) but 
applied to channel flow.  Indeed, the shape of the 
graph of ymin against β  predicted by the 1-D model is 
very similar to that given by the full computation, as 
shown in figure 2 (right).   

 
Unsteady flows of the fluid-membrane model:  
 
Stability and self-excited oscillations 

If the steady solutions shown in figure 2 are per-
turbed in the time-dependent domain, then the stabil-

ity of these solutions can be checked numerically. It 
is discovered that for small enough tension (• > 25), 
these solutions do become unstable. Further more, 
self-excited oscillations are developed for • > 30.  
These oscillations are almost regular sinusoidal ones 
for higher tension.  However, as the tension is re-
duced further, the oscillations become irregular, and 
the system seems to have gone though a period-
doubling bifurcation.   The instantaneous streamlines 
as self-excited oscillations occurring (•=35) are 
shown in figure 3.  
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Figure 3: Instantaneous streamlines during the time period as marked on the left. 
 
 
The fluid-beam model:  

The  fluid-membrane model discussed above, 
however, involves several ad hoc assumptions. First,  
for the unsteady flow simulations, the direction of the 
wall movement has to be assumed because the mem-
brane equation alone cannot determine the movement 
of the material points of the elastic wall. Secondly, 
the membrane model ignores the axial stiffness and 
hence the longitudinal stretch of the elastic wall is 
only balanced by a uniform tension and the transmu-
ral pressure. Thirdly, the bending stiffness of the wall 
is ignored in the membrane model. While these as-
sumptions are reasonable for a certain range of pa-

rameters, they may lead to unrealistic results when 
the wall is not so thin. In addition, ignoring the longi-
tudinal stretch makes it extremely difficult to make 
comparison with the experimental results, where the 
initial tension is often zero or very low (Ikeda, et. al. 
1998).   To overcome these shortcomings, Cai & Luo 
(2001) have proposed a new model in which a plane 
strained elastic beam with large deflection and in-
crementally linear extension is used to replace the 
membrane.  

 
The fluid-beam model takes the same configura-

tion as in figure 1, except now that the membrane 
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section is replaced by an elastic beam.  The dimen-
sionless governing equations for the system are:  

 
 

θλ cos'=x ,   θλ cos'=y ,  λκθ ='   
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where conventional symbols are used for flow vari-
ables, cκ,  cλ denote the bending and extensional stiff-
ness, respectively, T is now the pre-tension, and 
λ,  θ, κ are the slope, the principal stretch and the 
curvature of the beam, respectively.  Notice that as 
both cκ and cλ →0,  we recover the fluid-membrane 
model (Luo & Pedley, 1995).  

 
An adaptive finite element (FEM) approach util-

izing rotating spines is adopted to solve this fluid-
structure interaction problem The mesh is divided 
into three subdomains,  one of which is placed with 
many spines originating from the bottom rigid wall to 
the movable beam. These spines are straight lines 
which can rotate around the fixed nodes at the bottom,  
hence all the other nodes on the spines can be 
stretched or compressed depending on the beam de-
formation. A numerical code is developed to solve 
the fluid and the beam equations simultaneously us-
ing the weighted residual methods.  The boundary 
conditions for the flow are:  no-slip on the walls, 
parabolic entry flow, and stress free at the far down-
stream boundary.  Clamped boundary conditions are 
imposed at the beam ends.  

If cκ →0, a singularity may exist at the corners 
between the elastic and rigid walls.    Following 
Lowe & Pedley (1996),  an asymptotic approach to 
the beam model for very small cκ  in the small region 
near the corner (inner region) is employed  to analyse 
the local behaviour of the flow field (Cai, et al. 2001).  
The boundary conditions for this inner problem are 
determined by matching the numerical results for the 
outer region. 

 

 
Figure 4.  The wall shapes for different values of cκ , and β=90 

 
 
Following Luo & Pedley (1996),  the pre-tension T is 
also chosen to be T=178.8/β.  The bending stiffness 
is in the range of cκ= 105 - 10-5, and a fixed ratio of 

cκ/ cλ= 10-5 is used, which is equivalent to choosing 

the thickness of the wall to be 1% of the channel 
width;  all other parameters are the same as in Luo & 
Pedley (1996), with a Reynolds number of 300. 
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Figure 5 The wall shape for different values of pre-tension for c•= 10-2 �  

 

When cκ is very large,  the beam behaves like a 
rigid wall. The deformation of the elastic wall in-
creases as cκ decreases. The upstream bulging phe-
nomenon observed in the fluid-membrane model 
when the tension is below a certain value (Luo & 
Pedley, 1995) also occurs here when cκ falls below 

10-3. For an even smaller value of cκ, say 10-5, this 
model behaves almost identically to the fluid-
membrane model. In other words, the fluid-
membrane model seems to be a good approximation 
if cκ is O(10

-5).  

