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1. THE ADELIC GRASSMANNIAN

Classify all rank 1 commutative algebras A of differential opera-
tors, for which the joint eigenfunction ¥ (x, z) which satisfies

A(z,0/0x)Y(x,z) = fa(z)Y(x,z), VA € A,
also satisfies a differential equation in the spectral variable
B(z,0/0z)Y(x,z) = g(x)y(z, 2).

The solutions (G. Wilson, 1993) are parametrized by the so-
called adelic Grassmannian

Grod = {W € Gr"® : spec(Ay) = spec(A) is unicursall,
Aw = A{p(z) € Clz] : p(z).W C W}

There exists a bispectral involution b : Grad — Grad:

wb(W)(xa z) = yYw(z,z), W€ Grod,



In 1998, G. Wilson showed that Gr% can also be described as
the union Uy>oCy of the Calogero-Moser spaces

Cn = {(X, Z) € gl(N,C) x gl(N,C) :
rank([X, Z] 4+ I) = 1}/GL(N, C).
The correspondence can be seen as given by the map
B:(X,2) — Yw(z,z) =€ det{l — (zI — X)L (=l — 2)"1}.
The bispectral involution becomes transparent, as it is given by
b (X, 2) = (Zt, XD,

i.e. we have a commutative diagram

UNZOCN i G?‘ad



2. THE ADELIC FLAG MANIFOLD
(H-Iliev IMRN 2000, No. 6)

Theorem 1 Ifr(tq,to,t3,...) iS a tau function of the KP-hierarchy,

then
T(n7t17t27t37) — T(tl +n7t2 _ g7t3+g7)7
iIs a tau function of the discrete KP-hierarchy
oL :
-~ — L/L 7L ’
or = LD+, L
OO .
L=A+ ) a(n)A™, Af(n)=f(n+1)— f(n).
1=0
0 02
( = —Aao = —(AaO — 2Aag) + Q(Aao + 2a0))



Starting from any W € Gr?d and its tau function m(t1,to,...),
the corresponding wave function of the discrete KP hierarchy is

vin,t,z) = (1 4+ 2)" exp < i tkzk) X
k=1

1 1 1
TW<751+n—;,t2—%—@,t3+%—@,---)

TW<t1+n,t2—%,t3+@,---)

Define a flag of subspaces of L2(S!, C)
Vi CVpy1 CVaCVy_1C...,
with Vj, the closure in L2(S1,C) of the space
V99 = span of {¢(n,0,z),9(n+1,0,2),¥(n+2,0,2),...}.
We call the set of these flags the adelic flag manifold Flad,



Let ¢y(n,z) =19¥(n,0,z) and define
Ay = {rational functions f(z) with poles only at z = —1 and

z = o0, such that 3 k € Z for which f(z).Vn C V44, V n}

Theorem 2 Any V € Flad gives rise to a rank one commutative
algebra A of difference operators A € A, isomorphic to Ay,

Atpy(n, z) = > a;j(n)Yy(n +j,2) = fa(z)Py(n, 2),

finitely many jeZ
for which there is a differential operator B(z,0/0z) such that

B(z,0/0z)Yy(n,z) = g(n)yy(n, z).

Proof:  Define @bb(v)(w,z) = Yy(z,e’ —1). Then, @bb(v)(w,z) is
the wave function of a susbspace b(V) € Gr"at, u



Example: M\ a e C,)|)\| < 1.

W = %{g cClz]: /(N = ozg()\)} c Gr®.
3

u=(z—\)>, v=(z—A)3€AW:>SpeC(AW):v2=u :
w .
vt ta,...) =Y it A"t —a
1=1

J
T(n;tl,tQ,...) =

_1)i—1 , o0 .
(1) ”),\@—1 —a=Y @At —a+n@+N"1

v i=1




B 14X
(z=A)(n—=5(1+A))
8=a-— Z ’iti)\i_l.

i=1
_ (=N)°

z+1
spec(Ay) : Y2 = 7“3<7“—|—4(1 —I—)\)>, y = u—r(r—I—Q(l + )\))

by(n, 2) = (1 )(1 +2)" Ve R,

u=(z—N)>2 r € Ay =

X 5 Tz
vy (,2) = vyl e —1) = (1= oy )™
S=14+X A=056(1+)),

b(V) = i;\{g € Clz] ¢ g(X) = dg(X — 1) = o} e Griria ¢ Gyrat,

spec(Ab(v)> g ==xf/4f + 1.



