ISLAND 3 : Algebraic aspects of integrable systems

Local Darboux transformations
and geometric crystals (II):

Transformations of the dKP equation
and their reduction to the dKdV case

S. Kakei (Rikkyo University, Japan)
Joint work with J.J.C. Nimmo and R. Willox
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A . root system
M :={a;};,c7 : simple roots

_ Q(Oéi,Oéj) _ .
A= (aij>i,j€I Qg = (aj7oéj) - Cartan matrix

X : algebraic variety/C

e; . C*x X — X (rational C*-actions)
For c € C*, z € X, we will use the notation e(z) := e;(c,x).

v; + X — C (rational functions)

g; . X — C (rational functions)



1. Geometric Crystals (Berenstein-Kazhdan, 2000)

Def. (X, {e;j}ict, {ViticTz, {€i}icT) IS @ geometric crystal if
(1) 7vi(ef(x)) = cYiy(=),

(i) ei(e§(x)) = ¢ tei(a),

(III) (O) Qi = QAj; = 0O = €§1€§2 = 6?2651,
(1) aj=a;;=-1 = 67(;16;102652 = e§26§102 ;1,
(2) aij — —2, aji = —1
— 62316;%626;1626;2 — ;2 ;3102 ;%02 gl’
(3) A5 — —3, QA4 — —1
— A 6??02 ?%02 ecfi’cg £C162 €2

(/ j 7 j 7 3 5 3
__ _Cp _cycp C1Cy C1C2 C1C2 ¢y
= ej e, ej e; ej e -



Unipotent Crystal (A4,_i-case)

BT : upper triangular matrices

C
GLn(C)
U . lower triangular & diagonal entries = 1
Notation:
E;: € GLn, (Eij) = 6ixdp |1
® [j; € % ij ) g 1k9kl
1 _

° G](CL) L= ZEZZ —+ an_|_1,j = a1 cu

i

- 1_

For X = injEij e BT and c e C*, we define

1<J
o eZC(X) = Gz ((C — 1):82'@'/:&&"2'4_1) XGZ ((C_l — 1)xi—|—1,i—|—1/xi,i—|—1)r
o vi(X) == xi1 441/



Consider X € BT of the following form:

L]

1
L2

In

We can calculate the action of e,f explicitly:

L]

es : (x1,..

1
5 . o
T,
4
Ty T Ly Tn)

r1 1

(z1,...

cxT; 1

1
C TTit1

|

—1
y CLg, C

Lit1y---




Consider a product X x Y (X,Y € BT).
We can define an action of e; on X x Y

eS(X X Y) =e;1(X) x e;2(Y)

where ¢1, ¢o are some rational functions w.r.t. z;, y; (1 =1,...

Tropical R-matrix

R : BT xBT — BT xBT
which satisfies
[R, e5] =0, Vi

Cf. Solvable lattice models ~ Quantum R

(R, UQ(Q)] =0

7n)
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¢2. Local Darboux transformation
for the discrete KP hierarchy

For f(f,m) — f(gamla"'amM):

Tyf(¢,m) = f(£+ 1,m),
T;f(l,m) = f({,mq,...,m; +1,....my), j=1,....,M

Sato-Wilson operators :

W(,m) =1+ wiT, * +wT, 2+,
W (¢, m) :=wo +w1T; +w2T7 + - -,

discrete Sato equations :

(TWY(1—a;+aly) =BW (W=WorW, j=1,...,M),

Twq
Bj =ozTg—|—(1—ozj)uj, U j — J

wo
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(Formal) Baker-Akhiezer function :
A 14
W, (¢, m) == W (¢, m) (1 _ —>

that satisfies

Tj\lf)\(é, m) — Bj\lf)\(é, m) — {O&jTg + (1 — Oz]>u]} \U)\(f, m)
1 1
= Wy = (CLTg — b]T]) Wy

a — bju]

[J.J.C. Nimmo, J. Phys. A (1997)]

Compatibility condition : (T]Bk)B] = (TkBj)Bk

(wi(Tjup) = up(Truy),
a;(1 — ag)(Tjug) + o (1 — o) (Tpu,)
\ = o (1 — a;) (Tpuj) + a;(1 — ag) (Tpuy)
(discrete KP equation)

N\
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Linear equations in infinite matrix form

