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Abstract

In this thesis, we introduce some new notions in the derived category D (rq)(R) of
bounded below chain complexes of finite type over local commutative noetherian
ring R with maximal ideal m and residue field K in chapter three and study their
relations to each other. Also, we set up the Adams spectral sequence for chain
complexes in D (sq)(R) in chapter four and study its convergence.

To accomplish this task, we give two background chapters. We give some good
account of chain complexes in chapter one. We review some basic homological
algebra and give definition and basic properties of chain complexes. Then we study
the homotopy category of chain complexes and we end chapter one with section
about spectral sequences.

Chapter two is about the derived category of a commutative ring. Section one
is about localization of categories and left and right fractions. Then in section two,
we give definition of triangulated categories and some of its basic properties and we
end section two with definitions of homotopy limits and colimits. In section three,
we show that the derived category is a triangulated category. In section four, we
give definitions of the derived functors, the derived tensor product and the derived
Hom.

In chapter three, we start section one by giving some facts about local rings
and we end this section by showing that every bounded below chain complex of
finite type has a minimal free resolution. In section two, we show a derived analog
of the Whitehead Theorem. In section three, we construct Postnikov towers for
chain complexes. In section four, we define the Steenrod algebra. In section five,
six and seven, we define irreducible, atomic, minimal atomic, no mod m detectable
homology, H*-monogenic, nuclear chain complexes and the core of a chain complex.
We show some various results relating these notions to each other and give some
examples.

In chapter four, we set up the Adams spectral sequence in section one and study
its properties. In section two, we study homology localization and local homol-

ogy. In section three, we define K[0]-nilpotent completion and we show that the



Adams spectral sequence for a chain complex Y converges strongly to the homology
of the K[0]-nilpotent completion of Y. In section four, we study the Adams spec-
tral sequence’s convergence where we show that the K[0]-nilpotent completion for
a bounded chain complex Y consisting of finitely generated free R-modules in each
degree is isomorphic to the localization of Y with respect to the H,(—, K)-theory.

In section five, we present some examples.
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Chapter 1

Chain Complexes

In this chapter, we state and define some basic notions that are necessary for under-
standing what comes later. We give some preliminaries on chain complexes where
the main references for these basic materials are [33], [30] and [19]. We start in
section one by recalling some facts from commutative ring theory and basic notions
of homological algebra. In section two, we give the definition of chain complexes and
basic properties of them and then the definition of the category of chain complexes.
In section three, we give the definition of the homotopy category of chain complexes
and its some basic properties. In section four, we give the definition of spectral
sequences and explain the convergence of spectral sequences.

Throughout this chapter and the following chapters, let R be an arbitrary com-

mutative ring with identity.

1.1 Basic Homological Algebra

In this section, we review some basic definitions and facts from homological algebra
and commutative ring theory. The main references for this section are [21], [30], [23]

and [19].
Definition 1.1.1. An R-module M is free if it is a sum of copies of R.

Definition 1.1.2. An R-module P is called projective if in each diagram of R-
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modules of the following form

P
ht lf
A
M—>N—0

with g an epimorphism, then there exists h: P — M such that gh = f.
The following result is proved in [19, Lemma 5.4].
Lemma 1.1.3. Every free R-module is projective.

Definition 1.1.4. An R-module E is injective if for every R-module N and every
submodule M of N, every f: M — E can be extended to a map g: N — FE. The
diagram is

E

fT o

0—M—
Definition 1.1.5. An R-module F' is flat if the functor F' ®z —: R-mod —

R-mod where R-mod is the category of R-modules is exact.
The proof of the following result is in [30, Corollary 3.46].
Lemma 1.1.6. Every projective R-module is flat.

Definition 1.1.7. A free (projective) resolution of an R-module M is an exact

sequence

Pn_1 - PO € M 0

in which each P, is a free (projective) module.
A proof of the following theorem is in [30, Theorem 3.8]
Theorem 1.1.8. Every an R-module M has a free (projective) resolution.

Definition 1.1.9. An injective resolution of an R-module M is an exact sequence

O M EO El e En En+1

in which each E™ is an injective R-module.
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The following result is proved in [30, Theorem 3.28].
Theorem 1.1.10. Every an R-module M has an injective resolution.

If we suppress M from a projective resolution for M, then we get a deleted
projretive resolution for M. Similarly, if we suppress M from an injective resolution
for M, then we get a deleted injective resolution for M.

The following theorem is proved in [19, Theorem 6.3].
Theorem 1.1.11. The following properties of an R-module P are equivalent.
(i) P is projective.
(ii) For each epimorphism f: M — N,
f«: Hompg(P, M) — Hompg(P, N)
15 an epimorphism.

(iii) If

0 L M N 0

1 a short exact sequence, so s

0 — Homg(P, L) — Hompg(P, M) — Hompg(P, N) — (.

(iv) Ewvery short exact sequence

splits.
The following result is proved in [30, Theorem 3.16].

Theorem 1.1.12. An R-module E is injective if and only if the functor Hompg(—, E)

15 exact.
The following important result is proved in [30, Theorem 3.6].

Theorem 1.1.13. Let M be a finitely generated R-module. If f: M — M 1s

surjective, then f is also injective, and is thus an automorphism of M.
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Definition 1.1.14. R is noetherian if every ideal is finitely generated.
The following theorem is proved in [30, Theorem 4.1].

Theorem 1.1.15. R is noetherian if and only if every submodule of a finitely gen-
erated R-module M is also finitely generated.

The proof of the following lemma is straightforward.

Lemma 1.1.16. Let
x - x
|
Y~y
be a commutative diagram of R-modules. If f is an epimorphism and h = 0, then

h =0. If g is a monomorphism and h' =0, then h = 0.

Before we end this section, we give the definition of Hopf algebra and some results

which we will need later.

Definition 1.1.17. An algebra over R is a graded R-module A together with ho-
momorphisms of graded R-modules ¢: A®r A — A and n: R — A such that the

following diagrams

AR AR AL Aoy A
¢>®idl ¢l
A9prA—20r A
and
id ®n n®id

ARr R—=A®rA<—R®pr A
o
A<— 4

are commutative. The homomorphism ¢ is called the product of the algebra A and

id

n is called the unit of A. The algebra A is commutative if the following diagram

ARz A i A®p A

RN

A

is commutative where 7 is the twist homomorphism such that for a € A, and b € A,

T(a®b) = (-1 ® a.
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Definition 1.1.18. If A is an algebra over R, a left A-module is a graded R-module
N together with a A-action, that is, a homomorphism ¢n: A®r N — N of graded

R-modules such that the following diagrams

A®RA®RN%A®RN

¢®idl ¢Ni
A@p N —2 N

n®id

R®r N A®r N

prd
N

1R

are commutative.

Definition 1.1.19. A coalgebra over R is a graded R-module A together with ho-
momorphisms of graded R-modules ¥: A — A®gr A and €: A — R such that the

following diagrams

A— AR A
¢l ¢®idi
AR AN Agp Aoy A
and
id ®e e®id

ARrR<— AQr A——= R®p A

LT

A<—9 4 A

are commutative. The homomorphism v is called the coproduct of the coalgebra A

id

and € is called the counit of A. The coalgebra A is cocommutative if the following

diagram

A®z A i A®p A

RN

A

1S commutative.

Definition 1.1.20. If A is a coalgebra over R, a left A-comodule is a graded R-
module N with a A-coaction, that is, a homomorphism ¢¥n: N — A®grN of graded
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R-modules such that the following diagrams

N YN /1@hsz

¢N\L ¢®idi
A9r N Y A@r Aop N

e®id

A®r N

NG
N

R®r N

R

are commutative.

Definition 1.1.21. A bialgebra A over R is an algebra and a coalgebra over R, such
that the coproduct and the counit are both algebra homomorphisms. Equivalently,
one may require that the product and the unit of the algebra both be coalgebra ho-
momorphisms. The compatibility conditions can also be expressed by the following

commutative diagrams:

A®r A ¢ A 4 A®r A
¢®¢\L T¢>®¢>
id ®7T®id
ARQrARRrARR A ARQrARRrAQR A

A®g A

i A
R /

RRrR=R
R R®rR

/ W
A P

A®rA

Definition 1.1.22. A Hopf algebra is a bialgebra A over R together with a R-

module homomorphism c: A — A, called the antipode, such that the following
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diagram
AopA e®id A®p A
wT i¢
A R—"1— A
wl Tﬂﬁ
ApA—% L AgyA

1s commutative.

If Ais a graded R-module, we denote by A* the graded R-module such that
Ar = Hompg(A,,R). If f: A — B is a homomorphism of graded R-modules,
then f*: B* — A* is the homomorphism of graded R-modules such that f} =
Hom(f,,id).

A graded R-module A is of finite type if each A,, is a finitely generated R-module.

It is projective if each A,, is projective.

Theorem 1.1.23. Suppose that A is a graded R-module which is projective of finite
type, then

() ¢: AQr A — A is a product in A if and only if ¢*: A¥ — A* Qp A* is a

coproduct in A*,

(ii) n: R — A is a unit for the product ¢ if and only if n*: A* — R* =R is a

counit for the coproduct ¢*,
(i) (A, ¢,n) is an algebra if and only if (A*, ¢*,n*) is a coalgebra,

(iv) the algebra (A, ¢,n) is commutative if and only if the coalgebra (A*, ¢*,n*) is

cocommutative.
For the proof of the above theorem, see [23, Proposition 3.1].

Theorem 1.1.24. Suppose (A, ¢,n) is an algebra over R such that the graded R-
module A is projective of finite type. If N is a graded R-module which is projective
of finite type, then ¢n: A ®r N — N defines the structure of a left A-module on
N if and only if ¢y«: N* — A* ®r N* defines the structure of a left A*-comodule
on N*.
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For the proof of the above theorem, see [23, Proposition 3.2].

Theorem 1.1.25. If A is a graded projective R-module of finite type, then (A, ¢, 1,1, €, c)
1s a Hopf algebra with product ¢, coproduct ¥, unit n, counit € and antipode c if and
only if (A*,¢*, €, ¢*,n*, c*) is a Hopf algebra with product ¥*, coproduct ¢*, unit €*,

counit n* and antipode c*.

For the proof of the above theorem, see [23, Proposition 4.8].

1.2 Definition and Elementary Properties of Chain
Complexes

In this section, we present several basic definitions and basic properties of chain

complexes. The main references for this section are [30] and [33].
Definition 1.2.1. A chain complex Y, of R-modules is a sequence of R-modules
and R-module maps

dn
}%44

dn+1
Y, = ... Yoot Y,

where n € Z and d,d,,1; = 0 for all n. The maps d, are called the differentials.
The elements of Kerd, are called n-cycles, denoted Z,,(Y,) = Z,, and the elements
of Imd,; are called n-boundaries, denoted B, (Y,) = B,. Note that the condition

dpdyy 1 = 0 means Imd,, ., C Kerd,. So
0CB,CZ,CY,

for all n. The nth homology module of Y, is
H,(Y,) = Z,/B,.

Definition 1.2.2. Dually, a cochain complex Y* of R-modules is a sequence of

R-modules and R-module maps

Y*— ... yn—1 dn—1 yn dn yn+l




CHAPTER 1. CHAIN COMPLEXES 15

where n € Z and d,d,_1 = 0 for all n. The elements of Ker d,, are called n-cocycles,
denoted Z™(Y*) = Z™ and the elements of Imd,,_; are called n-coboundaries, de-
noted B"(Y*) = B™. Note that the condition d,,d,,_; = 0 means Imd,,_; C Kerd,.
So

oCB"CZ"CY"

for all n. The nth cohomology module of Y* is
H"(Y*)=2Z"/B".

Throughout this chapter and the following chapters, we will omit the subscript
and superscript and write Y for Y, and Y*.

The chain complex Y is called ezact at Y, if Z, = B,, that is, H,(Y) = 0. If
H,(Y) = 0 for each n, we say that Y is acyclic.

Definition 1.2.3. We say that a chain complex Y is connective if H;(Y") = 0 for all

1 < 0.

Definition 1.2.4. We say that a chain complex Y is of finite type if it has finitely

generated homology in each degree.
Definition 1.2.5. Let M and N be R-modules. Then
Tor, (M, N) = H,(Py @ N) = H,(M @r Qn),

where Py is a deleted projective resolution of M and @y is a deleted projective

resolution of N.
The following result is proved in [30, Theorem 8.7].

Theorem 1.2.6. If F is flat, then Tor™(F,N) =0 for all n > 1 and all R-modules

N and similarly in the other variable.

Definition 1.2.7. Let M and N be R-modules. Then
Exth(M, N) = H"(Homg(M, Ey)) = H"(Hompg(Py, N)),

where Fy is a deleted injective resolution of N and P, is a deleted projective

resolution of M.
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The following result is proved in [30, Theorem 7.6]

Theorem 1.2.8. If N is an injective R-module, then Ext}(M,N) = 0 for all R-

modules M and alln > 1.
The following result is proved in [30, Theorem 7.7]

Theorem 1.2.9. If M is projective R-module, then Exth(M,N) = 0 for all R-

modules N and alln > 1.

Now consider a field £ and two commutative k-algebras A and B. Let A®,.B = C.

Then we have the following important result which is proved in [8, Theorem XI 3.1].

Theorem 1.2.10. Assume that A and B are noetherian. If M is finitely A-generated

and M' is finitely B-generated, then there is an isomorphism
Exth (M, N) @ Ext4(M', N') — Ext} (M @, M', N @, N').
Definition 1.2.11. Let X and Y be chain complexes. Then a chain map f: X —

Y is a sequence of maps f,: X,, — Y, such that the following diagram commutes

dn+1 d
e X X, e X

fn+1l fnl lfnl

Yo Yooy —— o

= Ypp

d/

U
n+1 dn

Definition 1.2.12. A sequence of chain complexes

are exact for every n € Z.

Definition 1.2.13. If Y is a chain complex and n is an integer, we define the
n-skeleton, Y™ to be the subcomplex of Y such that

Y, ifi<n,
(V) =

0 ifi>n.
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It is clear that H;(Y!") = Hy(Y) for i < n and H;(Y™) = 0if i > n. Also we
can form the chain complex Y'[n| as follows:
(Yn])i = Yoy
with differential (—1)"d. We call Yn| the nth translation of Y. We see that
HL(Y[n]) = Hop(Y).
Also, we define nth translation on any chain map f: X — Y by

Definition 1.2.14. Let M be an R-module and n € Z be a fixed integer. If we
regard M as the nth term and all other terms 0, then this is a chain complex

concentrated in degree n, written M|[—n).

Definition 1.2.15. A chain map f: X — Y is called a ¢-isomorphism if the maps
fx: Hy(X) — H,(Y) are all isomorphisms.

Definition 1.2.16. A projective resolution of a chain complex Y is a g-isomorphism

P — Y such that each P, is a projective R-module.

Definition 1.2.17. An injective resolution of a chain complex Y is a g-isomorphism

Y — I such that each I; is an injective R-module.

Definition 1.2.18. A double complex (or bicomplex) is a bigraded R-module Y =
{Y,4} with maps d": Y, , — Y, 14 and d": Y, ; — Y, 4,1 such that

d"d" = d°d = d'd" + d"d° = 0.

It is pictured as a lattice

dh dh
Y1~ Y1 =— Ypri g1 <=—
dv dv dv
dh dh
= p—1yg Y;D,q Y;)H,q
dv dv dv
dh dh
N Yp—17q—1 < Y;Lq—l =< Y;)+17q—1 =
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The first two conditions d"d" = d'd* = 0 say that each row and each column is a

chain complex.

Definition 1.2.19. If Y is a double complex, its total complez Tot® (Y') is the chain

complex defined by
TOt@ (Y)n = @ }/;hq

ptg=n
with differential

dy: Tot®(Y), — Tot® (YV),_,

given by d = d" + d°. Also, we have the total complez Totll(Y)) which is defined by
TOtH(Y)n = H Yoq
p+q=n
with differential
dy: Totll(Y), — Totl(Y),_,

given by d = d" + d°.
The following lemma is proved in [30, Lemma 11.14].

Lemma 1.2.20. If Y is a double complex, then both Tot®(Y) and Totll(Y) are

chain complexes.

Remark 1.2.21. A big commutative diagram whose rows and columns are chain
complexes can be modified by a simple sign change to be a double complex. Let
Y be a bigraded module with maps d” and d”. Assume that d"d" = d"d* = 0 and
the diagram commutes. If d) .1 Y, , — Y}, 1 is replaced by d, = (=1)?d; ,, then

p,q’
(Y,d", d") is a double complex.

Definition 1.2.22. Let X and Y be chain complexes of R-modules. We form
the double complex X ® Y = {X, ®p Y,} using the Remark 1.2.21, that is, with
horizontal differentials d ® 1 and vertical differentials (—1)? ® d. X ® Y is called the
tensor product double complex, and Tot® (X ®Y) is called the (total) tensor product

chain complex of X and Y.

The following result is proved in [33, Theorem 3.6.3].
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Theorem 1.2.23 (Kiinneth formula for complexes). Let X and Y be chain
complexes of R-modules. If X,, and d(X,,) are flat for each n, then there is an exact

sequence

0— P Hy(X)@r Hy(Y) — H,(Tot®(X @ Y))

ptg=n

— P Torf(H,(X) H,(Y)) — 0.

p+q=n—1

for each n.

Definition 1.2.24. Let X and Y be chain complexes. First we convert Y into a

cochain complex Y with Y* =Y_,. We form the double cochain complex
Hom(X,Y) = {Homg(X,,Y?)}

using Remark 1.2.21. That is, if f: X, — Y9 then we define the horizontal
differential d"f: X,,; — Y9 by (d"f)(z) = f(dx), and we define the vertical
differential @' f: X, — Y9t by (d°f)(z) = (—1)PT4d(fz) for z € X,,. Hom(X,Y)
is called the Hom double complex, and Tot!l (Hom(X,Y)) is called the (total) Hom
cochain complex. Note that we can reindex Tot!l(Hom(X,Y)) to obtain (total) Hom

chain complex.
The following theorem is proved in [33, Theorem 3.6.5].

