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KZ equations with values in Sy-modules
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i=1,...,N

Here 1 (z) takes values in an irreducible repre-
sentation W* of the symmetric group Sy with
Young diagram A and s;; is the action of the
corresponding elementary transposition in WA,

We will assume that m is a positive integer,
then all the solutions are polynomial (Opdam;
Felder-V.) of degree equal to the value of the
central element
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in the irreducible representation W*. Our aim
IS an explicit integral formula for these solu-
tions.



Schur-Weyl duality
Let V be an n-dimensional complex vector space.

The classical Schur—Weyl theorem states that,
as a GL(V) x Sy module, VOV has a decom-
position into a direct sum

where M? are inequivalent irreducible GL(V)-
modules and W2 are inequivalent irreducible
Sy-modules. The sum is over partitions A of
N into at most n parts, which are sequences
of integers A1 > --- > Ay >0 with Y\, = N. If
n > N all irreducible S modules appear.

From this one can realise WA = (V®N)§+ as
the set of primitive vectors of weight A. This
gives the following basis of W labeled by stan-
dard Young tableaux.



Recall that a standard tableau on X is a num-
bering T: A — {1,...,N} of the boxes of A,
which is increasing from left to right and from
top to bottom.

Let A be a Young diagram with N boxes with
rows of lengths \q,..., A\m. TO each numbering
T'" we associate a vector ey = eq; @ -+ Q@ eay €
VON so that o = ¢ whenever T—1(k) is in the
1th row. For example, if T' is the numbering
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then e =e1 Qe Re; Ve Qe ® es.

Then the claim is that the vectors

vp = »_ sign(o)e,r,
occC(T)
where T runs over the set 7(\) of standard
tableaux on A, form a basis of the Sy-module

W)\ — (V(X)N);-F



Configuration space (', and integration cy-
cles

For given A\ = (\q,...,\n) define the integers
m,; from the relation

A= (mg—m1,M1—M2, ..., My_2—My_1,My_1)

ms 1S the number of boxes in the rows of A\
strictly lower than s.

Consider n sets X, X1,...,X,,_1 of points on
the complex plane C consisting of mq,...,my,_1
points respectively with the condition that X
and X,;471 have no common points. Denote

the elements of X as zq1,...,zx and fix them.
The set of all admissible {X1,...,X,_1} is our
configuration space Cy(z1,...,zy)- Let

Xs={t2 e C,be X\, r(b) > s},
then

/
Chy={theCbex: ti 4 #, 1§ # 2z}



On C) we have a natural action of the group
G\ = Smq X Smy X -++ X Sm, ;. The integration
cycles o, T € T(A) in the top homology group
Hyop(Cr(z1,...,2y)) are defined as follows.

Consider first the product 't of circles consec-
utively surrounding anti-clockwise z;, with the
variables 2 ... ,t,ﬁ(b)_l, b = T-1(k) located on
these circles:

Fp={t2eC:|tl— 2| =es, b=T"1(k)}

for any real positive ¢ small enough.

The cycle o is the skew-symmetrisation of '
by the action of Gy:

or = ) (=1)9g«('7).

geGy



T he formula

Define the form wp as
1

= — PV dpdt,
where
_ b b\2 1 1
Py = A(Z) H (ts_ts) H (tb — tb/) H (tb ~ )7
s,bF&b s/ \ts+1 T s ) pp\t1 T %k

—1 —1
o = H(t2+1 —t9) H(tli — Z7(p))
s,b b
A(z2) = H,L.N<j(zz- — 2;)? and dt = [[,; dt3.

Theorem. A fundamental set of solutions of
the KZ equation with values in Sy-module W
has a form

Yr(z1,...,28) = Y V(21,5 2NV
T'eT(N)

where

’QDT,T/ — / wT/ .
aorT



This integral can be effectively computed as
an iterated residue and gives a polynomial in
z1,...,2N With integer coefficients.

The proof is based on Schur-Weyl duality and
the results of Matsuo, who found some inte-
gral formulas for the solutions of the original
SU(n) KZ equation inspired by Zamolodchikov-
Fateev and Christe-Flume.

