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Def. A partial differential equation is called integrable if it possess an
infinite hierarchy of symmetries.

Ultimate goal: To give a description of all systems of the form

us = L(Dz)u + Folu] 4 F3lu] 4--- -,

which possess infinite hierarchy of symmetries.



What is known:

e Mikhailov, Shabat and Yamilov ('85—'87): second order systems of
the form

Uy — A(u)uma: + F(ua uCU)a A(U) — diag(aa b)7 a — _17 b — 1

e Sokolov and Svinolupov ('89): studied the Burgers and KdV type
equations, i.e. the case a =b = 1.

e Mikhailov, Shabat and Sokolov ('91): the symmetry approach



* Sokolov and Wolf ('99): systems of second order

* Foursov and Olver ('00): symmetrically-coupled evolutionary equa-
tions

* Tsuchida and Wolf ('05): systems of mixed scalar and vector de-
pendent variables

# Beukers, Sanders and Wang ('98,'01): systems of Bakirov-type

# Sanders and Wang ('01): systems of two equations of second order

# Van der Kamp ('03): Systems of generalised Bakirov-type



U — Auy, + F(un_l, . o ,u)

Our aims are

e Formulate simple and effective test for integrability

e 10O derive necessary conditions of existence of infinite hierarchies
of higher symmetries

e [0 determine admissible A and admissible dispersion relations for
higher symmetries

e Classification of integrable systems of fixed order

e Global classification (i.e. in all orders)



Two component systems

We consider systems of two evolutionary equations of the form

ur = AMun + K1(Up—1,Vp—15---,U, V)
{ vt:>\2vn+KQ(U’I’L—]_?U’TL—]_)---,U/,U) n —l_ 1 2 \{ }

We assume that A\; # A>. We also assume that K1, Ko = o(R1).

In the symbolic representation the system takes the form

ut = Augy + f1
vy = Apvu(y + fo,

where

:Z Z ’u,j"U agk(€17'"7£j7gl7"°7<:k:)7 ’L=1,2

s>2 j+k=s



Symmetries and approximate symmetries

Since A1 #= Ao, we shall seek the higher symmetries of the system
without loss of generality in the form

Ur — H1Um _I_ R]_(um_]_,’l}m_]_, ceey Uy U)
vr = povm + Ro(Um—1,0m—1,---,u,0).

We shall assume that m € 2N + 1.

In the symbolic representation the symmetry takes the form
ur = prull + ey,
vr = pov(y" + e,

where

€, — Z Z U’jva;",k;(fln"'7€j7<17"'7<k)7 1= 172

s>2 j+k=s



Prop. The above expression is an approximate symmetry of degree 2
of the system only if functions A;k, 1 =1,2, 9+ k = 2, determined as

follows, are polynomials in their arguments:

(Group 1):

1 :M1(§1+§2)m—§71n—§31a1 A2 :u2(£1+£2)m—£T—£?a2
0N () —er—gn Y 2T X (1) —er—gn O

(Group 2):

1 p1(€1 4+ &)™ — péy — Mzﬁ?al 2 po(€1 4+ &)™ — p &y — ,u1€§”a2
N R S LD Y D VY2 2077 Xo(€1 F &) — A€n — MmO

~

(Group 3):

1 _ p1(€r + &2)™ — p2 (€7 + f?)al A2, — p2(€1 + £2)™ — p &l — ,uzfg‘ag
U@t x4 P T T () - Mg - g




Prop. Let G(m,uq, o) = pi1(xe + y)™ — po(2™ 4+ y™). If there exists
infinite many pairs of (m, u1, uo) such that the defined functions have
nontrivial common divisor, the greatest common divisors are

Casel. (z+y)(x—qy)(ly —qgzx) iTm=2k+ 1,k € N, and

po  (L4+g)™

wy  l4qm’
Case II. (z + y)(z — qu)?(y — qz)? if ¢ is a primitive root of unity of
order [ and m=1mod [ if [ is even and m = 1mod 2[ if [ is odd and

B2 (1+gmt,

qge C\ {0,—-1}.

2
Case III. (z + y)(z — qy)(y — qz)(xz — sy)(y — sz) if
_p=-1 1B -1
q_Oéoz—l7 s=0 a—1
«, 3 are primitive roots of unity of orders l1,lo € 2N + 1, such that
a7 3,871 and m = (1 + 2k)lem(ly, l2) and £2 = (af—1)

— (a=1)m+(B-1)™



Degenerate dispersion relations

Suppose that there are infinitely many both G(2k+1, uq, po) and G(2k+
1, uo, 1) with nontrivial common factor (not (xz +1vy)), where puq # us.

Then % = gig;:; where

271

e g=e¢5 and m=1,3,7,9mod 10, that is,
po —  74+3v5.  47421v/5. 474+21/5. 1234555
2= 52, 5 : 5 ; 5
e g=¢6 and m =1,5,7,11 mod 12, that is,
v

2 =264+ 15V3; —97 — 56/3; —362 — 209+/3; —1351 — 780V3.....

=



Example 3rd order systems of the Korteweg-de Vries type.