Theorem 1.2.25 (Universal Coefficient Theorem for Cohomology). Let X
be a chain complex of projective R-modules such that each d(X,) is also projective.

Then for every n and every R-module M, there is an exact sequence
0 — Extp(H, 1(X), M) — H"(Hompg(X, M)) — Homp(H,(X), M) — 0.
Next we define the mapping cone and mapping cylinder of a chain map.

Definition 1.2.26. Let f: X — Y be a chain map. The mapping cone of f is
the chain complex cone(f) whose degree n part is X,,_1 @ Y,. The differential in

cone(f) is given by the formula

d(x,y) = (=dx(x),dy(y) — f())
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where z € X,,_; and y € Y,,. That is, the differential is given by the matrix

—dx 0
—f dy

The following result is proved in [33, Corollary 1.5.4].

Lemma 1.2.27. A map f: X — Y s a q-isomorphism if and only if the mapping

cone chain complezx cone(f) is exact.
For every chain map f: X — Y, there is an exact sequence
0—Y — cone(f) —6>X[—1] —
where the left map sends y to (0,y) and the right map sends (z,y) to —z.

Definition 1.2.28. Let f: X — Y be a chain map. The mapping cylinder of f is
the chain complex cyl(f) whose degree n part is X,, @ X,,_1 @ Y,,. The differential
in cyl(f) is given by the formula

d(z1,72,y) = (dx (1) + 29, —dx (22), dy (y) — f(72)).

That is the differential is given by the matrix

dy idy O
0 —dx O
0 —f dy

The following result is proved in [33, Lemma 1.5.6].

Lemma 1.2.29. The subcomplex of elements (0,0,y) is isomorphic to'Y and the

corresponding inclusion «:'Y — cyl(f) is a g-isomorphism.

Notice that the subcomplex of elements (z, 0, 0) in cyl(f) is isomorphic to X, and
the quotient cyl(f)/X is the mapping cone of f. Therefore we have the following

exact sequence of chain complexes
0 —= X —cyl(f) — cone(f) —=0.

There is a category of chain complexes of R-modules, denoted Ch(R), where the
objects are chain complexes and morphisms are chain maps.

A proof of the following theorem can be found in [33, Theorem 1.2.3].
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Theorem 1.2.30. The category Ch(R) of chain complexes of R-modules is an

abelian category.

A chain complex Y is called bounded if Y,, = 0 unless a < n < b, bounded above if
there is a bound b such that Y,, = 0 for all n > b and bounded below if there is a bound
a such that Y,, = 0 for all n < a. The bounded, bounded above and bounded below
chain complexes form full subcategories of Ch(R) and are denoted Ch,(R), Ch_(R)
and Ch, (R), respectively. Denote the subcategory of non-negative complexes Y,
Y, =0 for all n < 0, by Chx((R).

We define the translation functor T: Ch(R) — Ch(R) on any object X by
T(X) = X[—1] and on any morphism f: X — Y by T(f) = f[—1]. Tt is clear that
T is an automorphism and its inverse 7! is defined by T7*(X) = X[1].

The following theorem is one of the fundamental results on chain complexes and

it is proved in [30, Theorem 6.3].

Theorem 1.2.31. If

15 short exact sequence of chain complexes, then there is a long exact sequence of

modules
= H (V) 2 Hy(2) =2 Hy (X)) —2= Hpy (V) — -
where the map 0: H,(Z) — H,_1(X) is called the connecting homomorphism.

Let A and B be two abelian categories. We say that A has enough projectives
if for every object A of A there is a surjection P — A with P projective. We say
that A has enough injectives if for every object A in A there is an injection A — [
with [ injective.

Let F: A — B be a right exact functor. If A has enough projectives, we can
construct the left derived functors L;F (i > 0) of F as follows. If A is an object of

A, choose a projective resolution P — A and define
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Note that since
F(P) — F(Py) — F(A) — 0
is exact, we always have LoF'(A) = F(A). Ais said to be left F-acyclic if L, F(A) =
0 for all n > 1.
Let F: A — B be a left exact functor. If A has enough injectives, we can
construct the right derived functors R'F (i > 0) of F as follows. If A is an object

of A, choose an injective resolution A — I and define
R'F(A) = H'(F(I)).
Note that since
0 — F(A) — F(I°) — F(I')

is exact, we always have ROF(A) & F(A). Aissaid to be right F-acyclic if R'F(A) =

0 for all n > 1.

1.3 The Homotopy Category of Chain Complexes

In this section, we give the definition of the homotopy category of chain complexes

and present some of its properties. The main reference for this section is [33].
Definition 1.3.1. If f: X — Y is a chain map, then f is null homotopic if there
are maps Sp: X, — Yni1

dn+1 d
e X L xS X, e

A

Yn Yn714>"'

Y41

dn+1 dn

such that
f = dyS + de.

Let G be the set of all maps in Homen(z)(X,Y’) which are null homotopic.

Lemma 1.3.2. The set G is a subgroup of Homcnr)(X,Y).
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Proof. 1t is clear that the zero map is in G. Let f, g be null homotopic maps.
By Definition 1.3.1, there are maps s: X — Y/[1] and ¢t: X — Y[1] such that
f=dys+ sdx and g = dyt + tdx. Then

fHg=dy(s+1t)+ (s+1t)dx.

That is, f + ¢ is null homotopic. Also, —f = dy(—s) + (—s)dx, that is, —f is null

homotopic. Hence, G is a subgroup. ]

Definition 1.3.3. If f and ¢ are chain maps X — Y, then we say that f and g

are chain homotopic, written f ~ g, if f — g € GG, that is, if
f—g=dys+ sdx.

Next we show that ~ is an equivalence relation on Homgng)(X,Y). It is clear
that it is reflexive and symmetric. Assume that f ~ g and g ~ h. Then there
are maps s: X — Y[l] and ¢: X — Y/[1] such that f — g = dys + sdx and
g—h=dyt+tdx. So

f—h=dy(s+1t)+ (s+1)dx.

That is, f ~ h and it follows that ~ is transitive. Hence, ~ is an equivalence

relation.

Lemma 1.3.4. Let X, Y and Z be chain complexes. Let f: X — Y andg: ¥ —

Z be two chain maps. If either f or g is null homotopic, then gf is null homotopic.

Proof. Assume that f is null homotopic. Then there exists s: X — Y[1] such that
f = dys+ sdx. Therefore,

gf = gdys+ gsdx = dzgs + gsdx

where gs: X — Z[1]. This implies that ¢gf is null homotopic. Now assume that
¢ is null homotopic. Then there exists t: Y — Z[1] such that g = dzt + tdy.
Therefore,

gf = dztf -+ tdyf = dztf -+ tde

where tf: X — Z[1]. This implies that gf is null homotopic. O
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Let
HOHIK(R) (X, Y) = HomCh(R) (X, Y)/G

This is an abelian group of classes of homotopic maps between X and Y. Let X, Y

and Z be chain complexes. By Lemma 1.3.4, the composition map
Homen(r) (Y, Z) x Homenr) (X, Y) — Homenr) (X, 2)
induces a biadditive map
Homk r)(Y, Z) x Homg g)(X,Y) — Homgkr)(X, Z).

Let K(R) be the quotient category of Ch(R) whose objects are chain complexes
and morphisms are classes of homotopic maps, that is, Homkr)(X,Y) for every
pair of objects X and Y. K(R) is called the homotopy category of chain complezes.

We define Ky(R), K_(R) and K (R) to be the full subcategories of K(R) cor-
responding to the full subcategories Ch,(R), Ch_(R) and Ch(R) of bounded,
bounded above and bounded below chain complexes.

The zero object in K(R) is the zero object in Ch(R). For every pair of objects
in K(R), we define their direct sum as the direct sum in Ch(R). Therefore, we have

the following result.
Theorem 1.3.5. The category K(R) is an additive category.
The following result is proved in [33, Lemma 1.4.5].

Lemma 1.3.6. If f and g are homotopic chain maps X — Y, then they induce
the same maps H,(X) — H,(Y).

It follows by the above lemma that if f: X — Y is a ¢-isomorphism and
g: X — Y is homotopic to f, then g is also a g-isomorphism. Therefore, we
say that a morphism in K(R) is a g-isomorphism if all of its representatives are

g-isomorphisms.

Remark 1.3.7. Let X and Y be chain complexes. If we reindex Y as a cochain
complex and form the total Hom cochain complex Tot!l(Hom(X,Y)), then an n-

cocycle f is a sequence of maps f,: X, — Y"7? such that f,d = (—1)"dfp+1,
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that is, a morphism of chain complexes from X to the translate Y[—n] of Y. An

n-coboundary is a morphism f that is null homotopic. Thus,
H" Tot!l(Hom(X,Y)) = Homg g (X, Y[—n]).
Lemma 1.3.8. IfY is a chain complex, then there is a natural isomorphism
H,(Y) = Homgg)(R[—n],Y).

Proof. Let [f] € Homgg)(R[—n],Y). Then f(1) € Y,y and d(f(1)) = 0. So f(1) €
Z,(Y). Therefore, there is a map

¢: Homgg)(R[—n],Y) — H,(Y)

defined by ¢([f]) = f(1) + B,(Y). We claim that ¢ is well defined. Assume that
f =~ g. Then there exists s: R[—n] — Y[1] such that f — g = ds+ sd by Definition
1.3.3. So f(1) — g(1) = d(y) where y = s(1). That is, f(1) — g(1) € B,(Y). Thus,
f(1)+ B,(Y) =g(1) + B,(Y). Hence, ¢ is well defined. We show that ¢ is one to
one. Suppose that [f], [g]: R[—n] — Y such that ¢([f]) = ¢([g]). We claim that f
is homotopic to g. We have ¢([f]) = ¢([g]). Then f(1) + B,(Y) = g(1) + B,(Y),
that is, f(1) — g(1) + B.(Y) = B,(Y). Therefore, there exists y € Y, such that
d(y) = f(1) — g(1). Let h,,: R — Y, 41 defined by 1 —— y. We extend h,, trivially
to have a homotopy h. Hence, f ~ g. Now let g € H,(Y). Choose f: R — Y, such
that 1 — y. This induces the map f: R[—n] — Y. Thus, for each y € H,(Y)
there exists a morphism [f] € Homgg)(R[—n],Y’) such that ¢([f]) = g. It is clear
that ¢ is a homomorphism of R-modules. Therefore, H,(Y) = Homgr)(R[—n],Y).
Note that if f: X — Y, then it is clear that the following diagram

| |

is commutative. Hence, there is a natural isomorphism

H,(Y) = Homg g (R[—n],Y). O
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Lemma 1.3.9. Let f: X — Y be a map of chain complexes. Then the following

statements are equivalent.
(i) f is null homotopic.
(ii) T(f) is null homotopic.

Proof. Assume that f is null homotopic. Then there are maps s,: X, — Y,

such that f = dys + sdx. Now note that
T(Fusr = fo = d¥ o+ saad = —dpl sue — sudix,,
for all n. Thus, T'(f) is null homotopic. Similarly, we can prove the converse. O

Therefore, Lemma 1.3.9 implies that the translation functor 7: Ch(R) —
Ch(R) induces an automorphism of K(R). We call T' again the translation functor
of K(R).

1.4 Spectral Sequences

In this section, we give the definition of spectral sequences and explain the conver-
gence of spectral sequences. The main references for this section are [6], [22], [33]

and [30].

Definition 1.4.1. A homology spectral sequence in the category R-mod of R-

modules consists of the following data:
(i) A family {E] } of R-modules for all integers p, ¢ and r > 1.

(i) R-maps
oo, T r
dp,q' Ep,q Epfr,qurfl

that are differentials in the sense that d"d" = 0.

(iii) Isomorphisms between E;fqu and the homology of EI’* at the spot E;7q:

Bt = Ker(d),)/ Tn(d), ).
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There is a category of homology spectral sequences. A morphism f: £ — E
is a family of R-maps f) @ E) ~— E;q for all r of bidegree (0,0) such that f”

commutes with the differentials, that is, f"d" = d"f" and each ;;;1 is induced by

g ON homology.

Definition 1.4.2. A cohomology spectral sequence in the category R-mod of R-

modules consists of the following data:
(i) A family {EP9} of R-modules for all integers p, ¢ and r > 1.

(i) R-maps

qre- ppa __, pptrg-rtl
T ° T T
that are differentials in the sense that d,.d, = 0.

(iii) Isomorphisms between EY; and the homology of E** at the spot EP?:

BV = Ker(dP?)/ Im(dP~"9"~1).

There is a category of cohomology spectral sequences. A morphism f: £ — E
is a family of R-maps fP9: EPY —s EP4 for all 7 of bidegree (0,0) such that f,
commutes with the differentials, that is, f,d, = d,f, and each 4 is induced by

fP4 on homology.

A filtration of a graded R-module G is
ng—lGnngGnng—l—lGn g an

for each n. The filtration is ezhaustive if G,, = U F,G,, for each n and it is Hausdorff
if NgFG,, = 0 for each n. It is complete if G,, = limy G,/ F;G,, for each n.

Definition 1.4.3. Given a homology spectral sequence {E{,,d" : r > 1} and a

filtered graded R-module G, we say that the spectral sequence

(i) converges weakly to G if the filtration is exhaustive and we have isomorphisms

B = FGoyy/Fo1Gyyy for all s and t;

(ii) converges to G if (i) holds and the filtration of G is Hausdorff;
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(iii) converges strongly to G if (i) holds and the filtration of G is complete and
Hausdorft.

The following theorem is proved in [33, Comparison Theorem 5.2.12]

Theorem 1.4.4 (Comparison Theorem). Let E] , and qu be two spectral se-
quences converge strongly to H, and H,, respectively. Suppose given a map h: H, —
H, compatible with a morphism f: E — E of spectral sequences, that is, h maps
F,H, to F,H, and the associated maps F,H,,/F, 1H, — F,H,/F, 1H, correspond
to By, — E;fq. Iffr K, — E;q is an isomorphism for all p and q and some r,

then f*: E, — E;q is an isomorphism for all v < s < oo and h,: H, — H, is

an isomorphism.

Definition 1.4.5. Let D and E denote R-modules (which are bigraded in the rele-
vant cases) and let i: D — D, j: D — E and k: £ — D be module homomor-

phisms. We present these data as in the diagram:

i D
DN

E
and call {D, E,i,j,k} an ezact couple if this diagram is exact, that is, Imi = Ker j,
Imj = Kerk and Im £ = Kerz.

D

Now we have the following important result which is proved in [33, Proposition

5.9.2].

Theorem 1.4.6. An exact couple in which i, j and k have bidegrees (1,—1), (0,0)

and (—1,0) determines a homology spectral sequence {E},,d" : r > 1}.
The following dual result is proved in [22, Theorem 2.8].

Theorem 1.4.7. An exact couple in which i, j and k have bidegrees (—1,1), (0,0)

and (1,0) determines a cohomology spectral sequence { E5*, d,. :r > 1}.

T

A useful presentation of exact couples is the following unrolled exact couple

.. i>Ds+1,* i D1 i

D> i
E5*

ES_L*
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The following important result is proved in [22, Corollary 2.10]

Lemma 1.4.8. Forr > 1, there is an exact sequence
0 — D**/Ker(i": D — D**) 4iD*'* L gy &

Im(i": DSt h — DSty N Ker(i: DY — D**%) — 0.

Let D>** = lim{D**,i} and D~°* = colim,{D**,i}. Both D>* and D~>*

have a decreasing filtration given by
F*D*>* = Ker(D>* — D*%)

and

FsD—oo,* — IIIl(Ds’* _ D_oo’*).

These two filtrations have the following properties which are proved in [22, Propo-

sition 3.16].

Lemma 1.4.9. For an exact couple, the filtration F on the limit D>** is Hausdorff

and complete. The filtration F on the colimit D™°* is exhaustive.
Definition 1.4.10. The spectral sequence associated to an exact couple
(D> B5*,4, 5, k)
is said to be conditionally convergent to the colimit D~°* if
D>* =lim{D**,i} = {0} = lirsnl{Ds’*,z'}.
We say the spectral sequence conditionally convergent to the limit D™ if D7°* =
{0}.

The following important theorem and its corollary are proved in [22, Theorem

3.19).

Theorem 1.4.11. Suppose {D**, E¥* i, 4, k} is an exact couple satisfying E** =
{0} for all s < 0. Suppose further that the associated spectral sequence converges

conditionally to D~°°*. Then the spectral sequence converges strongly to D™°* if

and only if lim', E$* = {0} for all s.
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Corollary 1.4.12. Suppose {D**, E** i, j, k} is an exact couple satisfying E** =
{0} for all s < 0. Suppose further that D** = 0. Then the spectral sequence
converges to D™°°* if and only if lim', E5* = {0} for all s.

The following result is in [6, Theorem 7.4].

Theorem 1.4.13. Suppose {D**, E** i, j, k} is an exact couple satisfying E** =
{0} for all s < 0. Suppose further that the associated spectral sequence converges
conditionally to D°>*. Then the spectral sequence converges strongly to D>* if and

only if im', E5* = {0} for all s.

Definition 1.4.14. A Cartan-FEilenberg resolution of a chain complex Y is an upper
half-plane double complex P consisting of projective R-modules together with a

chain map e: P,y — Y such that for each n,

(i)

(i)

(iii)

and

0<~—H,(Y)<~—H,(P)<~— H,(P))<=—"--
are projective resolutions.

Note that Tot®(P) — Y is a g-isomorphism [33, Exercise 5.7.1].

The following result is proved in [33, Lemma 5.7.2].