Tj\lf)\(f, m) — {OéjTg + (1 — oz])uj} \UA(& m)

b(e— 1)
Y+ 1)
(1—opu(t—1) o bt 1)
= (1 — ay)u;(f) a; (L)
(1—04j)Uj(€—|— 1) ’(ﬁ(f—|—1)
Consider 2 x 2 subsystem :
- [ ¢ (k) ] _ [(1 — aj)u;(k) a; ¢ (k)
7ok +1) 0 (1 —coj)uij(k+1)| [¢(k+1)|"

Compatibility of the 2 x 2-system follows from that of the infinite

case.
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Local Darboux transformation

Data :
e Potentials {uj(e, m)} that satisfy the dKP equation.

e Eigenfunctions {¢(J)}jez that satisfy

| ek | _ [(1 — o)u; (k) o ] [ (k) ]
ok + 1) 0 (1 —a)u(k+1)| |¢(k+1)|
Fix an integer k and define {aj(e, m)} as
(u;(¢, m) (0 #k,k+1)
uj(f,m) = ¢u;(k,m)c;(k, m) (4 = k)
(uj(k+1,m)/ci(k,m) (L=k—+1)

where ¢;(k,m) := 1+ ¢(k + 1)/ {(aj - 1)q§(k)uj(k,m)}.

Proposition .
The transformed potentials {@j(ﬁ, m)} satisfy the dKP equation.
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¢3. Reduction to dKdV

Reduction : W (¢, m1 4+ 1,mp+ 1) = W({,mq,mp),
W(,mi+1,my+1) =W ,mq,mo)

= W (¢,,mi+1,mo+1) =2AV,(4,m1,mp)

Define CDA(E? 7m17m2) L= W)\<£7 y M1, T2 + 1)
Then ®,(4,,m1 + 1,mo) = AW, (4,,m1,m2).

= 2 X 2 Lax pair
N (1 —a5;)u a5t
T — 2 2
¢ Py ] ole)\ (1-— aIl)u_l

7 WA _ [(@—a)v araxt] Wy
Loy 7| 0 Dy |

/

\

W
Dy

|
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2 x 2 Lax pair

( T W] _(1—a51)u 0451 Wy
< 14 _CD)\_ _ CMI]')\ (1 . OéIl)u_l (D)\ 9
o Wil _ [(1—ap)v ozlozgl Wy |
\ _CD)\_ ] A 0 D

Compatibility condition :

(T1u)v = u(Tp),
X 1 1— 061
v = — “Tu
T]_u 1 — oq

\

Eliminating v, we obtain the discrete KdV equation :

L 5w - (), s=102

T1Tyu w 1 — O‘I1
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dKdV as a Box and Ball System

L—1t, mi<n

t—l—lt t, .t

Up  Upn = UpUp41 1 1 . i1
t—l—l 1 <~ t—|—1 - ut — 5{ Up41 — Up + }
tn ol 4 dul, Un+1 "

~ Ultra-discrete limit [Tokihiro-Takahashi-Matsukidaira-Satsuma, 1996]

Iimoa log (eA/8 + eB/E) = max[A, B]

E—>

N

ul = exp[U}fb/a} vl = exp[Vt/s} § = exp[—1/¢]

(U VD e — UV ) /e
) € " /¢ = . i ud-lim [UETY +viEi= Ul + Vt
en' /6 = ' UH'1 max[Ut ~1, Vt
evfn/‘"5 —|— e(Un_l)/€
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dKdV as a Yang-Baxter map

( 1
(Thu)v = u(Tyv) Tiu =
dKdV < 1 & vt ou
v=— —0u Ty =
Tyu \ w(v 4+ du)

Yang-Baxter map

R:(uv) e | ’
AP v+ ou’ u(v+ du)

T his satisfies Yang-Baxter equation :

éuv RuywRvw = RywRuw éuv )

where R : (u,v) — (v,u) and

Ryw(u,v,w) = (u, R(v,w)), etc.
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discrete KdV

(Tru)v = u(Tyv) 1 1
Yy — % _ Su A T 6 {(Tyu) — (T1u)}

Cf. [Papageorgiou-Tongas-Veselov, JMP, 2006]

’u:y51+wy

w = Ty B> + 2y

{uﬁlzyﬁl < < _ B2 + xy
T v V=2

\ Bl_l_wy

R: (z,y) — (u,v) satisfies the YB relation.



Local Darboux transformation for dKdV

Proposition :

Assume that the local eigenfunction [qﬁ(i(—]r—)l)] satisfies
o(k) | _ ¢ (k)
Tﬂb¢w+1j_ﬁbﬁﬂﬂi’ k7= 0.

Then the local Darboux transformation preserves the reduction
condition for the dKdV.