3. TRIGONOMETRIC GRASSMANNIAN
(Sigma 3, 2007, 015)

The generic space in Gri™ is defined to be

W= v {e e Clal ran = a0 - 1}
i=1\% T N

ANiF= Xt FEg, A=A FL 0, #F0.

Gri™d —= {W € Gr™™ : Ay, is isomorphic to a commutative

ring of differential operators with coefficients in C(ex)}.

These rings can be described as specific Darboux transformations
of constant coefficients differential operators. In the generic case

N
Lo= ][] (8z = X)(0z — Ai + 1) = QoPo — L = PyQo.
i=1



Theorem 3 There is a commutative diagram

UNZOCN £> Grad = pjad

JbC lb
. tr .
UNZ()CK;ZQ 5_9> Grtryg
with
Oy ={(X, 2) € GL(N,C) x gl(N,C) :
rank (XZX Y- Z+1) = 1}/GL(N, C),
and

bC(X,7) = (1 + Zt XU + Zt)).



Lemma 1 The bijection 8 : Uyn>oCn — FI% is given by the map

(X,Z) — y(n,z) =
(1+ z)’”det{f + (X —n(I + Z)_l)_l(zl - Z>_1}.

Proof: The tau function of a space W = 3(X, Z) € Gr% is

00
w(t1,to,t3,...) = det{X — Z kthk_l}, (X,Z) € Cy.
k=1

Assuming the spectrum of Z is inside the unit circle, one finds
n n
Ty(n,t1,t2,...) ETW(tl + n,to —57t3+§,--->,

— det{X — kg_:l kty 21 —n(I + Z)_l}.



Proof:  The (stationary) Baker-Akhiezer function vy, (z,z) of
W e Gri™d, in terms of (X, 2) € CK;ZQ is

Y (x, z) = ™ det{l — X (e"T — X) (2l — 2)71},
which defines 179 : Upn~oCN'Y — Gri"9. Then,
Y11y (1 2) = Py (10g(1 4 2),7n)
= (1 + z)”det{l - X((1 + 2)1 — X>_1(nl - Z>_1}
= (1+ z)”det{l + (z[ - Z)—l(X —n(l + Z)—l)_l},
with X =2zX"1! and Z=X-1.
rank([Z,X]+ 1) = rank([X, ZX N4+ 1)=rank(XZX 1 - Z4+1) =1,

ie. () NX,2)= ((X—l)tz’f,xt - I).



4. RUIJSENAARS’ DUALITY

Theorem 4 Let (X,Z) € C¥" be such that both X and Z are
diagonalizable, and let W = p"9(X, Z) € Gri™. Then

T — xi(tla t27 t37 . ))
> .

N
mw(z +t1,t2,t3,...) = |] 2sinh (
i=1

with x;(t1,t>,t3,...) a solution of the trigonometric (hyperbolic)
Calogero-Moser hierarchy, and

N
Tb—l(W)(n,tl,tQ,...> = H (n—)\i(tl,tQ,...)),

i=1
with \;(t1,t>,...) a solution of the rational Ruijsenaars-Schneider
hierarchy.



Proof:

o (X,Z7) = (K = diag(e™,..., eTN),

1
J(fB Y) 7Y =+ ( ])QSinh (%(mz — xj)>>

Hy(z,y) = sok(L(x,y)) =
ch— 1tr{(L($’y) B I)kH - Lkﬂ(w,y)}, k=1,2,...
IJ_V[ (e:v _ eﬂjz’(t)) = det{efE] — Kexp{ i th@k(L)}}
=1

k=1

1

— eNinet{I — Kexp{ —(t1 +2)I + i tk<(L — ])k _ Lk)}}
k=2



Hilkj
L+X— A

o (X,2) = (L{?S: KRS=dia,g()\1,...,)\N)),

NoENL ViE G pi=ed [] [1_(/\2- 1 ]1/4730.
H, (0, 0) = o (L7S(0,0)) = —tr{LRS (N 0) — 1}, k=1,2,...

Tp-1w)(n,t1, 6o, ...) =

(—1)N(detX)_1det{n[ — 7 + i ktk(X _ I)k—lX} _
k=1

oo
(—1)N(detLRS)_1det{nI - KBS N LRSV%(LRS)} _
k=1

N _ —SN g, Al
(—1) Ve 2i=1 zl_]l (n— Ni(t1,t2,...)).
|



T hank you!