Lemma 1.4.15. Every chain complex Y of R-modules has a Cartan-FEilenberg res-

olution.

The following result is proved in [30, Theorem 11.34].
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Theorem 1.4.16 (Kinneth Spectral Sequence). Let X and Y be non-negative
chain complexes with X flat. Then there is a strongly convergent first quadrant

spectral sequence

E2, = @P Torf(H,(X), H(Y)) = Hysy(Tot*(X @ Y)).

s+t=q

The dual result for cohomology, see [30, Theorem 11.34], is the following.

Theorem 1.4.17 (Kiinneth Spectral Sequence). Let X and Y be non-negative
chain complexes. If either X is projective or Y 1is injective, there is a strongly

convergent first quadrant spectral sequence

B}t = @P Exth(H,(X), H(Y)) = H"*(Totll(Hom(X,Y))).

s+t=q

Theorem 1.4.18 (Universal Coefficient Spectral Sequence). Let X be non-
negative chain complex of projective R-modules and M an R-module. Then there is

a strongly convergent first quadrant spectral sequence
EY = Exth(H,(X), M) = H""(Hompg(X, M)).

Proof. Let M — I be an injective resolution. Consider the first quadrant double
cochain complex Hom(X, I). Since X, is projective,
HY(Tot!l(Hom(X, I))) = Homg(X,, H,(I)).
Therefore, the first spectral sequence has
e _ if g > 0,

HP(Hompg(X, M)) if¢=0.

It follows that this spectral sequence collapses to yield H?(Totll(Hom(X,I))) =
H?(Hompg(X, M)). Since 19 is injective,

HY(Hom(X, ")) = Hompg(H,(X), I").
So the second spectral sequence has
HEPT = Exthy(H,(X), M).
Hence, there is a strongly convergent first quadrant spectral sequence

B} = Exth(H,(X), M) = H"**(Homp(X, M)). -
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A filtration F of a chain complex Y is an ordered family of chain subcomplexes
- CF, . YCEYC---

of Y. The filtration F' is called bounded if for each n, there are integers s < t such
that F,Y,, = 0 and F}Y,, =Y,,. The filtration F' is called stupid if

0 forn>np,
Y, forn <p.
The following result is important and is proved in [33, Theorem 5.5.1].

Theorem 1.4.19. Let Y be a chain complex. Suppose that the filtration on Y 1is

bounded. Then there is an associated spectral sequence with
E;,q =ty g(FY/F, 1Y)
converging strongly to H,(Y).
Moreover, the following result is important and is proved in [22, Theorem 3.5].

Theorem 1.4.20. Let ¢: X — Y be a chain map respecting the filtration, that is,
o(F,X) C F.Y for each n. Then ¢ induces a morphism of the associated spec-
tral sequences. If for some n, ¢,: E,(X) — E,(Y) is an isomorphism, then
¢r: E.(X) — E.(Y) is an isomorphism for all v, n < r < oo. If the filtrations are
bounded, then ¢ induces an isomorphism ¢,: H. (X) — H,(Y).



Chapter 2

The Derived Category of a

Commutative Ring

In this chapter, we give some preliminaries on triangulated categories and the derived
category of a commutative ring where the main references of this chapter are [13], [33]
and [25]. In section one, we give the definition of localizations and the left and right
fractions. In section two, we define triangulated categories and present some of its
elementary properties. In section three, we show that the derived category is a
triangulated category. In section four, we give definitions of the derived functors,

the derived tensor product and the derived Hom.

2.1 Localization and the Fractions

In this section, we define the derived category and give the definition of the left and

right fractions. The main references for this section are [13] and [33].

Definition 2.1.1. If S is a collection of morphisms in a category C, then a local-
ization of C with respect to S is a category S™!C and a functor q: C — S™!C with

the following properties:
(i) q(s) is an isomorphism in S™'C for every s € S.

(ii) Any functor F': C — C’ such that F(s) is an isomorphism for all s € S can

be factorized uniquely through ¢. That is, we have the following commutative

33
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diagram.

c—=5-1¢

r
Cl

It follows that the category S~!C is unique up to equivalence.
The following theorem is proved in [13, Theorem III.2.1].

Theorem 2.1.2. Let A be an abelian category, Ch(A) the category of chain com-
plezes over A. There exists a category D(A) and a functor q: Ch(A) — D(A)

with the following properties.
(a) q(f) is an isomorphism for any q-isomorphism f.

(b) Any functor F: Ch(A) — D transforming q-isomorphisms into isomor-
phisms can be uniquely factorized through D(A), that is, there exists a unique

functor G: D(A) — D with F = Gq.

The category D(A) is called the derived category of the chain complexes of A. In
particular, if A is the category of R-modules, then we get D(R) the derived category

of the commutative ring R.

The problem is that morphisms in D(A) are just formal expressions of the form

sglfn ) ..551f25f1f1

where f; are morphisms in Ch(A) and s; are g-isomorphisms. To work with such

expression we need to simplify it and so we need the following definition.

Definition 2.1.3. A collection S of morphisms in a category C is called a multi-

plicative system in C if the following conditions are satisfied:

(i) S is closed under composition, that is st € S for any s, € S whenever the

composition is defined and idx € S for any object X € C

(ii) (Ore condition) for any f in C, s € S, there exist ¢ in C, ¢t € S such that the

following diagram
g

W—2sgz
Ty

X ——

~+
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is commutative. Moreover, the symmetric statement is also valid, that is the

following diagram
g

W%T
Ty

X~

~+

1S commutative.

(iii) (Cancellation) Let f, g be two morphisms from X to Y, then the following two

conditions are equivalent:

(a) sf = sg for some s € S with source Y.

(b) ft = gt for some t € S with target X.

2.1.1 The Left and Right Fractions

In this subsection, we give the definitions of the left and right fractions. Let C be a
category and S a collection of morphisms in C.

We call a chain in C of the form
Fel X< X, Ly
a left fraction if s is in S. We say that fs~! is equivalent to
X<—X,—1sy

if there exists a fraction

X~—X3—=Y

fitting into a commutative diagram in C of the form

Xy

71X

X<=—X3—>Y

N A

X
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Next we show that the above relation is an equivalence relation. It is obvious that

it is reflexive and symmetric. Now we show that it is transitive. Assume that
s f
X<~—X —Y
is equivalent to
X<~—X'—>Y
and
X<~—X'—>Y

equivalent to

u

X b € Y.

That is we have the following commutative diagrams

X/

7N

X<~—27 —=Y

N

X//

Xl/

SN

X~—2'—=Y

NV

with s, t, u, sr, tp all belonging to S. We claim that there is a commutative diagram

X/

SN

X Z/l/ Y

NP

X/l/

with sq € S. Using Ore condition, we get the following commutative diagram

W‘U>Z/

z" "= X



CHAPTER 2. THE DERIVED CATEGORY OF A COMMUTATIVE RING 37

where v € S. Notice that the two morphisms f; = hv and f; = pk from W to
X" satisfy tf; = tf;. Therefore the cancellation condition says that there exists
a morphism w: Z"” — W where w € S such that fiw = fow. Now putting

g=row: 2" — X' and j = ikw: Z" — X" we see that
sq = srvw = tpkw = utkw = uj
and
fq = frow = ghvw = gpkw = eikw = ej.

Therefore we get the following commutative diagram

X/

SN

X<—27"—=Y

NP

X///

Now we define the composition of equivalence classes of left fractions. Let
x<x-toy

be a left fraction between X and Y and
Y <~y =7

a left fraction between Y and Z. Then using Ore condition, there exist an object U

and morphisms u: U — X’ in S and h: U — Y’ such that

U _h, y' 4.y
|, )
X<~ x—lsy
is a commutative diagram. It follows that

Su

X<y

is a left fraction between X and Z. We show that the equivalence class of the

composite is independent of the choice of X’ and Y. Let

XS%IX//#Y



CHAPTER 2. THE DERIVED CATEGORY OF A COMMUTATIVE RING 38

be a left fraction equivalent to
X x Loy

That is, there exist an object V' and morphisms v: V' — X’ and v': V' — X" such
that the following diagram
X/

SN

X<=—V—">Y

RN

X//
is commutative and sv = s'v’ is in S. Using Ore condition, there exists an object U’

and morphisms v': U' — X" in S and h': U’ — Y” such that the following diagram

U’ h/; Y’ g, 7
4
XéX//LY

is commutative. It follows that
x 2

is a left fraction between X and Z. Using Ore condition, we see that there exists an
object W, a morphism w: W — V in S and a morphism a: W — U such that the
following diagram
W ——=U
w U/\L
V——=X'
is commutative. Using Ore condition again, we see that there exists an object W,
a morphism w’: W' — V in S and a morphism a': W’ — U’ such that the following
diagram
W/ O’H/ U/
w’i u’l
Ve X
is commutative. Using Ore condition for the third time, we see that there exists an

object C' and morphisms ¢: C' — W and ¢: C — W' in S such that the following
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diagram
C——W
W

/HV

is commutative. Note that

suac = svwe = s'v'w'd = s'u'd'd

is in S since s'v’, w’ and ¢’ are in S. But
thac = fuac = fowe = f'v'w'd = flu'dd =th'd'c.

Therefore, using the cancellation condition, we see that there exists an object M

and a morphism m: M — C in S such that
hacm = h'a’'d'm.
Let b=acm: M — U and ¥ = d’'dm: M — U’. Then we have that

sub = suacm = s'u’d'd'm = s'u'V

is in S and ghb = gh’t’. That is the following diagram

is commutative. Hence, the equivalence class of the composite is independent of the
choice of X’ and similarly we can verify that the composite is independent of the
choice of Y’. Therefore, we have defined a product of the sets of equivalence classes
of left fractions between X and Y and equivalence classes of left fractions between
Y and Z into the set of equivalence classes of left fractions between X and Z. Now
we show that the composition of equivalence classes of left fractions is associative.

Consider the following left fractions

x-*x-loy
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Y <—Y —=Z
7 <" 7 W
Using Ore condition three times, we see that we have the following commutative
diagram
M~y gt

ci b
UL> /*9>Z

|
X<87X'*f>Y.

in which a, b and ¢ are in S. Note that the composition of the first two left fractions

w

is represented by
X sa U ga’ Z
and its composition with the third left fraction is represented by

sac hb'c!
<

X M——W.

While the composition of the last two left fractions is represented by

tb hb'

Y~—V—">W

and its composition with the first left fraction is represented by

sac hb'c!
-

X M—W.

Hence, the composite is associative. Next we prove that
id id

X=—X—X

is the identity morphism. Denote the above left fraction by idx. Consider the
following left fraction between X and Y.

X <2 X! *f> Y.
Thus, the following commutative diagram

Xy Loy

id id

X=—X—X
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implies that fs™'idy = fs~!. Similarly, the following commutative diagram

.

implies that idy gt ' = gt~! where
W<~—Ww =X
is a left fraction between W and X. Hence, idy is the identity morphism.
We define a right fraction between X and Y to be a chain of the form
—1 / s
sTfi X —Y1<=—Y.

Similarly, we define a relation on right fractions as follows. We say that s7'f is
equivalent to

XY, <—v

if there exists a fraction

X—Y3<—Y

fitting into a commutative diagram in C of the form

Yy

R

X—=Y3=—Y

RN

Y,

Similarly, we can show that the above relation is an equivalence relation.

The following important result is proved in [13, Lemma II1.2.8].

Theorem 2.1.4. Let S be a multiplicative system in a category C. Then the category
S™IC can be described as follows. ST'C has the same objects as C and Homg-10(X,Y)
is the family of equivalence classes of left fractions between X and Y . The universal

functor q: C — S71C sends f: X — Y to X:X*f>Y.

Remark 2.1.5. S7!C can be constructed using equivalence classes of right fractions.
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The following result is proved in [33, Corollary 10.3.11].

Lemma 2.1.6. If C is an additive category, then so is S™C and q is an additive

functor.

2.2 Triangulated Categories

In this section, we present the axioms and basic properties of triangulated categories.

The main references for this section are [25] and [33].

Definition 2.2.1. A triangle in some category of complexes (K(A), D(A),---)

where A is an abelian category is a diagram of the form

X Y 7 —= X[-1].
Definition 2.2.2. A triangle of the form

X —4>y —> cone(u) —2= X[~1]
is called a strict triangle on wu.

Definition 2.2.3. We say that a triangle

X Y 7 —= X[-1]

is distinguished if it is isomorphic to a strict triangle on u': X’ — Y’ in the sense

that there is a commutative diagram of the form

u

X y ——7 —"—= X[-1]

R

X %>y s cone(u) —L= X'[—1]
where f, g and h are isomorphisms in the corresponding category.

Definition 2.2.4. Let C be an additive category. We say that C is a triangulated
category if it is equipped with an automorphism 7: C — C called the translation
functor and with a class of triangles called distinguished triangles which are subject

to the following four axioms:
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(TR1) (a) Every morphism X ——Y can be completed to a distinguished triangle

u v w

X Y A TX.

(b) Any triangle isomorphic to a distinguished one is itself distinguished.

(c¢) The triangle
X X 0 TX

is a distinguished triangle.

(TR2) A triangle

u v w

X Y A TX
is distinguished if and only if the triangle
Yy sz -Yepx Sy
is distinguished.
(TR3) For any diagram of the form
X—=Yy—">7—">TX
il |
X ey s g

where the rows are distinguished triangles and the first square is commutative,

there is a morphism h: Z — Z’, not necessarily unique, which makes the

diagram
X—=Y——=Z7—=TX
fl gl h le
! / V !/
X =Yy =7 —==TX
commutative.

(TR4) (The octahedral axiom). Let f: X — Y and ¢g: Y — Y” be two composable

morphisms. Let us be given distinguished triangles

x-t-oy 7—>TX

x Yoy gy o7x
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y >y Y TY

Then we can complete this to a commutative diagram

x—t .y 7z TX
id g id

x -y 7 TX

O Y// ld Y// O

Tf
TX TY TZ T*X

where the first and second row and second column are given three distinguished

triangles, and every row and column in the diagram is a distinguished triangle.
The following important theorem is proved in [33, Proposition 10.2.4].
Theorem 2.2.5. K(R) is a triangulated category.
The following result is in [33, Corollary 10.2.5].

Corollary 2.2.6. Let C be a full subcategory of Ch(R) and K its corresponding quo-
tient category. Suppose that C is an additive category and is closed under translation

and the formation of mapping cones. Then K is a triangulated category.

Therefore, we deduce from Corollary 2.2.6 that K,(R), K_(R) and K, (R) are

triangulated categories.

2.2.1 Basic Properties of Triangulated Categories

We present some elementary properties of triangulated categories. We start by

giving the following result.

Lemma 2.2.7. Let C be a triangulated category with a translation functor T'. If

X—Y 7—TX

15 a distinguished triangle in C, then the composites vu, wv and Tuw are zero.
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Proof. Consider the following diagram

X X 0 TX

w

Yy =7

TX

Then by (TR3), we can complete the diagram to get the following commutative

diagram

X4 x 0 TX

KRN

X——Y—7—TX

and now we see that vu = 0. Also from the above and axiom (TR2) we deduce that

wv = 0 and Tuw = 0. O

Definition 2.2.8. Let C be a triangulated category with a translation functor 7'
Let A be an abelian category. An additive functor H: C — A is called homological

if for every distinguished triangle

X——=Y——7—-TX,
the sequence
e HX) L gy L gy P perxy

is exact in the abelian category A.

Definition 2.2.9. Let C be a triangulated category with a translation functor 7'
Let A be an abelian category. An additive functor H: C — A is called cohomological

if for every distinguished triangle

X—Y—7—TX,
the sequence
e ) ™ gy L g ) T g x)

is exact in the abelian category A.

The following lemma is proved in [25, Lemma 1.1.10].
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Lemma 2.2.10. Let C be a triangulated category. Let W be an object of C. Then

the functor Home (W, —) is homological.
The following lemma is proved in [25, Remark 1.1.11].

Lemma 2.2.11. Let C be a triangulated category. Let W be an object of C. Then

the functor Home(—, W) is cohomological.

Now consider the triangulated category K(R) and the chain complex R[—n].
Then for any distinguished triangle

X Y Z ——=X[-1],

the sequence
-+ — Homg ) (R[—n], X) = Homg gy (R[—n],Y) ==
Homg s (R[—n], Z) = Homr)(R[-n], X[-1]) — -+
is exact. Using Lemma 1.3.8, we have the following result.

Corollary 2.2.12. [f

u

X 74> X[-1]

Y
15 a distinguished triangle, then the following homology sequence
o H,(X) LHR(Y) LHn(Z) L o1 (X)) ——---

18 exact.

Lemma 2.2.13. Let f: X — Y be a morphism in K(R). Then the following

conditions are equivalent.
(1) The morphism f is a q-isomorphism.
(1) The cone of f is acyclic.

Proof. Consider the following distinguished triangle

X*f>Y*>cone(f) — X[-1].
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By Corollary 2.2.12, we have the following long exact sequence of homology

o Hy(X) = Hy (V) — H(cone(f)) — Hyoy (X) 5

Since f is a g-isomorphism, f, is an isomorphism. Thus, H,(cone(f)) = 0 for each
n. Hence, cone(f) is acyclic. Now assume that cone(f) is acyclic. From the above

long exact sequence of homology

-+ —— H,1(cone(f)) — H,(X) LN H,(Y) — Hy(cone(f)) —---

we deduce that f, is an isomorphism, that is, f is a g-isomorphism. O

Remark 2.2.14. Lemma 2.2.13 also holds if we replace K(R) by any of its full
subcategories Ky(R), K_(R) and K (R) of bounded, bounded above and bounded

below chain complexes of R-modules.