In the asymptotic region 0 < |z1| <€ -+ < |zn]
we have

Yrr(z) ~C ] z?(g(b)_1+c(b)_r(b)) + -

beEA

Corollary (Frobenius) The value f>(\) of the
central element Z,Kj Sij in the representation
WA can be computed as

f2(0) = ) (e(b) —r(b)).

beA



Example. In the simplest non-trivial exam-
ple when N = 3 and A = (2,1), which cor-
responds to the usual two-dimensional repre-
sentation of S3. In this case there are two
standard tableaux:

r=12,  s=015

The corresponding primitive vectors are vp =
€3 — €1, Vg = €2 — €1.

The residues can be computed explicitly to
give:

™m
b1 = 230" dyy i (M — k)op + kvg) 2% P2k,
k=0

m
o = 288 3 (=1)™ Fdy, 1 ((m — k)op — mug) 275 F 2K
k=0

where Zij = Zj — % and

== (")

m> k m — k



Duality m «— —m and intersection pairing

To apply our results to negative m we can use
the following isomorphism between the space
of solutions

KZ(V,m)~ KZ(V ® Alt, —m)

of the KZ equation with values in the repre-
sentations V and V ® Alt, where Alt = Ce is
the alternating representation:

If ¢ € KZ(V,m) then ¢ = [I;~,(zi—2;) "2™p®e €
KZ(V ® Alt,—m).

In particular it follows that for negative m all
solutions are rational functions.

It is well-known that the involution V — VRAIt
corresponds to the transposition of the Young
diagram A — )\, so we have shown that

KZ(A\,m) ~ KZ(\,—m).



It turns out that there is a link between the
spaces of KZ solutions with the same Young
diagram:

j i KZ(\,m)~ KZ(\, —m)~*.
More precisely, there exists a natural pairing
KZ(V,m) x KZ(V*,—m) — C,
where V* is the dual space to V : for any two
solutions ¢ € KZ(V,m) and ¢ € KZ(V*, —m)

the product (¢(z1,...,2N),¢0(21,...,2x)) iS in-
dependent of z1,..., 2z and thus defines a pair-

ing.
A fundamental matrix for KZ(\,—m) is

cb)x,—m(zla s 7ZN) — (Cb)\,m(zla ) ZN)—l)T
and the determinant has the form

det CD)\’m(zl, ceey ZN) = H (Zz — Zj)zmd'l‘()\),
1<)
where C' = C(\,m) is a non-zero constant and
d4(X) = dim W2 is the dimension of the fixed
subspace of reflection s;; acting in the repre-
sentation WA.



We now give the topological interpretation of
this duality in the special case of the standard

(N — 1)-dimensional representation of Sy, cor-
responding to A= (N —1,1).

For positive m our integral formula gives

N N 4
Yo = A(2)"resp=z, [[ ¢ —2)7™ >
i=1 p=11 ~ Zb
with the relation ¥; +--- 4+ Yy = 0.

€p dt

For the space KZ (A, —m) with positive m there

is a different integral representation (Felder -
V.):

N 1

ZN N
ba=0ET [T LU=z
fa =1

p=11 " Zb

€p dt

give a basis in KZ(\,—m).



Thus we have two maps
H1(C~{z1,...,28}) — W,

Hl(Ca{Zla . 7ZN}> — WA?

sending horizontal sections for the Gauss—Manin
connection to solutionsin KZ(\,m) and KZ(\,—m),
respectively.

Theorem. The intersection pairing
H1(C~{z1,...,2n}) x H1(C,{z1,...,2n}) — Z,
is proportional to the pairing

KZ(V,m) x KZ(V*,—m) — C.

More precisely,
1
<¢O'(Z1>' . .,ZN),qu(Z]_, < 7ZN)> — CN% (0 ) T))

o€ Hi(C\{z1,...,2n}), 7T€ H1(C{z1,...,2N}),

for some constant C'yy = 0 depending on the
normalization of the isomorphism (W2)* — WA,



Some open problems

Intersection pairing interpretation of duality for
an arbitrary representation WA

Generalisation to the quantum KZ equation
and possible combinatorial links (Razumov and
Stroganov, Di Francesco and P. Zinn-Justin)

Large m limit and new approach to representa-

tion theory of symmetric group (Vershik and
Okounkov)

Relations with representation theory of Chered-
nik algebras (Berest and Chalykh)
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