Consider

Ut — >\1U3 —|— 2d1uu1 —|— dzvul —|— d3uv1 —|— 2d4’U’Ul,

v = Aov3z + 2dsuuy + dgvuy + druvy + 2dgvvq.
Here d; € C,+ = 1,...,8 and at least one of these constants does not
vanish.

Prop. If the system possesses an infinite hierarchy of approximate
symmetries of degree 2 of odd order then up to re-scaling and up to
change u < v it is one of the following:

ut — (5 — 3\/5)713 —|— dluul —|— d2vu1 —|— d3uv1 —|— d4’UU1,
vt =(5+ 3v5)vz + dsuuy + dgvuy + d7uvy + dgvvy,

(

ur = uz + 2djuuq + 2dovvq,

3
= Av3 + dzvuq + dauvy + 2dgvvy, = %, qge C\{0,—-1}

The first system of the list corresponds to the case ps(m)/p1(m) =

271 2mmi
(1+e5)"/(1+e 5 ), m=1,3,7,9mod 10 and A1 o = u1 2(3), SO we
can choose A\ » = 5 F 3V/5.



Prop. If the system possess an infinite hierarchy of approximate sym-
metries of degree 3 of odd order and at least one of the constants
di,...,dg does not vanish then up to re-scaling and up to change u < v
it is one of the following:

ut = (5 — 3v5)uz — 2uui + (3 — V5)vug + 2uvy + (1 + v/5)vvq,
vi = (5 4+ 3v5)vz — 2vvy + (3 + V5)uvy + 2vug + (1 — vV5)uug,

ut = uz + auuy + Bovy,

vy = —2v3 — auv,

ur = uz + 2uu,

vy = 4vz + vuq + 2uv,

Uy = u3 + VU1,

Ut — )‘U37 A€ (C\{C)?l}a

ur = u3z + auuy,

v =Xz + Bovy,  AeC\{0,1},

ur = u3z + auuy + PBovy,
vy = —2v3 — a(uvy + vuq),

N —— —N— —— ——



Prop. If the system possess an infinite hierarchy of symmetries of odd
orders and at least one of the constants dy,...,dg does not vanish then
up to re-scaling and up to change u <~ v it is one of the following:

ut = (5 — 3v5)uz — 2uui + (3 — V5)vug + 2uvy + (1 + v/5)vvy,
vi = (5 4+ 3v5)vz — 2uvy + (3 + V5)uvy + 2vug + (1 — vV5)uug,
ur = u3z + auuy + Povy,

vy = —2v3 — UV,

ur = uz + 2uuq,

vy = 4vz + vuq + 2uv,

ut = uz + vvy,

Ve = Avs, A€ C\{C))l}a

ur = u3z + auuy,

v =Xz + Bovy,  AeC\{0,1},

ut = uz + uuy,
vy = —2v3 — UV — VU7,

— N —— —N— —— —— ——



5th order systems

T he following systems possess infinite hierarchies of higher symmetries

w = (9—5vV3)us+ D [2(9 — 5v3)uus + (—12 + 7\F3)u§]
+2(3 — V3)uzv + 2(6 — V3)usv1 + 2(3 — 2v3)uqvs — 6(1 + vV3)uws
+D [2(33 + 19v3)vvs + (21 + 12\/§)vﬂ + g(—12 + 7V3)ucu; +

2(3 — 2v/3) [’uuul + u2’01} + g(24 + 13V3)v%u; + 2(36 + 20V/3)uvvy
_2(45 + 26V3)v?v,

v = (94 5vV3)us+ D [2(33 —19v3)uup + (21 — 12\/§)uﬂ
—6(1 — V3)uzv + 2(3 + 2v3)uzvr + 2(6 + vV3)uiva + 2(3 + V3)uws
+D |2(9 4+ 5vV3)vvy — (12 + 7V3)0?| — 2(45 — 26V3)u’ur +

2(36 — 20V3)vuuy + 2(24 —13v3)u?v + 2(3 + 2V/3) [v?u1 + uvvi ]
—g(lz + 7V3)v?u;

This system corresponds to the case px(m)/pui1(m) = (11;5_)”1 form=1,5,7,9,11 mod 12
e 6
and p12(5) = A12, i =1,2, so we can choose A\1> =9 F 5v/3.



15us + 30ujuo — 30u3zv — 45usvy — 35u1vo — 10uvy — 6u2u1

ut —
—|—6u2v1 + 12v2u1 + 12uvvq,
5
vy = —§’05 — 10uusz — 15ujus + 10vvgz 4+ 25v1v9 — 6u2u1 -+ 6u2v1

+12uvuy — 12v2v1.

T his system possess a reduction v = 0 to Kaup-Kupershmidt equation.

uy = 15us — 30uszv — 45usv] — 35uqve — 10uvsy + 6uug + 12(v2uq + uvvy)
5
vy = —35vs — 10uug — 15ujup + 10vv3 + 25v1vp + 6uvy + 12uvuy — 12020

T his system also possess a reduction v = 0 to Kaup-Kupershmidt equa-
tion. It has a symmetry ur = uz — 2vuy —uvy, vr = 3uuq. (Compare
to Drinfeld-Sokolov systems and to Popowicz system).