Lemma 2.2.15. (Five Lemma) Let C be a triangulated category with a translation

functor T'. Consider the following diagram

X Y Z TX
K
X' Y’ A TX'

where the rows are distinguished triangles. If f and g are isomorphisms in C, then

so is h.
Proof. Assume that f and g are isomorphisms. Now consider the following diagram

-+ ——Hom¢(Z',Y) ——Hom¢(Z', Z) —— Home(Z', TX) —— - - -
g*l h*i Tf*i
-+ ——Hom¢(Z2',Y') ——= Home(Z', Z') —— Home(Z', TX') — - - -
We see that the diagram is commutative and the rows are exact by Lemma 2.2.10.
Also, fi, gx, T'f, and Tg, are isomorphisms. Then the Five Lemma implies that h,
is an isomorphism. Therefore, there exists a: Z' — Z such that h,(a) = ha = idy.

Also, consider the following diagram

-+ ——Hom¢(TX', Z) —— Home(Z', Z) — Home(Y', Z) —— - - -

Tf*l h*l g*l

-+ ——Hom¢(TX,Z) ——Hom¢(Z, Z) —— Hom¢(Y, Z) —— - - -
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We see that the diagram is commutative and the rows are exact by Lemma 2.2.11.
Also, f*, g*, Tf*, and T'g* are isomorphisms. By the Five Lemma, h* is an isomor-

phism. Therefore, there exists b: Z' — Z such that h*(b) = bh = idz. Thus,
b= b(ha) = (bh)a = a.
Hence, h is an isomorphism. O

Lemma 2.2.16. Every distinguished triangle, in a triangulated category C with a

translation functor T, is determined up to isomorphism by any of its morphisms.

Proof. Let u: X — Y be given. By (TR1), u can be completed to a triangle. Now
let

TX

and

/ /

AR

u v

X Y TX

be two distinguished triangles completing u. Therefore, we have the following dia-

gram
X——Y—"—=7——TX
idl idi iid
X sy ez My

By (TR3), this diagram can be completed to have
X——Y—"—=7—"—TX
idl idi hl iid
X sy sz ey

But id: X — X and id: Y — Y are isomorphisms. Now Lemma 2.2.15 implies

that h is an isomorphism. Thus, Z is well defined up to isomorphism. O

Remark 2.2.17. Let C be a triangulated category with translation functor 7. Sup-

pose we have a distinguished triangle

X Y

and a factoring of the identity on X as

Xty -Yox
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Then we have a canonical isomorphism Y = X @ Z. This is easily seen by the

following diagram

u v w

X Y A TX

idl hJ/ idl idl
X—X®ZL—7—TX

where h is clearly an isomorphism by the Five Lemma.

Remark 2.2.18. Let C be a triangulated category with a translation functor 7.
Suppose that we have the following distinguished triangle

x oy 1oz oTx

and a morphism a: Y —— W such that the composite af is zero. Then there
exists a morphism a: Z — W such that a = ay. For we have the following exact

sequence
Home (T X, W) — Home(Z, W) 5 Home(Y, W) 25 Home (X, W)

and if 8*(«) = 0, then there exists @ € Home(Z, W) such that v*(&) = a. Dually,
given the same distinguished triangle and a morphism a: W — Y such that the

composite ya = 0, there exists a morphism a: W — X such that fa = a.

2.2.2 Homotopy Limits and Colimits
In this subsection, we define the notions of homotopy limit and homotopy colimit.

Definition 2.2.19. Suppose that C is a triangulated category with a translation

functor T" and assume that countable products exist in C. Let

Xo <" Xy <" Xy <P Xy

be a sequence of objects and morphisms in C. The homotopy limit of the sequence,
denoted holim; X;, is by definition given up to non-canonical isomorphism by the

following distinguished triangle
hohmz Xz —— HiZO Xz i HiZO Xz —T hOhIIlZ Xz

where ¢ is induced by the maps j1, J2, .. ..
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Definition 2.2.20. Suppose that C is a triangulated category with a translation

functor T" and assume that countable coproducts exist in C. Let

Ji J2 J3
Xo X X5

be a sequence of objects and morphisms in C. The homotopy colimit of the sequence,
denoted hocolim; X;, is by definition given up to non-canonical isomorphism by the

following distinguished triangle
1—shift .
HiZO A Hizo X@ —— hocohmi Xz —T HiZO Xz
where the shift map is the direct sum of j;11: X; — X;i1.
The following result is proved in [25, Lemma 1.6.5].

Lemma 2.2.21. If we have two sequences

Xo X X5

and

then non-canonically
hocolim{X; & Y;} = {hocolim X;} & {hocolim Y;}.
The following result is proved in [25, Lemma 1.6.7].

Lemma 2.2.22. Let

be a sequence. Then the homotopy colimit of this sequence is 0.
The following result is proved in [25, Lemma 1.7.1].

Proposition 2.2.23. Let

Xo X X5
be a sequence. Suppose we take any increasing sequence of integers

0<ip <y <ig<ig<---.
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Then we can form the subsequence

Xio Xi, Xiy

Then the two sequences have isomorphic homotopy colimits.

Definition 2.2.24. Let

X Xi Xo

be a sequence. We say that this sequence is pro-zero if for each r, there exists s > r

such that X, — X, is zero.

It follows that if a sequence is pro-zero, then its homotopy limit is 0.

The following result is proved in [25, Proposition 1.6.8].

Proposition 2.2.25. Let e: X — X be idempotent, that is, e> = e. Then there

are morphisms ¢ and Y

Xyt x
with ¢ = idy and V¢ = e. Moreover,

Y = hocolim(X = X S X 5 ...).

2.3 The Derived Category

In this section, we show that the derived category D(R) is a triangulated category.

The main references for this section are [13] and [33].

Proposition 2.3.1. If S is the collection of q-isomorphisms in K(R), then S is

multiplicative system.

Proof. Assume that S is the collection of g-isomorphisms in K(R). We show that
S is multiplicative system. Axiom (i) is obvious. Now we show Ore condition.
Let f: X — Y and s: Z — Y be given. Using (TR1), form the following

distinguished triangle
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Also, embed uf: X — C into the distinguished triangle

w—>x oW1,

Wt x oW1

e

7 — sy s -2 7[-1]

is commutative. We show that ¢t is a g-isomorphism. Lemma 2.2.13 implies that
H,(C) = 0 since s is g-isomorphism. Now the long exact homology sequence of the
top distinguished triangle implies that t is g-isomorphism, that is, ¢ € S. Similarly,
we can prove the symmetric assertion. Next we show the cancellation condition
holds. Let f,g: X — Y. Let s: Y — Y’ be in S with sf = sg. We show that
there exists t: X’ — X such that ft = gt. Using (TR1), we have the following
distinguished triangle

u

Z

Y Y’ Z[-1].

Since s € S, we have that H,(Z) = 0. Therefore, we have the following exact

sequence
HOHIK(R) (X, Z) L HOHlK(R) (X, Y) i> HOHIK(R) (X, Y’)

But s(f — g) = 0. Thus, there exists h: X — Z such that f — ¢ = uh. Using

(TR1), we have the following commutative diagram

X —tex -z X'[-1].

But H,(Z) = 0, which implies that ¢ is g-isomorphism, that is, ¢ € S. Since ht = 0,

we have (f — g)t = 0, that is, ft = gt. Hence, S is multiplicative system. O

Definition 2.3.2. The localization S™'K(R) of the homotopy category of chain
complexes K(R) is the derived category D(R) where S is the collection of g-isomorphisms
in K(R).

The following result is proved in [13, Proposition 111.4.2]
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Theorem 2.3.3. The localization of K(R) by g-isomorphisms is equivalent to the
localization of Ch(R) by q-isomorphisms. The same is true for K,(R) and Chy(R)

where x = 4+, — or b.

2.3.1 D(R) is Triangulated

In this subsection, we show the following theorem which says that the derived cate-

gory is a triangulated category.
Theorem 2.3.4. D(R) is a triangulated category.

Proof. First note that Lemma 2.1.6 and Theorem 2.2.5 combine together to give
additivity of D(R) and the formula T'(fs™') = T(f)T(s)™" defines a translation
functor T"on D(R). To prove (TR1), it is enough to check that every morphism can
be completed to a distinguished triangle. Let X ——Y be in D(R) represented by
the fraction

O e 0

Since K(R) is triangulated by Theorem 2.2.5, we can complete ' to a distinguished

triangle

e e =
Now consider the following triangle

X -y =W S TX

in D(R). Therefore, we have the following commutative diagram

v w

Y w TZ

idi idl lTs
Tsw

Y —W TX

w
P

u

Since s is invertible in D(R),

v Tsw

w TX

u

X

Y

is distinguished. (TR2) obviously follows from the definitions and from the proper-
ties of T'. Next we show (TR3). Let

u v w

X Y A TX
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and

X/
be two distinguished triangles in D(R) with morphisms f: X — X’ and g: Y —
Y’ such that gu = «/f. We claim that there exists a morphism h: Z — Z’ such

that the following diagram is commutative

u v w

X Y Z TX
fl gl hl in
X sy e g W

We can assume that the given distinguished triangles in D(R) are represented by
distinguished triangles in K(R) and the morphisms f, g in D(R) are represented by
left fractions

x <t xr Loy
and

e S

respectively. We must construct the arrows 7 and h in the following diagram

X u” Y v A w”! TX"
s t r
X = Y ? A Y TX T
g Lg ;
X' & Y v 7 w TX'

We claim that by changing, if necessary, the fraction representing f: X — X' we
can guarantee the existence of a morphism v”: X” — Y” in K(R) such that both
squares containing this morphism are commutative. Using the Ore condition, we

complete the following diagram to a commutative square in K(R)

X =y

/| |

X" ==Y

where £ € S. Replace X” by X, s by st, f by ft. It is clear that
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represents the same morphism f: X — X’ in D(R). Next, 4: X — Y” makes
one of the two squares commutative, the square t& = wst while the second square

commutes in D(R) but not necessarily in K(R) where we have
u'fs™t =gt tu = gu(f) " ts?

since u/f = gu. So u'ft = gu in D(R). To make the second square commutative
in K(R), we must change the representative of f once more. Let us consider two
morphisms u'ft,gu: X — Y’ in K(R). As they are equal in D(R), there exists
q: X — X where g € S. Then we take X as the new X” and the rest is clear.

Now we complete u”: X" — Y to the following distinguished triangle in K(R)

VA w"” TX"

Using (TR3) for K(R), we choose h making the diagram commutative. Similarly,
we construct r and since s,t are in S we see that » € S. Denote by A the morphism

Z — 7" in D(R) represented by the left fraction

Z<LZ”*}L>Z,.

Hence, (TR3) holds for D(R). Next we show (TR4). Suppose that we have the
following three distinguished triangles in D(R)

«

X

Y A TX

X Py oTx

B

Y’ Y’ Y

We claim that we have a commutative diagram

X Y Z TX
id B id

Xy 7 TX

O Y// id Y/l O

TX TY TZ T?°X
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Let a and 8 be represented by some left fractions
x<u-Tt-y
and
y vy

with s,¢ € S. Composition is represented by

WLy Ly

¢l f I

X<~—U—Y

where ¢’ € S. Therefore, Sa is represented by the left fraction
st’ h
xX<—w -y

We see that the left fraction

st!

<y

represents in D(R) the same morphism «. Now consider the following three distin-

guished triangles in K(R)

W~V —— cone(h) —=TW,

V —L>y’' —— cone(g) —= TV,
gh
W —— Y’ —— cone(gh) —=TW.
We have the following diagram in D(R)

W —> 1 —— cone(h) —= TW

st’l tl 3ir lTs
v

X —Y 7 TX

in which the left square is commutative and s, ¢ are isomorphisms in D(R). By the
axiom (TR3) for D(R), which we just proved, there exists a morphism r: cone(h) —

Z in D(R) that makes the diagram commutative. By Lemma 2.2.15, we have that r
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is an isomorphism since st’, ¢ are isomorphisms in D(R). Similarly, there exists an

isomorphism 7’: cone(g) — Y in D(R) such that

V—tsy — > cone(g) —=TV

LT

Y Y’ Y” TY

is an isomorphism of distinguished triangles. Also, there exists an isomorphism

r": cone(gh) — Z' in D(R) such that

W o Y’ —— cone(gh) —=TW

st’l idl r”l lTst’
Ba

X Y’ A TX

is an isomorphism of distinguished triangles. Now since K(R) is triangulated, The-
orem 2.2.5, we can complete the above three distinguished triangles to the following

commutative diagram

W 1% cone(h) ——=TW
id g9 id
W gh Y’ cone(gh) ——=TW

TW TV T cone(h) — T2W
Hence, (TR4) holds for D(R). O

The proof of the following result is in [13, Proposition IV.2.8].

Proposition 2.3.5. Every exact sequence of chain complezes

0 X—Y

A 0

in Ch(R) can be completed to a distinguished triangle in D(R) by an appropriate
morphism Z — X |[—1].

Remark 2.3.6. Let
X —Y —7— X[-1]
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be a distinguished triangle. Consider Hompzy(Ws, —). where s > 0. We know that

the following sequence

i HOHID(R)(WS,X)n — HomD(R)(W57 Y)n —

Hom'D(R)(W87 Z)n - HOHID(R)(WS,X)nA —_—

is a long exact sequence of abelian groups for each s > 0. But the category Ab
of abelian groups satisfies (AB5), that is, Ab is cocomplete and filtered colimits of
exact sequences are exact. So the following sequence
- — colim Homp gy (Ws, X),, — colim Hompg) (W5, Y ), —
colim Hompg) (W, Z),, — colim Hompg) (W, X)p—1 — - -
is exact.

Similarly, let
X, — Y, — Z, — X [—1]

be a distinguished triangle for each s > 0. Consider Hompg)(—, N).. Then the

following sequence
i HomD(R)(Z57 N)n — HOHID(R)(Y;, N)n —
HOHID(R)(XS, N)n — HOIHD(R)(ZS, N)n+1 —_—

is a long exact sequence of abelian groups for each s > 0. Therefore, the following

sequence
- — colim Homp(r)(Zs, N), — colim Hompg)(Ys, N), —
colim Homp g (X5, N),, — colim Homp(py(Zs, N)pp1 — - -

1s exact.

2.3.2 Localizing Subcategories

In this subsection, we compare the localization of a category C with the localizations
of its subcategories.

The following result is proved in [13, Proposition 111.2.10].



CHAPTER 2. THE DERIVED CATEGORY OF A COMMUTATIVE RING 59

Proposition 2.3.7. Let C be a category, S be a multiplicative system in C and B
be a full subcategory of C. Suppose also S N B be a multiplicative system in B. B is

called a localizing subcategory if any of the following equivalent conditions holds.
(i) The natural functor S™'B — S™IC is fully faithful.

(ii) Whenever C' — B is a morphism in S with B in B, there is a morphism

B — C in C with B" in B such that the composite B' — B is in S.

(iii) Whenever B — C is a morphism in S with B in B, there is a morphism

C — B’ in C with B" in B such that the composite B — B’ is in S.
The following result is proved in [33, Corollary 10.3.14].

Lemma 2.3.8. If B is a localizing subcategory of C, and for every object C' in C
there is a morphism C — B in S with B in B, then S™'B = S~1C. Suppose in

addition that S N B consists of isomorphisms. Then
B~ S-ipx~s-iC.

The subcategories Ky(R), K (R) and K_(R) of K(R) are localizing for the
collection S of g-isomorphisms. Thus, their localizations are the full subcategories
Dy(R), D4 (R) and D_(R) whose objects are the chain complexes which are bounded,
bounded below and bounded above, respectively.

The following result is proved in [13, Corollary TV.2.7].
Corollary 2.3.9. Dy(R), D_(R) and D4 (R) are triangulated categories.

Lemma 2.3.10. Let P be a bounded below chain complex of projectives. Lets: X —
P be a g-isomorphism where X is a bounded below chain complex. Then there exists

a morphism of chain complexes t: P — X such that st is homotopic to idp.

Proof. Since s is g-isomorphism, cone(s) is exact by Lemma 2.2.13. For brevity, let
cone(s) = C. Also, let dc and dp denote the differentials of C' and P, respectively.

There is a map f: P — C. Next we show that f is null homotopic. We construct
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the homotopy by induction. We may assume that we begin with n = 0, consider the
following diagram.

P——F——0

|, b

C,——=Co—=0
We have a map ky: Py — C; since d}, is surjective and P, is projective. Assume

we constructed k,,_;: P,—; — C,, such that
foo1 = dkn_1 + E‘n—2dg_1-
If we show that Im(f, — l?:n_ldrlé.) C Im dg“, then we will have the diagram

I
ifn_EnldT}g

n—+1
C
Cpy1 —=Imd}" —=0

and projectivity of P, will give a map k,,: B, — C,4; such that f, = d%t'k, +
l%n,ld’;,. Now we show that Im(f, — /%n,ld’f,) C Im d’é“. Since C' is exact, it suffices

to show that d%(f, — %n_ld;) = 0. Since d%k, 1 = fu_1 — kn_2dp !, we have

d&(fn = kn-1dp) = d¢ fo = fordp = 0.

since f is a morphism of chain complexes. Thus, f is null homotopic, say, by a

homotopy k = (¢, k). We have f(p) = (dck + kdp)(p). But
(dek + kdp)(p) = do(t(p), k(p)) + (tdp(p), kdp(p))
= (=dxt(p), dpk(p) + st(p)) + (tdp(p), kdp(p)).

Since f(p) = (0,p), we get
tdp(p) — dxt(p) =0

and

p = dpk(p) + st(p) + kdp(p).

That is, t is a morphism of chain complexes and st is homotopic to idp. O

The following result is proved in [33, Corollary 10.3.9].
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Lemma 2.3.11. If two parallel maps f,g: X — Y in K(R) become identified in
D(R), then fs = gs for some s: Z — X in S.

