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1. THE ADELIC GRASSMANNIAN

Classify all rank 1 commutative algebras A of differential opera-
tors, for which the joint eigenfunction ψ(x, z) which satisfies

A(x, ∂/∂x)ψ(x, z) = fA(z)ψ(x, z), ∀A ∈ A,

also satisfies a differential equation in the spectral variable

B(z, ∂/∂z)ψ(x, z) = g(x)ψ(x, z).

The solutions (G. Wilson, 1993) are parametrized by the so-
called adelic Grassmannian

Grad = {W ∈ Grrat : spec(AW ) = spec(A) is unicursal},
AW = {p(z) ∈ C[z] : p(z).W ⊂W}.

There exists a bispectral involution b : Grad → Grad:

ψb(W )(x, z) = ψW (z, x), W ∈ Grad.



In 1998, G. Wilson showed that Grad can also be described as
the union ∪N≥0CN of the Calogero-Moser spaces

CN =
{
(X,Z) ∈ gl(N,C)× gl(N,C) :

rank([X,Z] + I) = 1
}
/GL(N,C).

The correspondence can be seen as given by the map

β : (X,Z) → ψW (x, z) = exz det{I − (xI −X)−1(zI − Z)−1}.
The bispectral involution becomes transparent, as it is given by

bC(X,Z) = (Zt, Xt),

i.e. we have a commutative diagram

∪N≥0CN
β−→ GradybC yb

∪N≥0CN
β−→ Grad



2. THE ADELIC FLAG MANIFOLD
(H-Iliev IMRN 2000, No. 6)

Theorem 1 If τ(t1, t2, t3, . . .) is a tau function of the KP-hierarchy,

then

τ(n, t1, t2, t3, . . .) = τ

(
t1 + n, t2 −

n

2
, t3 +

n

3
, . . .

)
,

is a tau function of the discrete KP-hierarchy

∂L

∂ti
= [(Li)+, L],

L = ∆ +
∞∑
i=0

ai(n)∆
−j, ∆f(n) = f(n+ 1)− f(n).

(
⇒

∂

∂t2
∆a0 =

∂

∂t1
(∆a20 − 2∆a0) +

∂2

∂t21
(∆a0 + 2a0)

)



Starting from any W ∈ Grad and its tau function τW (t1, t2, . . .),

the corresponding wave function of the discrete KP hierarchy is

ψ(n, t, z) = (1 + z)n exp
( ∞∑
k=1

tkz
k
)
×

τW

(
t1 + n− 1

z , t2 −
n
2 −

1
2z2

, t3 + n
3 −

1
3z3

, . . .

)
τW

(
t1 + n, t2 − n

2, t3 + n
3, . . .

) .

Define a flag of subspaces of L2(S1,C)

V : . . . ⊂ Vn+1 ⊂ Vn ⊂ Vn−1 ⊂ . . . ,

with Vn the closure in L2(S1,C) of the space

V algn = span of {ψ(n,0, z), ψ(n+ 1,0, z), ψ(n+ 2,0, z), . . .}.

We call the set of these flags the adelic flag manifold Flad.



Let ψV(n, z) ≡ ψ(n,0, z) and define

AV =
{
rational functions f(z) with poles only at z = −1 and

z = ∞, such that ∃ k ∈ Z for which f(z).Vn ⊂ Vn+k, ∀ n
}
.

Theorem 2 Any V ∈ Flad gives rise to a rank one commutative
algebra A of difference operators A ∈ A, isomorphic to AV,

AψV(n, z) ≡
∑

finitely many j∈Z
aj(n)ψV(n+ j, z) = fA(z)ψV(n, z),

for which there is a differential operator B(z, ∂/∂z) such that

B(z, ∂/∂z)ψV(n, z) = g(n)ψV(n, z).

Proof: Define ψb(V)(x, z) = ψV(z, ex − 1). Then, ψb(V)(x, z) is
the wave function of a susbspace b(V) ∈ Grrat.



Example: λ, α ∈ C, |λ| < 1.

W =
1

z − λ

{
g ∈ C[z] : g′(λ) = αg(λ)

}
∈ Grad.

u = (z − λ)2, v = (z − λ)3 ∈ AW ⇒ spec(AW ) : v2 = u3.

τW (t1, t2, . . .) =
∞∑
i=1

itiλ
i−1 − α

⇓
τ(n; t1, t2, . . .) =

∞∑
i=1

i

(
ti +

(−1)i−1n

i

)
λi−1 − α =

∞∑
i=1

itiλ
i−1 − α+ n(1 + λ)−1.



ψV(n, z) =
(
1−

1 + λ

(z − λ)(n− β(1 + λ))

)
(1 + z)n, V ∈ Flad,

β = α−
∞∑
i=1

itiλ
i−1.

u = (z − λ)2, r =
(z − λ)2

z + 1
∈ AV ⇒

spec(AV) : y2 = r3
(
r+ 4(1 + λ)

)
, y = u− r

(
r+ 2(1 + λ)

)
.

ψb(V)(x, z) ≡ ψV(z, ex − 1) =
(
1−

δ

(ex − δ)(z − λ̃)

)
exz,

δ = 1 + λ, λ̃ = β(1 + λ),

b(V) =
1

z − λ̃

{
g ∈ C[z] : g(λ̃) = δg(λ̃− 1) = 0

}
∈ Grtrig ⊂ Grrat.

spec
(
Ab(V)

)
: g = ±f

√
4f + 1.