1 1
T 6 {(Tyu) — (Tyru)}
u; (¢, m) L#kEk+1)
{u;(4,m)} — u;j(¢{,m) =< u;(k,m)c;(k, m) (L =k)
uj(k—l—l,m)/cj(k,m) (fzk—l—l)

¢j(kym) i= 1+ ¢(k + 1)/ {(j — 1)p(k)u;(k, m)}
20



$4. Reduction to dBoussinesq

Reduction 1: \U)\(E + 1 mi+1,mo+ 1) = )\\U)\(f,ml,mg)

Define CD)\(E,ml,mQ,mg) L= \V)\(f,ml,mz + 1),
e)\(gaml7m27m3) = W)\(Evml + 1,mp + 1);

Then @)\(5 + 1,m1,m2) = )\\U)\(f,ml,mg).

= 3 x 3 Lax pair

( Wy (1 — s Vus oy’ 0 Wy
Ty [Py | = 0 (1-— aIl)(Tl_lTE_lul) OéI1 Py,
O A 0 0 ©)
g - - 1
Wy (1—a1)v oo, 0 Wy
Ty | Py = 0 0] 1 D, | .
\ _@A_ i 2P 0 (1-— al)(Te_lul) O\
Compatibility condition
(
uz(Tyv) = (Truz)v Tyup _ Tyuy — 6(Tpu2)
§ Tyv = Tl_lTE_l’LLQ — (T un) = uo U] — OUD
—1p—1
v = u1 — oup uy(Tyup) = UQ(Tl T, u1)
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Reduction 2:
\U)\(Eaml + 17m2 + 17m3 + 1) — )‘w)\(£7m17m27m3)

Define @, (4, m1,mo,m3) := W) ({,my1,mo, m3 + 1),
O\(4,m1,mo,mz3) ;=W ({,m1,mp+ 1,m3+ 1),
Then ©,(¢, m1 + 1,mp, m3) = AW (4, m1, mp, m3).

= 3 x 3 Lax pair

AN (1 —agl)ug, a%l .
Ty | Py| = . (1 —ay7)(T3uz) ?E
) _@)\_ I OéI A (1 — OéI )(T2T3’LL1)_
Wy (1 —a71)vs 0410451 Wy
T | Py | = (1 —a1)vo 0410451 P
O\ A O\

22




3 x 3 Lax pair

p

Ty

T

Wy | (1—oazh)us
b, | =

_@)\_ ] ozfl)\

W)y | (1 —a1)vs
®,| =

()A Py

Compatibility condition :

(Truz)vz = uz(Tyv3)

v3 = (Tyuy) — d3us,

1
Q3

(1 —a5b)/(uruz)

—1 .

~1
(1 —-aj)vy aja,

Wy
a5’ IV
(1 —a7Hur| [Ox
v,
D)
N

,  uiuzvy = (Tyu1)(Trus)(Tyvo),

_ (Thuy)(Tyug) 62

v2
u3

u1u3.

(modified d-Boussinesq equation (7))
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MmM-dBoussinesg as Yang-Baxter map
(Cf. Papageorgiou-Tongas-Veselov, JMP, 2006)

( U1U2V1 + 01
Thuy = vo + doun, Tiup = ,
uy (vo + doup)

UL U>v1v> + 910 u%ugvl

Tg’U]_ e ’ TE,UQ —
\ uiuo (vo + douo) uijuov] + 01

Compatibility < <

Yang-Baxter map

R (U]_, un,vq, UQ)
u1uo2v1 + 01  uquovivy + d1vo u%ugful
— | vo + doun, ; )

uy (v + doun) uiup (vo + doun) uiupvy + 01
T his satisfies Yang-Baxter equation :

EuvRuvaw — vaRuwéuvy
where R : (u1,us,v1,v5) — (v1,v5,u1,us) and

Ryw(u,v,w) = (u, R(v,w)), etc.
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Local Darboux transformation for m-dBoussinesd

Proposition :

Assume that the local eigenfunction [¢(2(_]T_)1)] satisfies
o(k) | _ ¢ (k)
Tt21s Lzs(k + 1)] =" Lb(k + 1)]  "E0

Then the local Darboux transformation preserves the reduction
condition for the dBoussinesq.

w; (¢, m) (0% k,k+ 1)
{Uj(f, m)} — ﬂj(ﬁ, m) — uj(k,m)Cj(k,m) (f — k)
wi(k+1,m)/cj(k,m) ({=k+1)

ci(k,m) =1+ ¢(k+1)/{(aj — 1)¢(k)u;(k,m)}
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