Theorem 2.3.12. Let P be a bounded below chain complex of projectives. Then
for any X, the map ¢: Homgg) (P, X) — Hompg) (P, X) is an isomorphism of

R-modules.
Proof. First we show that ¢ is onto. Let a: P — X be a morphism in D(R). Let
p<-z-1sx

be a representative of a. By Lemma 2.3.10, there exists t: P — Z such that
st = idp. Thus, ¢(ft) = ft. But ft = fs~': P — X is equivalent to fs~!. Thus,
¢ is onto. Next we show that ¢ is one to one. Let f,g: P — X in K(R). Assume
that f, g become identified in D(R). Then Lemma 2.3.11 says that there exists
s: Z — P such that fs = gs. But there exists t: P — Z such that st = idp.
Therefore, f = fst = gst = g in K(R). Thus, ¢ is one to one. Finally, note that
¢: Homg g (P, X) — Hompg)(P, X) is a group homomorphism by Lemma 2.1.6.
Also,
o(rfu(p)) = ¢(fulrp)) = fulrp) = 1fa(p) = ro(fal(p))

for each r € R, p € P, n and chain map f: P — X. This implies that ¢ is an

R-module homomorphism. Hence, ¢ is an isomorphism of R-modules. O

Remark 2.3.13. Dually, if I is a bounded above chain complex of injectives, then
HOHIK(R)(X, I) = HOHID(R) (X, I)

Theorem 2.3.14. The localization Dy (R) of K;(R) is equivalent to the full sub-

category K, (P) of bounded below chain complexes of projectives in K (R) :
Di(R) = K. (P).

Proof. Let X be in K, (R) and let X — Y be a ¢g-isomorphism where Y € K (P).
Lemma 1.4.15 says that X has a Cartan-Eilenberg resolution P — X with Tot®(P)
in K, (P). But Tot®(P) — Y is a g-isomorphism. Therefore, K, (P) is a localizing
subcategory of K (R) by Proposition 2.3.7. Thus, D, (R) = S™'K(P). By Lemma
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2.3.8, it suffices to show that every g-isomorphism in K, (P) is an isomorphism. Let
P and @ be bounded below chain complexes of projectives and s: P — @ a ¢-
isomorphism. Lemma 2.3.10 implies that there is a morphism ¢: ) — P such
that st = idg. In fact ¢ is a g-isomorphism. So applying Lemma 2.3.10 we have a
morphism u: P — @ with tu = idp. Thus, s is an isomorphism in K, (P) with
571 =t. Hence,

K, (P) = ST'K(P) 2 Dy(R). 0
In the following theorem, let R be noetherian.

Theorem 2.3.15. Let M(R) denote the category of all finitely generated R-modules.
Let D(sq)(R) denote the full subcategory of D(R) consisting of chain complexes Y
whose homology modules H,(Y") are all finitely generated. Then,

D, (M(R)) = D, 1 (R).

where D (M(R)) denotes the derived category whose objects are bounded below chain
complezes of finitely generated R-modules and D, (y4)(R) denotes the derived category
whose objects are bounded below chain complexes whose homology modules H,(Y")

are all finitely generated.

Proof. We show that K. (s (R) is a localizing subcategory of K (M(R)). Now
let Y — X be a g-isomorphism where X is in K, z5)(R). So H,(Y) is finitely
generated for each n. There exists a Cartan-Eilenberg resolution P — Y by Lemma
1.4.15. Tt is clear that Tot®(P) is in K (s, (R) and the composite Tot®(P) —
X is a g-isomorphism. Thus, K, 4 (R) is a localizing subcategory of K (M(R))
by Proposition 2.3.7. Since each object Z € K, (M(R)) has a Cartan-Eilenberg
resolution P — Z with H, (Tot®(P) finitely generated for each n, we have

STKL(M(R)) = S™' K. (79)(R)

by Lemma 2.3.8. Hence,
Dy (M(R)) = Dy (49 (R). O
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2.4 Derived Functors

In this section, we study derived functors. We define the derived tensor product and
the derived Hom. The main references for this section are [33], [13] and [25].

Let A and B be two abelian categories. We write K_(A), D_(.A) for the ho-
motopy category and derived category of bounded above chain complexes of A,
respectively. Also, we write K, (A), D, (A) for the homotopy category and the
derived category of bounded below chain complexes of A, respectively.

Note that K_(A), D_(A), K, (A) and D, (A) are triangulated categories by [33,
Corollary 10.2.5], [33, Corollary 10.4.3], [33, Corollary 10.2.5] and [33, Corollary
10.4.3], respectively.

Definition 2.4.1. Let Ky, K5 be triangulated categories. A morphism F: K; —
K of triangulated categories is an additive functor that commutes with the trans-
lation functor 7" and sends distinguished triangles to distinguished triangles. There
is a category of triangulated categories and their morphisms. We say that K, is
a triangulated subcategory of Ky if K is a full subcategory of K, the inclusion is
a morphism of triangulated categories and if every distinguished triangle in K; is

distinguished in Ko.
The proof of the following result is in [13, Proposition I11.6.2].
Proposition 2.4.2. Assume that F: A — B is an exact functor.

(a) The functor K.(F): K.(A) — K,(B) transforms gq-isomorphisms into q-
isomorphisms so that it induces a functor D,(F): Dy(A) — D,(B).

(b) D,(F) is an exact functor, that is, it transforms distinguished triangles into

distinguished triangles.
where x stands for b, +, —, or 0.

Definition 2.4.3. A right derived functor of an additive left exact functor F': A —
B is a pair consisting of an exact functor R_F': D_(A) — D_(B) and a natural

transformation ¢ from

¢K_(F) : K_(A) —>K_(B) —~D_(B)
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to
(R_F)q:K_(A) —>D_(A) —> D_(B)

which is universal in the sense that if G: D_(.A) — D_(B) is another exact functor
equipped with a natural transformation e: ¢K_(F) — (g, then there exists a

unique natural transformation n: R_F' — G making the diagram

gK_(F)
AN
(R-F)q Gq

commutative. Similarly, a left derived functor of a right exact functor F': A — Bis

a pair consisting of an exact functor L, F': D, (A) — D, (B) together with a natural
transformation (: (L F)q — ¢K(F) satisfying the dual universal property (G
factors through n: G — L F).

The universal property implies that if R_F and L, F' exist, then they are unique
up to natural isomorphism.

The following result is proved in [33, Existence Theorem 10.5.6].

Theorem 2.4.4. Let F': A — B be an additive functor. If A has enough injectives,
then the right derived functor R_F exists on D_(A), and if I is a bounded above

chain complex of injectives, then
R_F(I) = qK_(F)(I).

Dually, if A has enough projectives, then the left derived functor L F exists on
D, (A) and if P is a bounded below chain complex of projectives, then

LLF(P) = ¢K.(F)(P).

2.4.1 The Derived Tensor Product

In this subsection, we will give the definition of the derived tensor product and

present its properties.

Definition 2.4.5. The derived tensor product of two chain complexes X and Y is

L
X®Y =L, Tot® (X @ -)Y.
R R
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Lemma 2.4.6. If X — X' is a g-isomorphism and X, X', and Y are bounded

below chain complexes, then

L L
XYy 2 X'®Y.
R R

Proof. Suppose Y is a chain complex of flat modules. Theorem 2.4.4 implies that

L
XQY =Tot?( X ®Y)
R

and
X’(%Y = Tot?( X' ®Y).
But
EL(X) = H(X) @Y, = Hyi (X SY)
and

L
E;,q(X/) = H,(X') %YP — Hp+q(X/%Y)

by Theorem 1.4.16. It is clear that £ (X) = E} (X'). Thus,

L L
Hyig(X %Y) = Hpeo(X %Y)

L L
by the Comparison Theorem 1.4.4. Hence, X Y 2 X' ® Y. O
R R
The following theorem is proved in [33, Theorem 10.6.3].

Theorem 2.4.7. The derived tensor product is a bifunctor
L
®: D+(R) x D+(R) — D+ (R).

Its homology s

L
Torf(X,Y) =2 H,(XQY).
R

Definition 2.4.8. A symmetric monoidal product on a category C is a bifunctor
Q) : CxC — C,aunit U € C and coherent natural isomorphisms (X @ Y) Q) Z =
X QY Q@ Z) (the associativity isomorphism), X QY =Y Q) X (the twist isomor-
phism) and U Q) X = X (the unit isomorphism). A symmetric monoidal category

is a category C with a symmetric monoidal product.
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If X, Y and Z are chain complexes in D, (R), then by [33, Example 10.8.1], there

is a natural isomorphism

L L L L
X(Y®R2)2(XRY)®Z
R R R R

Also, by [33, Exercise 10.6.2], there is a natural isomorphism
L L
XY =YX
R R
L
Moreover, it is clear that there is a natural isomorphism R[0] ® X = X. Therefore,
R

We deduce that the derived category D, (R) of bounded below chain complexes of

R-modules is a symmetric monoidal category.

2.4.2 The Derived Hom

In this subsection, we will give the definition of the derived Hom and present its

properties.

Definition 2.4.9. The derived Hom of two chain complexes X and Y is
RHomp(X,Y) = R_ Tot!l Hom(X, —)Y.

Lemma 2.4.10. If Y — Y’ is a g-isomorphism and X is a bounded below chain

complex, then

RHompg(X,Y) = RHompg(X,Y").
Proof. Suppose X is a chain complex of projectives. Then,

RHomp(X,Y) = Totll Hom(X,Y)

and
RHomp(X,Y”") = Tot!l Hom(X,Y").
Therefore,
H,(Tot!l Hom(X,Y)) = Homgg (X,Y[-n])
= Hompp)(X,Y[—n])
=~ Hompg) (X, Y'[—n])
=~ Homgg)(X,Y'[—n])

= H,(Tot!l Hom(X,Y")).



CHAPTER 2. THE DERIVED CATEGORY OF A COMMUTATIVE RING 67
where the first isomorphism is induced by Theorem 2.3.12. Hence,
RHomp(X,Y) = RHomz(X,Y"). O
The following lemma is proved in [33, Lemma 10.7.3].

Lemma 2.4.11. If X — X' is a g-isomorphism and Y is a bounded above chain
complex, then

RHomp(X',Y) = RHompg(X,Y).
Definition 2.4.12. If X and Y are chain complexes, then
Ext(X,Y) = Hompr) (X, Y[—n]).
The following result is proved in [33, Theorem 10.7.4].
Theorem 2.4.13. The derived Hom is a bifunctor
RHompg: D(R)°® x D_(R) — D(R).

Dually,
RHompg: D (R)® x D(R) — D(R).

In both cases its cohomology s
Exth(X,Y) = H"(RHompg(X,Y)).
The following result is proved in [33, Theorem 10.8.7].

Theorem 2.4.14 (Adjoint Isomorphism). IfY is a bounded below chain complez,
then

~©Y: D (R) — Di(R)

is left adjoint to the functor
RHompg(Y,—): D_(R) — D_(R).
That is, for X in Dy (R) and Z in D_(R) there is a natural isomorphism

L
HOII’ID(R) (X, RHOI’HR(Y, Z)) =~ HomD(R) (X %) Y’ Z)
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This isomorphism arises by applying H° to the isomorphism
RHompg(X,RHomg(Y, 7)) = RHomR(X(%Y, Z)
in D_(R). The adjunction morphisms are
nx: X — RHomg(Y, X(%Y)

and

L
€z RHOIIIR(K Z) (%)Y — Z.



Chapter 3

Minimal Atomic Chain Complexes

In this chapter, we define some new notions which are invariant in the derived
category. These notions have been defined in a topological framework in [5]. After

introducing these concepts we establish the connection between them.

Introduction

First we know what we mean by an irreducible (or simple) R-module M, namely
0 # M and M has no proper submodules. Also, an atomic module is an R-module
for which every non-trivial self map is an isomorphism. If M is an irreducible R-
module, then M is atomic by Schur’s lemma. However, atomic does not imply

irreducible.

Example 3.0.15. Let F' be a field and A = {(&%) : a,b,c € F'} be the ring of
triangular matrices over F. Let M = {(%) : a,b € F}. Then it is clear that M
is a module over A. Note that {(§) : a« € F'} is a submodule of M. So M is not
irreducible. If 0 # ¢: M — M, then it can be proved that ¢ is invertible and hence

M is an atomic module.

We generalize both concepts and define others. In section one, we recall some
facts about local commutative rings, give the definition of a minimal chain complex
and show that for any chain complex Y of finitely generated homology there is a

minimal free chain complex X and a g¢-isomorphism f: X — Y. In section two,

69
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we state and prove a derived analog of the Whitehead Theorem. In section three,
we construct Postnikov towers. In section four, we define an analog of the Steenrod
algebra. In section five, we present some definitions and in the following section,
we show a result that characterizes irreducible chain complexes and we prove that
minimal atomic chain complexes and irreducible chain complexes are the same. In
the last section, we define the notions of a nuclear chain complex and a core of a

chain complex and we show that a nuclear chain complex is minimal atomic.

3.1 Local Rings

In this section, we review some basic facts about local commutative rings. The
main references for these facts are [30] and [21]. We recall that R is an arbitrary

commutative ring.
Definition 3.1.1. R is local if it has a unique maximal ideal.
We will give a number of examples of local rings.

Example 3.1.2. (a) Every field is local.
(b) If F is a field, then the ring of formal power series F[[z]|| over F is local.

(c) If P is a prime ideal in R, then the localization S™!R is a local ring where S =
R—P. For example, the ring of localized integers Zy = {a/b € Q : (b,p) = 1}

is a local ring.

(d) If P is a maximal ideal in R, then the completion Rp is a local ring. For

example, the ring of p-adic integers Zp is a local ring.
(e) If I is a maximal ideal in R, then R/I™ is a local ring.

Definition 3.1.3. If R is a local ring with maximal ideal m, then the field R/m is
called the residue field of R.

The following result is proved in [30, Theorem 4.47].

Lemma 3.1.4 (Nakayama’s Lemma). If R is a local ring with maximal ideal m

and M 1is a finitely generated R-module with mM = M, then M = 0.
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If W is a set of generators of an R-module M, then we say that W is minimal if
any proper subset of W does not generate M.

The following theorem is proved in [21, Theorem 2.3].

Theorem 3.1.5. Let R be a local ring with mazimal ideal m and residue field R/m
and let M be a finitely generated R-module. Set M = M/mM. Now M is a finite-

dimensional vector space over R/m, and we write n for its dimension. Then

(i) If we take a basis {u},...,ul,} for M over R/m, and choose an inverse image

u; € M of each u}, then {uy,...,u,} is a minimal generating set of M,

(i) conversely every minimal generating set of M is obtained in this way, and so

has n elements.
The following result is proved in [30, Theorem 4.44].

Theorem 3.1.6. If R is a local ring, every finitely generated projective module M

s free.

The following lemma is important and will be used later. Its proof is in [28,

Proposition 1.5].

Lemma 3.1.7. Let R be a local commutative noetherian ring with mazimal ideal m
and M be an R-module. Let F' — M be a free resolution of M. Then the following

conditions are equivalent.

(i) For eachi > 1, the map ¢;: F; — F;_4 is defined by a matriz with coefficients
inm. (Note that this condition is independent of the choice of bases for F; and
Fiy.)

(ii) For each i > 0, the map 0;: F; — Ker¢;_; is defined by a minimal set of
generators (fori =0, 6y is the map from Fy onto M ).

Definition 3.1.8. Let R be a local ring with maximal ideal m and residue field

R/m and let M be a finitely generated R-module. An exact sequence

dn dnfl d1

L, - Ly do

L, Ly M 0

is called a minimal free resolution of M if it satisfies the following conditions:
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(a) each L, is a finitely generated free R-module,
(b) d,L, C mL,_ for each n,
(¢) R/m®p Ly — R/m ®p M is an isomorphism.

Let R be a local ring with maximal ideal m and residue field K = R/m. Assume
that m is generated by a finite regular sequence mq, ..., m, € R, that is, m; is not
a zero divisor and for ¢ > 1, each m; is not a zero divisor on R/(my,...,m;_1).

Since m is generated by a finite regular sequence, we have the following result

which is proved in [33, Corollary 4.5.5].

Proposition 3.1.9. There is a Koszul free resolution P of K where P = Eg(e; :
1 <i < n) is a differential graded algebra with e; in degree 1 and differential given

by d(e;) = m;. In this case we have that
Exth(K,K) = Ex(e; 0 1 <i<n)
Also, we have the following result proved in [21, Theorem 16.2].

Lemma 3.1.10. For s > 1, m*/m*™ is R/m-module with a basis consisting of the

residue classes of the distinct monomaials of degree s in the m;.

3.1.1 Minimal Free Resolutions

In this subsection and the following sections, we assume that R is a commutative

noetherian local ring with maximal ideal m and residue field K = R/m.

Definition 3.1.11. A chain complex (Y,d) is minimal if the induced differential
d ®idg on Y ® KJ0] satisfies d ® idg = 0.

Now we give the following important theorem which proves the existence of
a minimal free resolution of any chain complex of finite type in Chy(R). The
usefulness of minimal free resolutions will become clear when we study the Adams
spectral sequence in the next chapter.

This theorem is [28, Theorem 2.4]. We think it is not well known and thus we

give its proof here.
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Theorem 3.1.12. Let Y be a chain complex of finite type in Chy(R). Then there

is a minimal free chain complex G in Chy(R) and a g-isomorphism f: G — Y.

Proof. We prove this theorem using induction. If i is such that H;(Y) = 0 for
1 < 19, then we can let F; = 0 for ¢ < iy and the zero map in degrees < iy from F' to
Y is obviously a g-isomorphism.

