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This talk is about

e Matrix KP equations (hierarchiesj{kharov & Kuznetsov ‘86,
Athorne & Fordy ‘87 ...). Some of Iits uses:

— (complicated) solutions of tregalar KP hierarchy (and other
Integrable equations) arise from (simple) solutions of a ma
trix (or operator) versionl\{larchenko ‘88, Carl, Schiebo)d

—bridge to sdYM:dispersionless limit of matrix potential KP
equation is pseudo-dual chiral model (dual to Ward’s chiral
model) Oimakis & M-H ‘07)

e More generally: KP with dependent variable in any asso®&ativ
algebra (see alsolver & Sokolov ‘98, Kupershmidt ‘0))
This point of view takes us away from the multi-component KP
framework Gato ‘81) which also covers matrix KP.

e Relation with a special type alonassociative algebras.
Older work on relations between nonassociative algebras and
iIntegrable systemssvinolupov, Sokolov, ...
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|. From nonassociativity ...
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f(ff2) (ff2)f = f(f2f) (f2f)f f2f2
Look for commuting derivations:

51(f) 1= f2 _B)(f, 2 f
6o(T) : af f2+Bf2f [61,02] =0 (: (aﬁifg)’fz’fz)

(a,bc,d) =0 Ya, b,c,de A
WeakNon Associativity




... 0o KP

51(f) = f2

5o(f) = f £2— f2f

53(f) = f(f £ = f f2f — £262 + (f2f) f
= 61(463(f) - 63(f) + 651(f)?) — 365(f) = 6[51(f), 52( )]
Thisidentity formally corresponds tpotential KP equation via

5n > atn
This relation extends to the whole KP hierarchy !
Building law for the commuting derivations:

Sn(F) = fonf

whereaoq b := aband

aopy1b:=a(fonb)—(af)onb
Consequence: (true forany WNA algebra)
O(f)=Ffonf n=212,...
— U= —0,(f) € A’ solveskP hierarchy




Il. What are WNA algebras ?
A WNA algebra.Associative subalgebraand ideal:
A" ={beA|(abc)=0 VaceA}
Construction of special WNA algebras:
e A associative algebra (over commutative ring)

e g € Afixed
e inear mapd.,R : A — A such that
[L,R] =0, L(ab) = L(a)b, R(ab) = aR(b)
AugmentA by an element such that
ff=q9g, fa=L(@, af=R@)
— WNA algebraA with dim(A/A’) = 1 andA’ = A.
Generalization: Lj, R;, [Lj, Rj] = 0 ~ dim(A/A”) = N

Any WNA algebra with dimf/A”) = N is isomorphic to one of these




Example: free WNA algebra (with dim(A/A”) = 1)

Asreeassociativealgebra freely generated bypn, mn=0,1,2,....
Define

L(Cmn) = Cmr1n; R(Cmpn) = Cmn+1
AugmentAsee With an element such that
f2:=cpg, fa:=L(@, af:=R(@) Va € Atree

Writing L¢(a) := fa, R¢(a) := af, we have
cmn = LTRY(f4)
—> WNA algebraA(f ) freely generated by f

— derivationso, are defined by action ohand derivation rule
e.g. 63(f) =cpp—C11+Co2—Coo® (nonlinearity !)
— ‘KP hierarchy identities’



Example: Algebra of quasisymmetric functions
... In (commuting) variablep1, po, ... IS spanned by elements

n n
Z pill pirIr

11<lo<...<lIy

Examples of quasisymmetric polynomials in three variables:
P1P5 + P1P5 + P2P3. P3P+ P3P5 + PaP3

Let A = Z[[ p1, P2, .. .]l. For a monomial = pj, - - - pj, define

m(@) := minfiq, ..., I}, M(a) := maXiq,...,Ir}

Introduce the new product aojb=ab X m@<i<mpb) Pi
Augment withf such that

folf::Zpi, fola::az i, aoqf:=a Z o
i

i<m(a) M(@)<i

—> WNA algebra freely generated dy

— derivationsyn exist=— KP identities



We have

Zi: Z 2 i Pj Pk

k |

5n(f)_fonf_2|”

I
on(@) = [Z pln] a aeA
|
so that theKP identity becomes

So)fe st (58] 0 3 moin-2[2]

+6 Z _(pizpj Pk — PiP;] pk) =0

<<k

Such identities show up if one tries to solve the (potentidwith
a (formal) power series ansatzhuma & \Wadati '8}
See alsoDimakis & M-H, J. Phys. A38(2005) 5453



Ill. The hierarchy of ODEs on a WNA algebra A
Oty(f) = fonf n=12,...

