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Box-ball system (BBS)

® Takahashi-Satsuma (1990)

A dynamical system of balls in a one
dimensional array of boxes




Time evolution rule
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Example
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t=0: ...000111111001110000011111110000000011110011100000000...
t=1: ...000000000110001111100000001111111100001100011111100...
t=2: ...000000000001100000011111000000000011110011100000011...
t=3: ...000000000000011000000000111110000000001100011111000...
t=4: ...000000000000000110000000000001111100000011000000111...
t=5: ...000000000000000001100000000000000011111000110000000...
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Def.

u, : the number of balls in the N-th box
attimet.  Uye{0.1}

J

-

Fact:

For an initial state {u’ |~ with N solitons,

~

we can determine their initial phases {b.(0) |,

and their amplitudes {P}", by a certain

\procedure.

/




Theorem (Initial value problem of the BBS)

Let b.(0) and P be as above.

Then the state {u’ | attime step t is given as

N=—o0

t

ut = (ptt = ot ) (ot - pt)

where _
pﬁzjgmza’lﬁ} ;(9 +tP —n)- ZI;mln[ 3 J] |
i i<j
. —b(0)+22m|n[ P

j=i+1l
and J runs over all the subsets of {1,2,...,N}.



ldea of the proof ‘

d-KdV equation N-soliton solution 7,
Ultra-Discretization l Ultra-Discretization
N-soliton solution
ud-KdV equation pr = !LTog logz. (&)
[ =p({R.6}L)

Time evolution rule of BBS

o0

& {P.63}", is determined from {u® }

N=—o0 °



Example
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..... 00011100110111000000.....

n =O b (O) 6 b (O) 10 b (O) 14 --- Initial phases
P,=2 P,=1 P, =5 ..« Amplitudes



Proposition

w N

For any state of the BBS {UE }oo , there
exists a one parameter family of solutions

7,(€) of the d-KdV equation, which satisfies

i = (i = ol )~ (o = %),

pr=limelogz!(e) .

. /

| Remark ]
We can obtain the solution to the initial value problem
of the periodic BBS in a similar manner.
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