Now assume that we have defined finitely generated free R-modules F; and maps
fi for © < n such that the following diagram

d
E - F,

e

Y —Y,—Y,  ——

is commutative and
(a) Hi(f): Hi(F) — H;(Y) is an isomorphism for i < n.
(b) g: Ker(d,) — H,(Y) is surjective.
Now we construct F,, ;1 and f,,1 such that (a) and (b) hold for n+ 1. First note
that Ker(g) maps to B,(Y’) since we have the following commutative diagram with

exact rows.
0 — Ker(g) — Ker(d,) —2= H,(Y) —=0
J{ idl
v
0——=Bu(Y) ——=Z,(Y) ——=H,,(Y) —=0
We have that the Ker(g) is finitely generated since R is noetherian. Let {y1,...,yn}
be a generating set of Ker(g). Assume that E; is free on {xy,...,2,}. Define
v: By — Ker(g) by ¢¥(x;) = y;. Therefore, we have the following commutative
diagram where the map h; exists since Ej is free.
Ey
>
Yn+1 — Bn(Y) —0

That is, the following diagram

E,—~F,

|

Yo —>Y,
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is commutative where the map A is the composite of ¢: E; — Ker(g) with the
inclusion map Ker(g) — F,. We have that H,,(Y) is finitely generated. Let
{z1,...,2m} be a generating set of H,1(Y"). Assume that E, is free on {t1,...,t;}.
Define ¢: Fy — H,11(Y') by ¢(t;) = z;. Then we have the following commutative
diagram

Zna(Y) —=Hp 1 (Y) —0
where the dotted arrow exists since Fj is free. Let the map hy: Ey — Y, 11 be the
composite of the map Fy — Z,1(Y) with the inclusion map Z,1(Y) — Y,41.
Map FEj to zero in F),. Let F,,.1 = E; & E5 and f,.1 = hy + he. The differential
dpi1 = A+ 0. Then we can see that the following diagram

dn+1
FTL+1 E—— Fn

fn+li fnl

Yn+1 - Yn

is commutative. By construction, it is clear that H,(f): H,(F) — H,(Y) is an
isomorphism and Ker(d, 1) — H,11(Y) is surjective. Hence, we have constructed
a free resolution of Y.

This gives some free resolution of Y and to get a minimal one, we can proceed as
follows. We show that F is a sum of a minimal chain complex G and an exact chain
complex H of free modules. Then G is a minimal free resolution of Y. If F' is not
minimal, then the matrix (a;;) defining d,,: F,, — F,,_; must have a unit element
since R is local. We can transform (a;;) by a finite number of elementary row and

column operations to the following form
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This means that we have a diagram

gl gl

(id,d’,)
Ror "W pgr |

and the chain complex F' is the direct sum of
e — n+1*>Fq;*>F7IL—1*>Fn—2*>"'

and

0 R R 0

This process can be continued until we are left with a minimal free resolution G of

Y and the sum of pieces of the form

in various degrees. Putting these latter pieces together gives H which is an exact
chain complex of free modules. Hence, there is a minimal free chain complex G in

Ch.(R) and a g-isomorphism f: G — Y. O

3.2 The Derived Whitehead Theorem

In this section, a chain complex means a chain complex Y in the derived category
D, (tg)(R) of bounded below chain complexes whose homology modules H;(Y) are
of finite type.

In this section, we state and prove a derived analog of the Whitehead Theorem.
We begin by introducing some definitions and proving some results.

First note that Lemma 1.3.8 and Theorem 2.3.12 combine together to give that

for any chain complex Y,
H,(Y)= Homp+(fg)(R)(R[—n], Y).
Define

H,(Y,K) = H,(Y % K{[o]),
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L
the nth homology of the derived tensor product Y ® K[0]. We have the reduction
R

map

p: H,(Y) — H,(Y,K)
induced from the evident morphism

L L
Y%JY%)R[O] —>Y%>K[O].

Let P be a minimal projective resolution of ¥ by Theorem 3.1.12. Then
H,(Y,K)=H,(Y
~ H,(P
=H, (5P orKS P ey K—0)
=P, ®r K

Hence, H,(Y,K) is a K-module.
Similarly, we can define
H™(Y,K) = H"(RHompg(Y, K[0]))
= H°(RHompg(Y, K[-n])).
If P is a minimal projective resolution of Y, then
H"(Y,K) = H" (RHomp(Y, K[0]))
=~ " (Homl! (P, K[0]))
0

= H"(0 — Homg(Fy, K) 9, Hompg (P, K) = --+)

= Hompg(P,, K).

Hence, H"(Y,K) is a K-module.

One of the applications of the existence of a minimal projective resolution is the

following result.

Lemma 3.2.1. IfY is a chain complez, then

H™(Y,K) = Homg (H, (Y, K), K).
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Proof. Let Y be a chain complex. By Theorem 3.1.12, there exists a minimal pro-

jective resolution P — Y. Therefore,

P, ®r K, K)
H,(P,K), K)

=~ Homg

Il
=
o
B
~
—~ — — —~

H,(Y,K),K).

=~ Homg
Hence,

H™(Y,K) = Homg (H, (Y, K),K). 0

Definition 3.2.2. A chain complex Y is called n-connected if H;(Y) = 0 for all

1< n.

Definition 3.2.3. A morphism a: X — Y in D, (44 (R) is called an n-isomorphism

if a,,: Hi(X) — H;(Y) is an isomorphism for each i < n.

Theorem 3.2.4. Let Y be a chain complex. IfY is n-connected, then H;(Y,K) =10

foralli <n and p: Hy1(Y) — Hpi1(Y,K) is an epimorphism.

Proof. Assume that Y is n-connected, that is, H;(Y) = 0 for all i < n. We claim
that H;(Y,K) = 0 for all i < n. There exists a minimal projective chain complex
P and a g-isomorphism P — Y by Theorem 3.1.12. But Y(%K[O] S P%K[O]
by Lemma 2.4.6. Therefore, by Theorem 1.4.16 there exists a Kiinneth spectral
sequence
B2, = Torf (H,(P), K) = Hyyo(PEK[)).

Since Hy(P) = Hy(Y') = 0 for each t < n, we have E2, = 0 for each s and ¢t < n.
Thus, £5 = 0 for each s and t < n. So, Hi(P(%)K[O]) = 0 for each i < n. Hence,

L
H,(Y ® K[0]) = 0 for all i < n. Now notice that
R

Eg = Hyp(Y) @r K
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Therefore, H,1(Y,K) = H,1(Y) ®g K. Hence, p: H,1(Y) — H,11(Y) ®r K is

reduction mod m, that is, it is an epimorphism. O]

Theorem 3.2.5 (Derived Whitehead Theorem). Let a: X — Y be a mor-
phism in Dy rg)(R).

(i) If a is an n-isomorphism, then H;(X,K) — H;(Y,K) is an isomorphism for

all 1 < n.

(ii) If Hi(X,K) — H;(Y,K) is an isomorphism for alli < n, then ay: H;(X) —

H;(Y) is an isomorphism for all i < n and an epimorphism for i = n.

Proof. Without loss of generality, we assume X and Y are connective. First we
prove (i). Assume that « is an n-isomorphism. Then «,: H;(X) — H;(Y) is
an isomorphism for each ¢ < n. We must show that H;(X,K) — H;(Y,K) is
an isomorphism for all ¢ < n. By Theorem 3.1.12; there exist minimal projective
resolutions P — X and () — Y. Therefore, we have the following commutative
diagram

X—=Y

gT h

P—"-Q
in which 8 = h™'ag. Let f: P — @ be a chain map representing the morphism £.

But « is n-isomorphism. So f is n-isomorphism. Consider
) L L
o= f®id: P%K[O] — Q%K[O}.

Now we claim that ¢,: Hi(P(%K[O]) — HAQ(}%K[O]) is an isomorphism for each
1 <n.

We will consider two spectral sequences E, and FE, associated to filtrations on
the complexes P ® K[0] and @ ® K[0], respectively, induced by the stupid filtrations
on P and @), respectively. Note that both filtrations are bounded. By Theorem

1.4.16, there exist Kiinneth spectral sequences

EZ, = Tor®(H,(P),K) = H, (P ®K[0])
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and

E?,t = TOT?(Ht(Q)a K) = H,(Q ® K[0]).
Since Hy(P) = Hy(Q) for each t < n, we have that EZ, = E?, for each s and t < n.
¢ induces a map from the filtration of P ® K]0] to the filtration of @ ® K[0] and thus

a homomorphism of spectral sequences E, — E,.. Since d?,t is of bidegree (—3,2),

we can deduce that E2, = E3, in the following cases.
(i) s<3andt <n,
(i) s>3and t <n—2.

Also, since d , is of bidegree (—4, 3), we can deduce that E{, = E?, in the following

cases.
(i) s<3andt <n,
(i) s=3and t <n— 2,
(i) 4<s<6and t <n-—3,
(iv) s >6 and t <n —5.

Continuing this way, we can deduce that Eg; = E’g‘t’ for each s +t < n. Using

L L
Theorem 1.4.20, we have that ¢,: H;(P ® K[0]) — H;(Q ® K[0]) is an isomorphism
R R

for all i < n. Therefore, f,: H;(P %K[O]) — HZ(Q%K[O]) is an isomorphism for
each i < n. But g,: H;(P,K) — H;(X,K) is an isomorphism for each i and
hy: Hi(Q,K) — H;(Y,K) is an isomorphism for each ¢ by Lemma 2.4.6. Hence,
H;(X,K) — H;(Y,K) is an isomorphism for all i < n.

Next we show (ii). Assume that H;(X,K) — H;(Y,K) is an isomorphism for
all i <n. We claim that o, : H;(X) — H;(Y) is an isomorphism for all ¢ < n and

an epimorphism for ¢ = n. We have the following commutative diagram

X =Y
h

i<}

P20
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in which 8 = h™'ag and P and Q are minimal projective resolutions for X and Y,
respectively. Let f: P — (@) be a chain map representing the morphism 3. We show
that f,: H;(P) — H;(Q) is an isomorphism for each i < n and an epimorphism for

L L
i = n. We have that g,: H;(P®K][0]) — H;(X ®K]0]) is an isomorphism for all
R R

i as well as hy: HAQ(%K[O]) — HZ»(Y(%K[O]) is an isomorphism for all 7. Thus,
H;(P,K) — H;(Q,K) is an isomorphism for all ¢ < n. Choose ¢,...,q, € @Q;
whose images form a basis of the K-vector space (); ® g K. By Nakayama’s Lemma,
qi,- - -, qn generate ;. Similarly, choose py,...,p, € P; whose images form a basis
of the K-vector space P; ®r K. By Nakayama’s Lemma, pq,...,p, generate P;.
Note that P; and @); are finitely generated free since R is local by Theorem 3.1.6.
But P, g K =2 Q; ®g K. Thus, f;: P, — @; is onto and n = m. Hence, f; is an
isomorphism. Therefore, f; is an isomorphism for all ¢ < n. We deduce that f, is
an isomorphism for each ¢ < n and an epimorphism for ¢ = n. Therefore, we have
that f§,: H;(P) — H;(Q) is an isomorphism for each i < n and an epimorphism
for i = n. Hence, we have ay: H;(X) — H;(Y') is an isomorphism for all ¢ < n and

an epimorphism for i = n. O

3.3 Postnikov towers

In this section, we show how to construct a Postnikov tower for a chain complex in
D, (R) and without loss of generality, we assume that chain complexes are connec-

tive. The main references for Postnikov towers in topology are [24] and [9].

Theorem 3.3.1. For each chain complex Y in D, (R), there exists a tower

TeY{2) YL Y0}
as well as morphisms a,: Y — Y{n} such that the diagram

Y{n}



CHAPTER 3. MINIMAL ATOMIC CHAIN COMPLEXES 81

commutes for each n. Moreover, H;(Y{n}) = 0 for i > n and oy : H(Y) —

H;(Y{n}) is an isomorphism for all i < n.

Proof. We may change Y up to ¢g-isomorphism to assume that Y is a chain complex
of projective modules. We prove this theorem by induction. We start at n = 0.

Consider the chain complex Hy(Y)[0]. Then
H°(Y, Hy(Y)) = Homg gy (Y, Ho(Y)[0])

and the universal coefficient spectral sequence Theorem 1.4.18 implies that
H°(Y, Hy(Y)) = Hompg(Ho(Y), Hy(Y)).

Therefore,

Home(r) (V: Ho(¥')[0]) = Homp(Ho(Y), Ho(Y)).

Choose a chain map ¢g: Y — Hy(Y)[0] which corresponds to the identity on
Ho(Y). Let f: Y{0} — Ho(Y)[0] be a projective resolution of Hy(Y)[0]. Let
ap = [Tlg: Y — Y{0} be in D, (R). Then aq induces an isomorphism on Hj.

Now form the following distinguished triangle
F—">y -2-v{0} — F[-1].
Then the corresponding homology long exact sequence
s Hi(F) =" Hy(Y) = Hi(Y{0}) — -

implies that

We have
H'(F, Hy(Y)) = Hom, ) (F, Hy (Y)[~1]).

By the universal coefficient spectral sequence, we have
HY(F,H\(Y)) = Homg(H,(Y), H (Y)).
Let i: F — Hy(Y)[—1] represent the identity on H;(Y"), that is,
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Counsider

= Homg, () (F, Hy(V)[~1]) 2 Homuc, (Y {0}[1], H (¥)[~1))

2 Homg, () (Y1), Hy(Y)[-1]) — - -
Then let
k? = 0%(i) € Homk , (r)(Y{0}[1], H:(Y)[-1]).

Form the following distinguished triangle
Y{0}[1] = Hy(v)[-1] = Y {1} —*> Y {0}.

From the following homology long exact sequence

e H(Y 1Y) 2 H(Y{0}) e H(H (v)[2))
we find that
H(Y) i<1,

Hi(Y{l}) =
0 1> 1.

Then the following commutative diagram in K, (R)

Y{0}[1] X5 Hy(Y)[-1]

L

Y{0}[1] F

implies that there exists a morphism «;: Y — Y {1} in K (R) such that the

following diagram commutes in K (R).

Y{0}[1] 5> 1, (V) [-1] = v {1} 2> v {0}

N

Y{0}[1] F—"——y —2>Y{0}

Therefore, we have the following commutative diagram with exact rows.

0 —— Hy(H,(Y)[-1]) == Hy(Y{1}) —=0—

b e ]

0 H(F)—"——H({Y)——>0—>
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By the Five Lemma, we have o7, is an isomorphism since i, is an isomorphism.

Also, we have the following commutative diagram with exact rows.

0—=0—=Ho(Y{1}) —= Ho(Y) —=0
e
0—=0——Ho(Y) —=Ho(Y) —=0

By the Five Lemma, we have «y, is an isomorphism. Assume that we have con-

structed Y{n} such that the diagram

Y{n}

Y{n -1}

commutes, H;(Y{n}) = 0 for ¢ > n and «,,: H;(Y) — H;(Y{n}) is an isomor-
phism for all i < n. Next we construct Y{n + 1}. We may change Y{n} up
to g-isomorphism to assume that Y{n} is a chain complex of projective modules.

Form the following distinguished triangle
Q——>Y =Y {n} —Q[-1].

Then it follows from the corresponding homology long exact sequence that

The remainder of the proof continues as the case n = 0. Hence, the theorem is

proved. O

Note that inductively we can define k" to be the morphism Y{n — 2}[1] —
H,—1(Y)[—n+ 1] and k" is called the nth k-invariant of the chain complex Y.

3.4 The Steenrod Algebra and its dual

In this section, we define an analogue of the mod p Steenrod algebra.
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Let P — K][0] be a minimal projective resolution. It follows that there exists a

L
morphism P ® K[0] — K]0] and hence a morphism
R

¢Km§ngp§Km_ﬁKm

Therefore,

L L
since P ® K[0] = K[0] ® K]0].
R R

L
Note that the degree n part of the chain complex P ® K[0] is P, ® g K which is
R
free over K and d(P, ®g K) = 0 since P is minimal projective resolution. Using

Kiinneth formula for complexes Theorem 1.2.23, we see that

Torf (Hi(P & KI0]), Hy(P & K[0])) =0

L
since H;(P @ K[0]) is free over K for each i. It follows that
R

H P<§L§K0)(§>(P<§L§>KO) ~ (T H P<§L§KO)® H (PG%KO)
H(PQEO) SPQEIOD) = D Hi(P § K] 02 Hons(PGIO),
Moreover, the natural map R — K induces the following morphism
n: R[0] — K]0].

Next we show that K[0] with the morphisms ¢ and 7 is a commutative monoid
L L L L L L
in Dy (rg)(R). Since X @Y 2V X and X (Y ®Z) = (X®Y)® Z for any chain
R R R R R 'R
complexes X, Y and Z in D, (4 (R) and because of Lemma 2.4.6, we see that

KM%KM%PéKM%KM§R
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and

L

K[0] &(K[0] & K[0)) = P& (K[0] & P).

Therefore, we have the following commutative diagrams

1%
IR
\ :

-
IR R 1%
1% g

¢®ldi ¢l
K[O]%K[O] (]
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are commutative where 7 is the twist morphism. Hence, K[0] is a commutative
monoid in D 4 (R).

