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The standard Podle± sphere

Fix q ∈ (0, 1), and let A = O(S2
q ) be the C-algebra with

generators x−1, x0, x1 and and de�ning relations

x0x±1 = q±2x±1x0, x±1x∓1 = q∓2x20 + q∓1x0.

A can be realised as a right coideal subalgebra of the quantised
coordinate ring B = O(SLq(2)) and deforms O(SL(2)/T ).

This induces on A a module algebra structure over
U = Uq(sl(2)) which has generators K , K−1, E , F with relations

KE = qEK , KF = q−1FK , EF − FE =
K 2 − K−2

q − q−1
,

counit ε(1− K ) = ε(E ) = ε(F ) = 0, and coproduct

∆(K ) = K⊗K , ∆(E ) = E⊗K+K−1⊗E , ∆(F ) = F⊗K+K−1⊗F .
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Poincaré duality and the fundamental class

A = O(S2
q ) is a twisted Calabi-Yau algebra of dimension 2, so

H i(A,A) ' H2−i(A,Aσ),

where σ is given by the square of the antipode of A and hence
by the action of K 2 ∈ U .

The above isomorphism is given by the cap product with the
fundamental Hochschild homology class

ω ∈ H2(A,Aσ)

that therefore corresponds under the isomorphism to

1 ∈ H0(A,A) = HomA⊗Aop(A,A) ' Z (A).
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Explicit formulas

Had�eld had computed an explicit formula for ω in the canonical
complex C•(A,Aσ) ' A⊗•+1 computing H•(A,Aσ):

ω = 2q−2x1 ⊗ (x−1 ⊗ x0 − q2x0 ⊗ x−1)

+2q2x−1 ⊗ (q−2x0 ⊗ x1 − x1 ⊗ x0)

+1⊗ (qx1 ⊗ x−1 − q−1x−1 ⊗ x1 + (q − q−1)x0 ⊗ x0)

+2x0 ⊗ (x1 ⊗ x−1 − x−1 ⊗ x1 + (q2 − q−2)x0 ⊗ x0).

By the universal coe�cient theorem, there is a dual cocycle
ϕ : A⊗3 → C which pairs nontrivially with ω and hence has
nontrivial class in H2(A, (Aσ)∗) ' (H2(A,Aσ))∗ and this
(FANFARE) can be written as simple as that:

ϕ(a0, a1, a2) = ε(a0(E . a1)(F . a2)) = ε(a0)E (a1)F (a2)

where X (a) := ε(X . a), X ∈ U , a ∈ A.
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Spectral triples

S2 is a spin manifold - there exists a certain complex vector
bundle (for S2 it is in fact just a free bundle of rank 2) called
the spinor bundle and an elliptic 1st order di�erential operator D
called the Dirac operator.

This operator is so important that
even algebraists like Jason name their children after it.

A central idea of Connes' approach to noncommutative
geometry is to axiomatise this structure and to study not just
algebras A but extend them to spectral triples (A,H,D). Here
H is a Hilbert space on which A is represented by bounded
operators, D is a self-adjoint operator with compact resolvent on
H, but the commutators [D, a], a ∈ A are required to be
bounded operators.

In the classical case, H is the Hilbert space of square-integrable
sections of the spinor bundle and [D, a] is given by the Cli�ord
action of the di�erential of a function a.
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Main result

Theorem

Let q ∈ (0, 1), (A,H,D, γ) be the spectral triple over the standard

Podle± quantum sphere constructed by D¡browski and Sitarz. Then

ϕa0,a1,a2(z) := Tr(γa0[D, a1][D, a2]K−2|D|−z), a0, a1, a2 ∈ A

is a holomorphic function on {z ∈ C |Rez > 2}, where K is the

standard group-like generator of Uq(sl(2)). This function has a

meromorphic continuation to {z ∈ C |Rez > 1} with a pole at z = 2
of order at most 1. Taking the residue

ϕ(a0, a1, a2) := Res
z=2

ϕa0,a1,a2(z)

yields a Hochschild cocycle with nontrivial class in H2(A, (σA)∗),
where σ ∈ Aut(A) is given by the action of K 2.
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Twisted traces via D

We show more generally than needed that

τµ(a) :=

Res
z=2|µ|

tr (aK 2µ|D|−z)

Res
z=2|µ|

tr (K 2µ|D|−z)

de�nes for all µ ∈ R a twisted trace on A. In the notation of my
arabic paper, these traces are given by:

µ σ τµ
< 0 any

∫
[1]

= ε

0 id
∫

[1]
+ ln q

2(q−1−q) ln(q−1−q)

∫
[x0]

> 0 A 7→ A, B 7→ q2µB
∫

[1]
− 1−q−2µ

q(1−q−2(µ+1))

∫
[x0]

Here σ is the involved twisting automorphism.
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