One important difference between the beam and 
the membrane models is that in the latter, when the 
tension falls below a critical value (λ=181), the nu-
merical scheme breaks down and a steady solution is 
not attainable (Luo & Pedley, 1995). We found this is 
only true in the beam model for very small values of 
cκ.  For cκ> 10-5,  however, a solution is always at-
tainable, and the elastic wall approaches to a limiting 
shape as T →0. This limiting shape is found to de-
pend the value of cκ. 

 

 
Figure 6 The limiting wall shapes when T →  0 for different values of cε 

 
In the limit when cκ →0, asymptotic approach shows 
that  ui ~ R, and p ~ po near the beam end,  i.e., there 
is no singularity at the corners for any nonzero bend-
ing stiffness (Cai, Luo & Pedley, 2001). In addition, 
the beam solution is  independent  of  the flow in the  
inner region when Re ~ o(ε

-1
L-2),  where ε= cκ/ (cκ 

L2).  This means that the beam shape near the corner 
is solely determined by the boundary conditions  at 
the ends of the inner region, and the influence of the 
flow only comes in through the interface to the outer 
solution. For ε →  0, the asymptotic approach also 
predicted that the flow field would approach the 
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sharp corner singularity in the manner of O(ε-1/2).  
Excellent agreement is found between the numerical 
and   asymptotic solutions  near the corner  when   
cκ →0.  

 
Concluding Remarks 

In order to explore the mechanisms of self-
excited oscillations in flow in collapsible tubes,  both 
steady and unsteady flow are simulated numerically 
on  two-dimensional models with the elastic section 
being replaced by a membrane or by a beam.  A finite 
element code is developed for the strongly coupled 
fluid-structure interaction problem.  Comparisons of 
the beam and membrane models are made. It is found 
that for cκ < 10-5,  the fluid-membrane model is a 
very good approximation to fluid-beam model, al-
though when applied to unsteady flows, it imposes 
almost too strict constrains for the system.  

  
In the membrane model, it was found that there 

is a limit value of tension when a steady solution is 
not attainable, but for the beam model, this again 
depends on the wall stiffness.  If these values are not 
too small, then as the pre-tension T →  0,  the elastic 
wall approaches a finite limiting shape, and there a 
steady solution is always attainable.  This is due to 
the fact that tension used in the membrane really 
means the final tension which approximates to pre-
tension only for very small values of the wall stiff-
ness.  

 
For greater values of the wall stiffness, however, 

there are significant differences between the two 
models.  This is highly important, since for most of 
the bioengineering applications, the wall properties of 
tissue materials can be much greater than the ones of 
the membrane (Fung, 1993).     Although only steady 
flow is considered in this paper, the model is valid for 
unsteady flow.   Using this new model will allow us 
to explore the self-excited mechanisms in a more 
realistic parameter region and make it possible to 
compare with the corresponding two dimensional 
experiments.  

  
The limitations of the fluid-beam model is that 

the physical linearity assumed for the beam, which 
may not be valid if the wall deformation is too large.  
In addition, it is still a two dimensional approach to 
the original complicated three dimensional system of 
flow in collapsible tubes.  Therefore the direct appli-
cation of this model to the collapsible tube flow is 
likely to be limited.  Nevertheless, a study on the 
simpler version of the original three dimensional 
fluid-structure interaction problem will serve to im-
proving our understanding of the fundamental behav-

iour of the system.  Most importantly, this work 
makes it possible to have direct comparisons with 
two-dimensional channel flow experiments, which in 
principle can be conducted.  Finally, it is worth point-
ing out that although it is possible to apply the current 
numerical code to two-dimensional axisymmetric 
tube flow, which appears to be a step closer to the 
three dimensional tube flow, it is not pursued here 
since we are mainly interested in the mechanisms of 
self-excited oscillations, which when they occur, are 
not axisymmetric.   
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