Note that we have the following morphism
(K[0] & K[0]) & (K[0] & K[0]) = K[0] & K[0] & K[0] “2L K[0] & K[0
R K R B R R 0] R 0]
We shall denote this morphism by A. Also, we have the following morphism

id ®n®id
—_

NN%NM%KM§RM§KM KM%KM%KM

We shall denote this morphism by W. Now if Y is a chain complex in D, ;4 (R),

then we have the following morphism

L L L i i
Y ©K[0] 2 Y ® R[0] @ K[0] 2222,
R

n®id

RM%KM mm%mm

We shall denote this morphism also by 7. We see that there are homomorphisms
I'=A,: H.(K[0], K) ®x H,(K[0], K) — H,(K]0], K)
A =n.: K— H,(K|[0],K)
¥ =V,: H(K[0],K) — H,(K[0],K) ®x H,(K[0], K)
e = ¢.: H,(K[0,K) — K
¢ =1, H,(K[0],K) — H,(K][0], K)

0 =Q,: H,(Y,K) — H,(Y,K) ®x H,(K[0],K).
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Since H,(K][0],K) is free over H,(R[0],K) = K, using [32, Theorem 17.8], we have
that H,(K][0],K) is a Hopf algebra over K with commutative product I', unit A,
coproduct X, counit € and antipode map c¢. Moreover, H,(Y,K) is a comodule over
H,(K]0], K) for any chain complex Y in D, sq)(R) where €2, is the coaction map.
We have noted earlier that H*(K[0],K) = Homg(H,(K[0],K),K) and since
H,(K]0],K) is a graded projective K-module of finite type, then its dual H*(K][0], K)
is a Hopf algebra over K with product ¥*, unit €*, cocomutative coproduct I'*, counit

A* and antipode map ¢* by Theorem 1.1.25. Moreover,
o0*: H*(Y,K) @k H*(K[0], K) — H*(Y,K)

defines the structure of a H*(K[0], K)-module on H*(Y,K) by Theorem 1.1.24.
Therefore, H*(Y,K) is a module over H*(K[0],K) for every chain complex Y in
D (s9)(R).

Definition 3.4.1. The mod m Steenrod algebra A* is the graded K-module with
A" = H*(K]0], K)

for all n. Note that A° = K and A' X K® --- @ K n-times where n is the size of

minimal generating set of m.

Remark 3.4.2. Observe that Theorem 2.4.13 implies that

A" = H™(K[0], K) 2 Ext’,(K[0], K[0]) = Hompyz (K[0], K[~n]).

3.5 Definitions

In this section, we give some definitions of new notions.

From now on until the end of this chapter, we work in the derived category
D, (1¢)(R) of bounded below chain complexes Y whose homology modules H;(Y') are
of finite type and we will consider only chain complexes Y with Y; =0 for all < 0
and Ho(Y) # 0. The condition Hy(Y') # 0 corresponds to the Hurewicz dimension
0 in [5].

We begin with definitions of concepts that are invariant in the derived category.

In the following definitions, consider chain complexes X and Y as stated above.
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Definition 3.5.1. A morphism a: X — Y in D (s (R) is a d-monomorphism if
Qe Ho(X) KRR K— HO(Y) ®RK

and

a,: Hy(X) — Hp(Y)
are monomorphisms for all n > 0.

Definition 3.5.2. Y is irreducible if any d-monomorphism a: X — Y is a d-

isomorphism.

Definition 3.5.3. Y is atomic if any self morphism a: Y — Y that induces an

isomorphism on Hj is a d-isomorphism.

Definition 3.5.4. Y is minimal atomic if it is atomic and any d-monomorphism

a: X — Y from an atomic chain complex X to Y is d-isomorphism.

Definition 3.5.5. Y has no mod m detectable homology if the reduction morphism

p: H,(Y) — H,(Y;K) is zero for all n > 0.

Definition 3.5.6. Y is H*monogenic if H*(Y;K) is a cyclic module over the mod

m Steenrod algebra A*.

We will prove the following theorem later when we define the notion of a nuclear

chain complex.

Theorem 3.5.7. If Y is a chain complex and uw € Hy(Y') with 0 # u € Hy(Y,K),
then there is a d-monomorphism a: X — Y such that X is atomic with Ho(X) a

cyclic R-module.
The above theorem implies the following important result.

Corollary 3.5.8. Fvery irreducible chain complex is atomic.

3.6 Minimal atomic and irreducible chain com-
plexes

The first result in this section characterizes irreducible chain complexes Y which

have Hy(Y') a cyclic R-module.
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Theorem 3.6.1. If Y is a chain complex with Hy(Y') a cyclic R-module, then Y is

irreducible if and only if Y has no mod m detectable homology.

Proof. Suppose that Y is a chain complex with Hy(Y') a cyclic R-module. Assume
that Y is irreducible. Assume that Y has mod m detectable homology, that is,
p: H,(Y) — H,(Y,K) is non-zero for n > 0. Then there is f: R[-n] — Y
such that 0 # p(f) € H,(Y,K). Thus, there exists 0 # a: Y — K[—n]| where
a € H"(Y,K). Form the following distinguished triangle

Y —2=K[-n] 2= x 1> V[-]]

Then we have the following long exact sequence

Yx « ﬁ*

e O Hyy ()~ Hyy (V1)) 2 K~ H (X) —

It is clear that Y is irreducible if and only if Y[—1] is irreducible. Thus, = is d-
monomorphism which is not d-isomorphism. This contradicts the fact that Y is
irreducible. Hence, Y has no mod m detectable homology.

Conversely, assume that Y has no mod m detectable homology. We show that
Y is irreducible. Let a: X — Y be a d-monomorphism. We claim that « is
d-isomorphism. Let

Xy Loz T X[

be a distinguished triangle. Thus, we have the following long exact sequence

- Hy(X) =2 Ho (V) 2 Hy(2) = Hyy (X) — -+

Then it is clear that « is d-isomorphism if and only if H;(Z) is zero for all i. Suppose
that H,(Z) # 0. Let n be minimal such that H,(Z) # 0. Thus, pi: H,(Z) —

H,(Z,K) is non-zero. Now consider the following commutative diagram

B

H,(Y) H,(Z)
pzl lm
H,(Y,K) — H,(Z,K)
We have that (3, is an epimorphism since « is d-monomorphism. Thus, ps is not zero
since p; is not by Lemma 1.1.16. This contradicts that ¥ has no mod m detectable

homology. Therefore, H;(Z) is zero for all i. Hence, Y is irreducible. O
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Remark 3.6.2. If Hy(Y) is not a cyclic R-module, then Theorem 3.6.1 does not
hold. For example, the chain complex R[0]® R[0] has no mod m detectable homology
but is not irreducible since

R[0] ML Rl0) @ R[0]

is a d-monomorphism which is not a d-isomorphism.
We will now present some examples of irreducible chain complexes.

Example 3.6.3. Let M be a cyclic R-module and consider the chain complex X =
M]0]. Then clearly X has no mod m detectable homology with Hy(X) a cyclic
R-module. Therefore, X is irreducible by Theorem 3.6.1.

Example 3.6.4. A projective resolution P of a cyclic R-module M obviously has

no mod m detectable homology. Hence, it is irreducible.

Example 3.6.5. Consider the following chain complex Y
0—>R—>R®R—>0

where R is in degree 1 and 7 is the map (0,id). Then it is clear that Hy(Y) = R is
a cyclic R-module. Notice that H;(Y) = 0 for all ¢ > 0. Thus, the reduction map
is zero for ¢ > 0. Therefore, ¥ has no mod m detectable homology. Hence, Y is

irreducible.
We now give the following interesting example.

Example 3.6.6. Let R = E¢(x) be the exterior algebra over C with generator x
of degree one. Note that R is a noetherian local ring with maximal ideal m = xC.

The residue field K = R/m = C. Let Y be the following chain complex

T T

0 R

R R 0.

Then it is clear that Hy(Y) = C, Hi(Y) =0 and Hy(Y) = m.
L
On the other hand, Y ® C[0] is the following chain complex
R

0 0

0 C

C C 0.

L
Therefore, we deduce that p: Hy(Y) — Ha(Y ® C|[0]) is zero. Thus, Y has no mod
R

m detectable homology. Hence, Y is irreducible.
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Theorem 3.6.7. Let Y be H*-monogenic. Then Y has no mod m detectable hom-

ology.

Proof. We have that Y is H*-monogenic. Thus, H*(K[0],K) — H*(Y,K) is an
epimorphism. Thus, H,(Y,K) — H,(K][0],K) is monomorphism. Now consider

the following commutative diagram.

H,(Y) H,(K[0])

| |

H,(Y,K) — H,(K][0], K)

It is clear that if n > 0, then p; is zero by Lemma 1.1.16. Hence, Y has no mod m

detectable homology. O]

Remark 3.6.8. The converse of Theorem 3.6.7 fails to hold. Consider the chain
complex Y = RZ?[0]. Then it is obvious Y has no homology detected by mod m
homology. However, Y is not H*-monogenic since H°(Y,K) = K? and A° = K.

Now we give some examples of H*-monogenic chain complexes.

Example 3.6.9. The chain complex R[0] is an H*-monogenic since H*(R[0],K) =
K = A*/I where [ is the ideal of the augmentation map \*: A* — K .

Example 3.6.10. Since H*(K][0],K) = A*, then the chain complex K[0] is clearly

an H*-monogenic .
We present now a less obvious example.

Example 3.6.11. Consider the polynomial ring R[X, Y] in two variables over the
real numbers and the maximal ideal m = (X? +1,Y). Let R = R[X,Y](x211y) be
the localization of R[X, Y] at the prime ideal (X? 4 1,Y’). Then it is clear that the
residue field K =2 C. Now let M = R/(Y)R. Consider the chain complex M]0].
Now to calculate H*(CJ0],C), we resolve C[0] with the following minimal free chain
complex

0—RI>ReRI>R—0
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where g(1,0) = X%+ 1, g(0,1) =Y and f(1) = (Y, —X? — 1). Therefore,

H'(C[0],C) =32 i=1,

0 otherwise.

\
Hence, A* = E¢(ey, e3)

Similarly, we resolve M[0] with the following minimal free chain complex

0 R R 0.

where h(1) =Y. So

. C i=0,1,
H'(M[0],C) =

0 otherwise.

Therefore, H*(M[0],C) = A*/A*e;. Hence, M[0] is H*-monogenic.

We now give an example that motivates the characterization of minimal atomic

chain complexes.

Example 3.6.12. Let M be an R-module which is not a cyclic and consider the
chain complex Y = M][0]. Then it is clear that Y is atomic by Definition 3.5.3.
But there is no reason why Y is irreducible. For example, the chain complex ¥ =
R[0] ® R[0] is obviously an atomic chain complex but Remark 3.6.2 shows that Y is

not irreducible.

Observe that the chain complex R[0] @ R[0] in Remark 3.6.2 is an example of an
atomic chain complex that is not irreducible as well as not minimal atomic.
We come now to the following important result which proves that minimal atomic

chain complexes and irreducible chain complexes are the same.

Theorem 3.6.13. A chain complex Y 1is irreducible if and only if it is minimal

atomic.

Proof. Assume that Y is irreducible. We show that Y is minimal atomic. Y is

atomic by Corollary 3.5.8. Let a: X — Y be a d-monomorphism with X atomic.
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It is clear that « is a d-isomorphism since Y is irreducible. Hence, Y is minimal
atomic.

Conversely, assume that Y is minimal atomic. We prove that Y is irreducible. Let
a: Z — Y be a d-monomorphism. Then there is a d-monomorphism 5: X — Z
such that X is atomic. Thus, the composite a3 is d-monomorphism with X atomic.
Hence, af is d-isomorphism since Y is minimal atomic. This implies that o induces
an epimorphism on homology modules. Therefore « is d-isomorphism. Hence, Y is

irreducible. O]

Example 3.6.14. Example 3.6.3, Example 3.6.4, Example 3.6.5 and Example 3.6.6

are examples of minimal atomic chain complexes using Theorem 3.6.13.

Theorem 3.6.15. A chain complex Y with Hy(Y) a cyclic R-module is minimal

atomic if and only if Y{n} is minimal atomic for each n > 0.

Proof. We have the following commutative diagram

H(Y) = H(Y {n})
lpl lpz
H;(Y,K) — H;(Y{n} K)

Now assume that Y is minimal atomic. Then p; is zero since Y is irreducible by
Theorem 3.6.13 and thus it has no homology detected by mod m homology by
Theorem 3.6.1. Since the top horizontal map is an epimorphism for all i, in fact it
is an isomorphism for all # < n by Theorem 3.3.1, we have that p, is zero by Lemma
1.1.16. Hence, Y{n} is minimal atomic for each n > 0. Conversely, assume that
Y{n} is minimal atomic, that is, po = 0. By Lemma 1.1.16, it suffices to show that
the bottom horizontal map is a monomorphism. But H;(Y,K) = H;(Y{n},K) for
all © < n by the Derived Whitehead Theorem. Therefore, induction shows that p;

is zero. Hence, Y is minimal atomic. O

Definition 3.6.16. The k-invariants of Y detect its homology if each k-invariant
k2. Y{n}[1] — H,1(Y)[—n — 1], n > 0 of a Postnikov tower {Y{n}} induces

an epimorphism

Hy 1 (Y{n}[1], K) — Hyppr (Hna(YV)[=n = 1], K) = Hya (V) ©r K.



CHAPTER 3. MINIMAL ATOMIC CHAIN COMPLEXES 94

Theorem 3.6.17. A chain complex Y with Hy(Y') a cyclic R-module is irreducible
if and only if the k-invariants of Y detect its homology.

Proof. We show that the chain complex Y is irreducible if and only if each k-invariant
k2. Y{n}[1] — H,1(Y)[—n — 1], n > 0 of a Postnikov tower {Y{n}} induces
an epimorphism

Hyp1(Y{n}1],K) — Hpp1(Hp1 (Y)[-n = 1], K) = H,1 (V) @r K.

Consider the following distinguished triangle
V{1 2% Hy (V)0 — 1] =2 V{n + 1} 22 v {n}.
Then we have the following commutative diagram

Yi{n}[1] Y{n}[1]

knt2 kn+2®idl

K[o]

e

Hyia (V)= = 1] — Hoi (V) =0 — 1] & K[0

Y{n+1} Y{n+ 1}%]1{[0]
Bn+1 ﬁn+1®idl
Y{n} Y{n} % K[0]

Therefore, we have the following commutative diagram

Hyet (Y {n}[1]) Hosa (Y {n}[1] K [0)
k2 (kn+2®id)*l
Hosa(Hoa (V) [ = 1)) = oy (o (V) =0 — 1] & K[0)

Vx| = (’y@ld)*

Hysa (¥ {n+ 1)) ——— Hopa (V{n + 1} S K[0)
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in which the columns are exact. Note that p; is just reduction mod m where

Hyor(Hor (V) [=1 — 1] @ K[0]) = Hyir (V) @5 K.

IR

Therefore, if (k"™ ® id), is an epimorphism for each n > 0, then p, is zero for each
n > 0 since (v ® id), is zero. Thus, Y is minimal atomic by Theorem 3.6.15 and
hence irreducible by Theorem 3.6.13.

Conversely, if Y is irreducible, hence has no mod m detectable homology by The-
orem 3.6.1, then Y is minimal atomic and thus Y {n} is minimal atomic. Therefore,
po is zero and it follows that (v ® id), is zero. Hence, (k"2 ® id), is an epimor-

phism. O

3.7 Nuclear chain complexes

In this section, for n > 0, the n+ 1-skeleton, Y+ of a chain complex Y is defined
to be the mapping cone of a map 9,: J, — Y, where J, is a finite direct sum of

copies of R.

Definition 3.7.1. A nuclear chain complex is a free chain complex Y in which

Yy = R and
Ker(0,,: H,(® R[—n]) — H,(Y™)) c m H,(® R[—n)])
for each n.

Observe that Y is nuclear if and only if each n-skeleton Y™ for n > 0 is nuclear.

We now give some examples of nuclear chain complexes.
Example 3.7.2. R[0] is an example of a nuclear chain complex.

Example 3.7.3. Consider the following Koszul chain complex Y

0 R R 0

where R concentrated in degrees 1 and 0 and x € m is a nonzero divisor on R. Then
it is clear that Ho(Y) = R/xR is a cyclic R-module and Ker(dy,: Ho(R[0]) —
Hy(Y)) = 0. Therefore, Y is nuclear.
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Example 3.7.4. The chain complex Y in Example 3.6.6 is also nuclear.

Definition 3.7.5. A core of a chain complex Y is a nuclear chain complex X

together with a d-monomorphism a: X — Y.
Proposition 3.7.6. A nuclear chain complex is atomic.

Proof. Let Y be a nuclear chain complex and let ao: Y — Y be a morphism
that induces an isomorphism on Hy. We must show that « is a d-isomorphism
or equivalently, Y™ — Y is a d-isomorphism for each n. Since a induces
an isomorphism on Hy, we see that a,: H;(YI?") — H;(Y%) an isomorphism
for all i. Assume inductively that o: Y™ — Y is a d-isomorphism. Now
we claim that a: Y"1 — Y[+l is a d-isomorphism. It suffices to show that

H, (Y1) — H, (Y1) is an isomorphism for ¢ = n and ¢ = n+ 1. We have that

On

& R[—n)] y ] yh+l ——= @ R[—n — 1]

is a distinguished triangle. We see that a induces the following commutative dia-

gram.
& R[—n] ~2> y'In] Yl — =@ R[—n — 1]
3 f J/ l JI=1]
v 5 '
& R[—n| —— vy yh+l] —= @ R[—n — 1]

There results the following commutative diagram.

0 — Hyppr (YI) — H, (® R[—n]) — H, (Y1) — H,(Y+1]) 0

|

0 —> Hyppr (YIH) — H, (® R[—n]) — H,,(Y) — H,, (Y1) 0
It suffices to prove that f,: H,(® R[—n]) — H,(® R[—n]) is an isomorphism by

the Five Lemma. We have the following commutative diagram with exact rows.

H, (& R[—n)) 2= H,(YP) — H, (Y1) —

| 5 |

H, (& R[—n]) Onx Hn(Y[n]) . Hn(Y[”'H]) S

The right vertical arrow is an epimorphism by diagram chasing. Therefore, it is an

isomorphism since epimorphic endomorphism of a finitely generated module over a
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commutative ring R is an isomorphism by Theorem 1.1.13. This implies that right

vertical arrow is an isomorphism in the following commutative diagram

0 — Ker 8,,, —— H,(& R[-n]) —=Im d,, — 0

A

0 — Ker d,, —— H,(® R[-n]) —=Im d,,, —=0
After tensoring with K, the inclusion ¢ becomes 0 since

Ker(0n,: Ho(® R[—n]) — H,(Y™)) c m H,(® R[-n)).