3. TRIGONOMETRIC GRASSMANNIAN
(Sigma 3, 2007, 015)

The generic space in Grtrig is defined to be

W =
1∏N

i=1(z − λi)

{
g ∈ C[z] : g(λi) = δig(λi − 1)

}
,

λi 6= λj, i 6= j, λi − λj 6= 1, δi 6= 0.

Grtrig =
{
W ∈ Grrat : AW is isomorphic to a commutative

ring of differential operators with coefficients in C(ex)
}
.

These rings can be described as specific Darboux transformations
of constant coefficients differential operators. In the generic case

L0 =
N∏
i=1

(∂x − λi)(∂x − λi + 1) = Q0P0 → L = P0Q0.



Theorem 3 There is a commutative diagram

∪N≥0CN
β−→ Grad ≡ FladybC yb

∪N≥0C
trig
N

βtrig−−−→ Grtrig

with

C
trig
N =

{
(X,Z) ∈ GL(N,C)× gl(N,C) :

rank (XZX−1 − Z + I) = 1
}
/GL(N,C),

and

bC(X,Z) =
(
I + Zt, Xt(I + Zt)

)
.



Lemma 1 The bijection β : ∪N≥0CN → Flad is given by the map

(X,Z) → ψV(n, z) =

(1 + z)ndet
{
I +

(
X − n(I + Z)−1

)−1(
zI − Z

)−1
}
.

Proof: The tau function of a space W = β(X,Z) ∈ Grad is

τW (t1, t2, t3, . . .) = det
{
X −

∞∑
k=1

ktkZ
k−1

}
, (X,Z) ∈ CN .

Assuming the spectrum of Z is inside the unit circle, one finds

τV(n, t1, t2, . . .) ≡ τW

(
t1 + n, t2 −

n

2
, t3 +

n

3
, . . .

)
,

= det
{
X −

∞∑
k=1

ktkZ
k−1 − n(I + Z)−1

}
.



Proof: The (stationary) Baker-Akhiezer function ψW (x, z) of
W ∈ Grtrig, in terms of (X,Z) ∈ CtrigN is

ψW (x, z) = exz det
{
I −X(exI −X)−1(zI − Z)−1

}
,

which defines βtrig : ∪N≥0C
trig
N → Grtrig. Then,

ψb−1(W )(n, z) = ψW
(
log(1 + z), n

)
= (1 + z)ndet

{
I −X

(
(1 + z)I −X

)−1(
nI − Z

)−1
}

= (1 + z)ndet
{
I +

(
zI − Z̃)−1

(
X̃ − n(I + Z̃)−1

)−1
}
,

with X̃ = ZX−1 and Z̃ = X − I.

rank([Z̃, X̃] + I) = rank([X,ZX−1] + I) = rank(XZX−1 − Z + I) = 1,

i.e. (bC)−1(X,Z) =
(
(X−1)tZt, Xt − I

)
.



4. RUIJSENAARS’ DUALITY

Theorem 4 Let (X,Z) ∈ C
trig
N be such that both X and Z are

diagonalizable, and let W = βtrig(X,Z) ∈ Grtrig. Then

τW (x+ t1, t2, t3, . . .) =
N∏
i=1

2 sinh

(
x− xi(t1, t2, t3, . . .)

)
2

,

with xi(t1, t2, t3, . . .) a solution of the trigonometric (hyperbolic)

Calogero-Moser hierarchy, and

τb−1(W )

(
n, t1, t2, . . .

)
=

N∏
i=1

(
n− λi(t1, t2, . . .)

)
,

with λi(t1, t2, . . .) a solution of the rational Ruijsenaars-Schneider

hierarchy.



Proof:

• (X,Z) ≡
(
K = diag(ex1, . . . , exN),

Lij(x, y) = δijyi + (1− δij)
1

2 sinh
(
1
2(xi − xj)

))
.

Hk(x, y) = ϕk
(
L(x, y)

)
=

1

k+ 1
tr

{(
L(x, y)− I

)k+1
− Lk+1(x, y)

}
, k = 1,2, . . .

N∏
i=1

(
ex − exi(t)

)
= det

exI −K exp
{ ∞∑
k=1

tk∇ϕk(L)
}

= eNxdet

I −K exp
{
− (t1 + x)I +

∞∑
k=2

tk
(
(L− I)k − Lk

)}.



• (X,Z) ≡
(
LRSij =

µiµj

1 + λj − λi
, KRS = diag(λ1, . . . , λN)

)
,

λi 6= λj, ∀i 6= j, µi = e
θi
2

∏
k 6=i

[
1−

1

(λi − λk)2

]1/4
6= 0.

Hk(λ, θ) = ϕk
(
LRS(λ, θ)

)
= −tr

{
LRS(λ, θ)− I

}k
, k = 1,2, . . .

τb−1(W )(n, t1, t2, . . .) =

(−1)N(detX)−1det
{
nI − Z +

∞∑
k=1

ktk(X − I)k−1X

}
=

(−1)N(detLRS)−1det
{
nI −KRS −

∞∑
k=1

tk L
RS∇ϕk(LRS)

}
=

(−1)Ne−
∑N
i=1 θi

N∏
i=1

(
n− λi(t1, t2, . . .)

)
.



Thank you!


