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By-product of a perturbative approach to the classification of
integrable Hamiltonian PDEs

Uy = A(u)uaﬁ + BQ(u; U, ua:x) + BS(u; Uz, Ugy, uxwx) + ...

long-wave expansion (cf. small amplitude perturbative
approach of A.Mikhailov, J.Sanders, Jing Ping Wang et al.)
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Question: properties of solutions

* how do they change when adding higher derivatives!?

Especially at critical regimes:

points of gradient catastrophe of the leading order
approximation

u; = A(u)u,




Problem of universality of critical behaviour:

to classify the types of critical behaviour of the quasilinear
system

u; = A(u)u,

and of the associated perturbed system

Uy = A(u)ux =+ BQ(“; U, ua:x) + BS(u; Uz, Ugy, u:m:x) + ...
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n=2, hyperbolic Whitney special solution to  P?
case singularity + linear function

n=2, elliptic case | Elliptic umbilic [fritronquée solution to P,




Remaining part of the talk: n=2, elliptic case

for the example of focusing nonlinear Schrodinger equation

(joint work with T.Grava & C.Klein)




Nonlinear Schrodinger equation

i+ 5 A+ YR =0

e Dispersive PDE

* Hamiltonian system

1

H=3 [ (Vo —[olt) d




Self-focusing:

for a bump-like initial condition one arrives at
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Compare with defocusing NLS:

i+ 5 A — [P =0

initial condition result of evolution
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1LYy + §¢m+ Y)%h =0

Lax operator is not self-adjoint




Small parameter ¢

ZG% —€¢m+\¢|2 =0




In the “dispersionless” limit € — 0

one obtains a system

U+ —+ (U U)a;

Vi F UV, — Uy 0

of elliptic type: the eigenvalues of the matrix

(5%

are complex conjugate for u > 0

(modulation instability)



For small ¢ the solutions to the Cauchy problem

u(z,0) =U(x), v(x,0)=V(x)

for the systems

ur + (U v),

V¢ + VUV — Uy

and

U+ -+ (U U)x

Vi + VUV — Uy

are indistinguishable



The deviation begins near the critical point (g, t)

where derivatives of a solution to

ur + (uv), =
V¢ T VVp — Uy
blow up

U — Uy, UV — Vg, Ug, Uy — OO

(similar to gradient catastrophe
in nonlinear hyperbolic systems)




First problem: to study the local behaviour of a
generic solution to the dispersionless system

ur + (U), 0

Vi + VUV — Uy

near the point of catastrophe g, 1o

U — Uy, UV — Vg, Ug, Uy — OO




Theorem |. This local behaviour does not depend
on the initial data. It is described by elliptic
umbilic catastrophe.




Elliptic umbilic singularity (R.Thom)

(also D4 _) function

1
F(X,Y) = §X3 —XY*?

Level surface

F(X,Y) =0

has singularityat X =Y =0



Another description: singularity of the gradient map

(X,Y) — grad ®(X,Y) = (U, V)

of a harmonic function A ® =0

6U/8X 8U/8Y (I)XX (I)XY
det = det = — [®%x + P%y]| =0

oV/OX OV/dY

Oxy Pyy

s 4P =0




Miniversal unfolding

1 1
F(X,Y) = §X3—XY2—aX—bY+§c(X2+Y2)

depending on the parameters a, b, ¢

Bifurcation diagram: look for the critical points (c=0)
Fx =X?-Y?—a+cX =0 }

Fy =-2XY—-b +cY =0

= X = X(a,b), Y =Y(a,b) singularityat a = b =0



Proof is based on

Lemma. Any analytic solution to
ur + (U), = 0

ve +vv, —u, = 0

satisfying (us)? + (vz)? # 0 can be obtained from the system

r=vt+ fy
OZUtT—fU

where f = f(u,v) satisfies

fvv _I_ufuu =0




Painleve-| equation

Solutions  w(z)

e¢ meromorphic functions in z € C

e new transcendental functions




Cf.

and

the Weierstrass elliptic function W = o(Z; g2, g3)

1 1

1
W(Z):ﬁ+ QZ [(Z_an)Qann]’ Qm,n:277710‘11‘1'271(«‘)2
m2+n2-+£0 ’ ’

doubly periodic, lattice of poles

2
(KJ/) — 4@3 — g2 — g3




Boutroux ansatz (191 3): solutions to P-|

4
w(z) =~z (5 z5/4) for large |z|

w = z1/2W
Hint: do a substitution

4 = %z5/4

to arrive at

1 4 W
W//: 2_1__ / s
6 W ZW+25ZQ




Theorem (Boutroux).

* Poles of a generic solution to P-1 accumulate along the rays

2
arg z = an n=0, +1, +2

* For any three consecutive rays there exists a unique
tritronqueée solutionwo(z) such that the lines of poles
truncate along these three rays for large |z







The tritronqué solution wg(z) has no poles along green

rays for large |z|, (cf. N.Joshi.A Kitaev, 2001)

wo(z) ~ —/Z, |argz| <2E, |z]>>1




Conjecture |:  the tritronquée solution wo(z)

47

has no poles in the entire sector |argz| < =




Main Conjecture:

local behaviour of a solution to the focusing NLS
near the critical point (o, to,u0, v0) : put

IT=x—x9, t=t—1ty, U=u—ug, UV=0V—1g
U+ i/ Ug U ~ —1 e VT + 2€2/5 (3&/1@)”5 e?wo(z)

5

7 — ( )1/5 eﬂ iw/uo(i—vof)—uof—i—%reiw?

c2/5

where wqo(z) is the tritronquée solution to P-1,

Suv T Z\/u_()f,guu . T e_iw




Main steps:

e any solution to  fyu + u fuu = 0 gives a first integral

of ur + (U v), 0

V¢ T VUVp — Uy




e for any f(u,v) there exists a unique extension to a first
integral of NLS

ur + (U),y

2
_ € Uy o 1
V¢ + VUV — Uy 4(u —§u)
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288u
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for any f(u,v) satisfying Joo + U fyuu =0

the system SH
r=vt-+ (M(w)

SH
O=ut+ 5,0(%,)

determines a solution to NLS. For small ¢

it is close to the solution

r=vt+ fy
O:Utﬂ—fv

of the dispersionless NLS




Comparison between NLS,
dispersionless NLS, and the tritronquee solution to P-|




Same for nonsymmetric initial data




NLS versus tritronquee; the critical time is t=0.208
(in the center)




Details in

B.Dubrovin, S.-Q.Liu,Y.Zhang, Comm. Pure Appl. Math. 59
(2006) 559-615

B.Dubrovin, Comm. Math. Phys. 267 (2006) | 17-139

T.Grava, C.Klein, arXiv:math-ph/0702038

B.Dubrovin, T.Grava, C.Klein, arXiv:0704.050 |




Further programme:

e distribution of poles of the tritronquee solution
inside the sector

47
larg z| > 3
e asymptotics of NLS inside the oscillatory zone

* matching of asymptotics

e generalization to Hamiltonian perturbations of general
first order quasilinear systems of elliptic type




Thank you!