Recall:

e AisWNAf (a,bc,d) = 0,i.e. A2 c A/
A"={beA|(abc)=0 VaceA}

eaoqb:=ab, aopqb:=a(fopnb)-(af)onb
Note: o, only depends onf[] € A/A’

o If f solves the above hierarchy of ODEs, then= —dt,(f)
solves the KP hierarchy ia’

If there is aconstantelementy € A, v ¢ A’, with [v] = [f], then
p=v—TFelA

and it solves th@otential KP hierarchy.
The above hierarchy of ODEs then becomes

Otn(@) = —vonv+vond+donv—dond




IV. A class of exact solutions
A = algebra of (complexN x M matrices with product
Ao B:= AQB Q constantM x N matrix
To turn it into a WNA algebra, augment imsuch that
voy=-S, voA=LA, Aov=-AR
with constant matriceS, L, R. Set

=(29) (23]

S L Sn Ln
The hierarchy of ODEs becomes timatrix Riccati system
— ¢, =Sn+Lnd—9¢Rn—¢Qn¢ n=12...
which is solved in the Grassmannian way:

Y

~ [Z, =H"Z], Z:(X), ¢ =YX

— 2=etMzy where &t H)=2ps1thH" ~




Some cases in whiclp can be computed explicitly
1.LetS =0, Q = RK — KL with a matrixK
o =¢ (t’L)¢o(|N + Keo — e tRKe (t’L)cbo)_le_f(t’R)
If rank(@©) = 1 (and using the ‘trace method’ trick):
p = tr(Qg) = (log 1)y,
yields in particular scalar KP-Il multi-solitons and resooes.

If rank(@) = m, solutions of the m x m matrix KP hierarchy are
obtained viay := UT¢V whereQ = VUT.

2.M=N,S=0,R=L,Q=In+][L,K]
= ¢ ="Dgo(In+Kgo + F)~let D

where
Fi= () ntaL" - e €bbKeth) g,

n>1

If rank(Q) = 1 one easily recovers a tau function associated with
Calogero-Moser systems ), and KP-I lump solutions.



V. From WNA to Gelfand-Dickey-Sato

C=0+Ud l+uzo2+...

U = algebra of polynomials inl™ — oMup), m=0,1,...
with unit element. Assume:{ug,m } algebraically independent.
On the algebra o¥DOs V = Yi ., Wi d' with w; € U, define

S(V) =LYV, n,:.=projection to dif. operator part

andr_ = i1d — 7. Furthermore,

O = spanS, Sn.Sny - - - 1.5} product:Ae B= Ar,.Sn_B
A ={welU|w=res@A(l)), A€ O}
Then: O,¢) = A
AugmentA with f suchthat f f :=-res¢) and

fresA(l)) ;= res€r_(A(l))), resA(l)) f := —res@_(A(l)) £)
~ WNA. Thenf, = fon f = —res(") has integrability condition

res(ﬁm)tn - res([yr+(£”), 2m]) Y Qtn — [7T+(£n)a £]




VI. Conclusions

The WNA framework constitutes a considerabbstraction from
the usual KP setting. This allows to establish relations betw
seemingly unrelated structures.

e If the WNA subalgebra generated lbye A admitsderivations
S.t.10n(f) ;= f op T, then there areKP identities
Example:quasisymmetric functions
These actually appear in the Okhuma-Wadati method !

o Let A be WNA andf a solution ofd,(f) = fon f. Then
—0t,(f) solves the KP hierarchy iA’
(Instead of PDEs, we only have to solve ODES.)

e Other realizations of WNA algebras and #e?
Needs clarification:
e (Further) relations with Grassmannians (and Sato theory)

e \What aboubther hierarchies ?
~ look for commuting derivations on other nonass. algebras



Thank you for your attention !