Therefore, f, ® idx is an isomorphism. This implies that f, is an isomorphism.

Hence, Y is an atomic. O]

Remark 3.7.7. The converse of Proposition 3.7.6 does not hold in general. Consider

the following chain complex Y

R 0

in which I is an ideal of R in degree 1 and ¢ is the inclusion map. We see that Y
has no mod m detectable homology and since Hy(Y) = R/I is a cyclic R-module, Y
is irreducible by Theorem 3.6.1. Hence, Y is atomic by Theorem 3.6.13. However,

Y is not nuclear since it is not free chain complex.

The following result shows that a core of a chain complex whose zero homology

is cyclic exists.

Theorem 3.7.8. Let Y be a chain complex with Hy(Y') a cyclic R-module. Then

there is a core a: X — Y.

Proof. We have that Hy(Y') is a cyclic R-module. We may change Y up to ¢-
isomorphism to assume that Yy, = R. Let Xqg = R and define ap: R — R by
1 — 1. Assume inductively that we have constructed X" and a,: X — Y that
induces monomorphism on homology modules in dimension less than n. Choose a
minimal (finite) set of generators for the kernel of a,,: H,(X™) — H,(Y). Let

J, be the sum of a copy of R for each chosen generator, and let

On: Jp =@ R[—n] — X



CHAPTER 3. MINIMAL ATOMIC CHAIN COMPLEXES 98

represent the chosen generators. Define X" to be the mapping cone of 0,,

& R[—n] -2~ xn) 1],

We see that the composite

® R[—n] On

Xl Y

is zero. Notice that for Y there is a distinguished triangle

Y 4y —>0—>Y[-1].

Now consider the following commutative diagram of solid lines.

& R[—n) Xl Xl
o
Y
0 Y Y

Then there exists ayy1: XM — Y making the diagram commute. Note that
the morphism X — XM+ induces an isomorphism on H; for i < n and an
epimorphism on H,,. By construction, we deduce that «,, 1 induces a monomorphism
on H; for i < n. On passage to colimit, we obtain a: X — Y that induces
monomorphism on all homology modules. The minimality of the chosen set of

generators ensures that
Ker(,, : Ha(® R[—n]) — H,(X™)) c m H,(® R[—n])
holds which means that X is nuclear. Hence, there is a core a: X — Y O

We now give a proof of Theorem 3.5.7, which shows that the core of any chain

complex always exists without restriction to cyclicity of the zeroth homology.

Proof of Theorem 3.5.7. Let uw € Ho(Y) = Yo/Bo(Y) such that 0 # u € Hy(Y,K).

Lift u to an element @ € Y. Then it is clear that
(u) = R/I C Ho(Y) =Yy /Bo(Y)

for some ideal I € R. Let Xy = R. Define ap: R — Yy by 1 — 4. As-

sume inductively that we have constructed X™ and a,: X" — Y that induces
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monomorphism on homology modules in dimension less than n. Choose a minimal
finite set of generators for the kernel of a,,, : H,(X™) — H,(Y). Now we continue
as in the proof of Theorem 3.7.8 to end up with a nuclear chain complex X and a
d-monomorphism «: X — Y Therefore, X is atomic by Proposition 3.7.6. Hence,
there is a d-monomorphism a: X — Y such that X is atomic with Hy(X) a cyclic

R-module. O
The proof of Proposition 3.7.6 can be adapted to show the following result.

Proposition 3.7.9. Let X and Y be nuclear chain complexes and let a: X — Y

be a core of Y. Then « is a d-isomorphism.

Proof. Tt is obvious that Hy(X%) — Hy(Y1%) is an isomorphism. Thus, H(X%) —
H(Y") is an isomorphism for all k. Now assume that a: X" — Y is a d-
isomorphism. We show that o: X"t — Y"1l ig a d-isomorphism. It suffices to
show that H,(XI"*1) — H, (YI"*1) is an isomorphism for ¢ = n and ¢ = n + 1.
There is a commutative diagram of distinguished triangles.

Jn = ® R[—n] > xInl —— xn+1]

R

K, = ® R[-n] > yInl — > ylnt1]

There results the following commutative diagram with exact rows.

0 —— Hyoy (X11) —— Hy () —— Hy (XI7) — H,, (X7 —

T

0— H, (Y — H,(K,) — H,(Y") — H, (Y1) —0

By the Five Lemma, it suffices to show that f, is an isomorphism. We have the

following commutative diagram with exact rows.

H,(J,) — H,(X") — H, (X)) —0

(
S

H,(K,) — H,(YI") — H, (Y1) —0
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The right vertical arrow is an epimorphism by diagram chasing. Consider the fol-
lowing diagram

o

H, (X)) — H,(X)

| |

H, (Y1) = H, (1)
We see that the right vertical arrow is monomorphism. Thus, the left vertical ar-
row is monomorphism, hence isomorphism. Thus, the right vertical arrow is an

isomorphism in the following diagram

0 — Ker j,, _a H,(J,) —Imj,, —0

U

0 — Kerk,, —2> H,(K,) —Imk,, —=0

We see that the maps ¢; and is become 0 after tensoring with K. Therefore f, ®
idg is an isomorphism. This implies that f, is an isomorphism. Hence, « is a

d-isomorphism. O

In Proposition 3.7.6, we showed that a nuclear chain complex is atomic and now

with the aid of Proposition 3.7.9, we give the following strong result.
Theorem 3.7.10. A nuclear chain complex is minimal atomic.

Proof. Let Y be a nuclear chain complex. We prove that Y is minimal atomic. Y
is atomic by Proposition 3.7.6. Let a: X — Y be a d-monomorphism where X
is atomic. We show that « is d-isomorphism. Let 3: Z — X be a core of X.
Therefore, the composite af3: Z — Y is a core of Y. Hence, af is d-isomorphism
by Proposition 3.7.9. Thus, a must induce an epimorphism on homology and so it is

an isomorphism. Therefore, « is a d-isomorphism. Hence, Y is minimal atomic. [J
Theorem 3.7.11. The following conditions on a chain complexr Y are equivalent.
(i) Y is minimal atomic.
(ii) Any core of Y is a d-isomorphism.

(iii) Y is d-isomorphic to a nuclear chain complex.
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Proof. First we show that (i) implies (ii). So assume that Y is minimal atomic. Let
a: X — Y be a core of Y. Then « is d-isomorphism since Y is minimal atomic.
Hence, (i) implies (ii). Next we show that (ii) implies (iii). Assume any core of Y is
d-isomorphism. Let a: X — Y be a core of Y. That is, X is nuclear and « induces
monomorphism on homology groups. Thus, « is a d-isomorphism. Therefore, Y is
d-isomorphic to a nuclear chain complex. Hence, (ii) implies (iii). Now we show that
(iii) implies (i). Assume that Y is d-isomorphic to a nuclear chain complex. That
is, there exists a nuclear chain complex X and a d-isomorphism a: X — Y. We
have that X is nuclear and thus minimal atomic by Theorem 3.7.10. We claim that
Y is minimal atomic. We show that Y is atomic. Let #: Y — Y be a morphism
that induces an isomorphism on Hy. We show that 6 is d-isomorphism. Consider

the following diagram of solid arrows.

X
Y

We have that « is d-isomorphism. Thus, there exists a morphism ¢): X — X which

ey

HY

0

induces an isomorphism on H,. But X is atomic. Thus, v is a d-isomorphism.
Hence, 6 is a d-isomorphism. Therefore, Y is atomic. Let §: Z — Y be a d-
monomorphism, where Z is atomic. We show that 3 is d-isomorphism. Consider
the following diagram.

Z

N

X—Y
Therefore there exists v: Z — X which is d-monomorphism. But X is minimal
atomic. Therefore, v is d-isomorphism. Thus, § is d-isomorphism. Hence, Y is

minimal atomic, showing that (iii) implies (i). O
Now we have the following lemma which characterizes minimal chain complexes.

Lemma 3.7.12. A chain complex (Y, d) is minimal if and only if the inclusion of

skeleta i: Y™ — Y+ induces an isomorphism

in: Hy(YP K) — H, (YU K) = H,(Y,K)
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for each n.

Proof. We may change Y up to g-isomorphism to suppose that Y is a chain complex
of projective modules. Assume that Y is minimal, that is, d, ® idg = 0 for each n.
We always have that 4, : H,(Y™ K) — H, (Y"1 K) is an epimorphism. Since Y

is minimal, we have that
in: Hy(Y" K) =Y, @ K — H,(Y"U K) =Y, @z K

is an epimorphism and hence 7, is an isomorphism for each n. Conversely, assume
that 7,, is an isomorphism for each n. We show that Y is minimal and we do that

by induction. At 0, we have that
Ho(YU K) = Yy 0 K — Ho (YW, K) = (Yo @5 K)/Im(d; ® id).

Therefore, Im(d; ® idg) = 0. Thus, d; ® idg = 0. Assume that d, ® idg = 0. We
claim that d,,.; ® idg = 0. We have that

H,(Y" K) =Y, @p K — H,(Y"U K) = (Y, ® K)/ Im(d,11 ® idx).
Therefore, Im(d,+1 ® idg) = 0. Thus, d,,+1 ® idg = 0. Hence, Y is minimal. O

Lemma 3.7.13. Let Y be a chain complex with Ho(Y') a cyclic R-module. Then 'Y
is nuclear if and only if p: H,(Y™) — H, (Y™ K) is zero for n > 0.

Proof. First note that we have the following distinguished triangle

® R[—n] —2> yll — = ynt1) -~ @ R[—n — 1].
Thus, we have the following commutative diagram with exact rows.

0— Hyy (Y1) —"~ H,(® R[—n]) —=— H,(Y")

. |

0 — Hypa (VI K) —= H, (& R[], K) — H, (Y K)

Now assume that Y is nuclear. That is, Ker(a,) C m H,(® R[—n]) for each n.
But Ker(a,) = Im(,). Let y € H,, i (YP*). Therefore, py(7.(y)) = 0. Thus,
pi(y) = 0. Hence, p: H,(Y") — H, (Y[ K) is zero for n > 0. Conversely,
assume that p: H,(Y") — H, (Y[ K) is zero for n > 0. Then Im(v,) C Ker(ps).
But Ker(ps) = mH,(® R[—n]). Thus, Ker(a,) C m H,(® R[—n]). Hence, Y is

nuclear. O
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Remark 3.7.14. Note that p, is an epimorphism. Therefore, when Y is nuclear,
H,(® R[-n],K) — H,(Y" K) is zero. This implies that Y is minimal by Lemma
3.7.12.

Theorem 3.7.15. Let Y be a chain complex with Hy(Y') a cyclic R-module. Then

Y is nuclear if and only if it satisfies
(i) Y has no mod m detectable homology,
(i) Y is minimal chain complex.

Proof. Assume that Y is nuclear. Remark 3.7.14 shows that Y is minimal chain

complex. Consider the following commutative diagram.

H,(Y) H,(Y)

| im

H,(Y" K)— H,(Y,K)

The top arrow is an epimorphism. Since Y is nuclear, we have p; is zero for n > 0
by Lemma 3.7.13. Thus, ps is zero by Lemma 1.1.16. Hence, ¥ has no mod m
detectable homology.

Conversely, assume that (i) and (ii) hold. Thus, the bottom arrow is an isomor-
phism and ps is zero for n > 0 in the above commutative diagram. Thus, p; is zero

for n > 0. Hence, Y is nuclear by Lemma 3.7.13. O]

Example 3.7.16. Using Theorem 3.7.15, the chain complex Y in Example 3.7.3 is
nuclear since if we tensor Y with K, we will have that x ® idk is zero since x € m
and thus Y is minimal. Also, notice that Hy(Y) = R/zR is a cyclic R-module,
H,(Y) = 0 since X is a nonzero divisor and H;(Y,K) = K and thus the reduction

map p is just a zero map. Therefore, Y has no mod m detectable homology.

Example 3.7.17. The chain complex Y in Example 3.6.6 is nuclear since Y has no

mod C detectable homology and is minimal.

Example 3.7.18. Let R = E¢(z). Let Y be the following chain complex

R 07




CHAPTER 3. MINIMAL ATOMIC CHAIN COMPLEXES 104

that is, R in each degree with multiplication by = as differential. Then it is clear

that

0 otherwise.

Thus, Y has no mod C detectable homology. Since x ® id¢ = 0, Y is minimal.
Hence, Y is nuclear by Theorem 3.7.15.

Example 3.7.19. Note that Example 3.6.4 is not nuclear since it is not minimal.
Therefore, we deduce that minimal projective resolution of a cyclic R-module is

nuclear.
Now we give the following description of minimal atomic chain complexes.

Theorem 3.7.20. The following conditions on a chain complex Y with Ho(Y') a

cyclic R-module are equivalent.
(i) Y is minimal atomic.

(ii) Any d-isomorphism a: X — Y from a minimal chain compler X toY is a

core of Y.
(iii) A minimal chain complex d-isomorphic to Y is nuclear.

Proof. We prove that (i) implies (ii). Assume that Y is minimal atomic. Let
a: X — Y be a d-isomorphism from a minimal chain complex X to Y. We
show that X is nuclear. We have that X is minimal atomic, hence irreducible by
Theorem 3.6.13, since « is d-isomorphism. Thus, X has no mod m detectable hom-
ology by Theorem 3.6.1. Hence, X is nuclear by Theorem 3.7.15. It is clear that (ii)
implies (iii). Next we show that (iii) implies (i). Let X be a minimal chain complex
d-isomorphic to Y. Assume X is nuclear. Then X is minimal atomic by Theorem

3.7.10. Hence, Y is minimal atomic. O



Chapter 4

The Adams Spectral Sequence For

Chain Complexes

In this chapter, we assume that R is a commutative noetherian local ring with
maximal ideal m and residue field K. Consider the derived category D, s4)(R) of
bounded below chain complexes of finite type. Assume that all chain complexes are
connective.

In this chapter, we set up the Adams spectral sequence for chain complexes in

D, (rg)(R) and discuss its convergence and give some examples.

4.1 Setting up the spectral sequence

Before we start we need to set up some notation. We will use subscripts to denote
different chain complexes, rather than the modules in a single chain complex, unless
otherwise stated. That is, when we write Y,,, we mean a chain complex not the
module in degree n of a chain complex. Likewise we will use superscripts to denote
different chain complexes rather than the modules in a single cochain complex. That
is, when we write Y, we mean a chain complex not the module in degree n of a

cochain complex.

105
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Definition 4.1.1. A mod m Adams resolution for a chain complex Y is a diagram

Y =Y, Bo Y, 51 Y, B2

VR

Lo Ly L,
L

where each Ly = Y; ® K[0], as* is onto and each
R

BS Qs
Y Y Ly Yo [—1]

is a distinguished triangle.

Lemma 4.1.2. Let Y be a chain complex. Then Y admits a mod m Adams resolu-
tion.
Proof. Let Yy =Y. Consider the canonical morphism

id ®n

L L
Yo = Yo ® RI0] — Yo © K[0] = Lo.

Let ag = id ®n. Form the following distinguished triangle

Ly Yi[—1].
Now we claim that ag* is onto. Note that
H" (Lo, K) = H"(Y; K0} K)
— H" (RHom (Y, & K[0], K[0])
— Hom(Hy (Yo & K[0], K), K).

Let P — K]|0] be a minimal projective resolution and ) — Y, be a minimal

projective resolution. Then

¥ & K[0) & K[0] 2 (¥ & K[0]) (K[0] & K[0)

= (QEKI0) $(P K[

L L L L
since @ ® K[0] =2 Y, ® K[0] and P ® K[0] = K[0] ® K[0]. Note that the degree n part
R R R R

L
of the chain complex Q ® K[0] is @, ® g K which is free over K and d(Q,, @z K) = 0
R
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since () is a minimal projective resolution. Using the Kiinneth formula for complexes

Theorem 1.2.23, we see that

Torf (HL(Q & K], Hy (P& K[0])) =0

L
since H;(Q ® K[0]) is free over K for each 7. It follows that
R

H,((QEKI0))

AR

(P& KI0)) = @) H(QEKI) ©x H,-(PEK[).

Therefore,

H"(Lo, K) = H" (¥ & K[0], K)

n

=~ (P Homy (H(Q @ K[0]), K) ®©x Homg (Hy—i(P @ K[0], K))

1=0

~ P H(Q.K) @k H(P,K)

i=0
~ P H (Yo, K) ®x H"(K[0], K).
i=0
Thus, we deduce that
H*(Ly,K) =2 H*(Yp, K) @k A*

where A* is the Steenrod algebra. Now it is clear that ap* is onto. We can deduce
that Ly is a connective chain complex of finite type. From the following homology

long exact sequence,

we deduce that Y is a connective chain complex of finite type. The lemma now

follows by induction. O

Now we give the main theorem of this chapter.
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Theorem 4.1.3. LetY be a connective chain complex. Then there exists a spectral

sequence {E,, d,.} with the following properties.
(i) d.: B3t — BT forall v, s, t.
(i) Ey' = Ext’l(H*(Y,K),K).

(iii) EY, C B3t forr > s and Ny B30 = B3

T

(iv) There is a associated decreasing filtration

H,_(Y)=FH,_(Y)D F'H,_(Y)D--- D F’H,_(Y)D---.

Remark 4.1.4. The above construction of Adams spectral sequence is natural.
That is, if a: Y — Y’ is a morphism, then we have the following commutative
diagram

Yi — Yo —= Y @ K[0] — Vi [1]

R
a0®id]]<l al[—l}‘/

L
Y —Y) — Y 9 K[0] —Y{[-1]
R

a1 @Q

since the middle square is commutative. By induction, we construct morphisms
an: Y, — Y for n > 0. Therefore, we have a morphism of spectral sequences of Y
and Y'. In particular, if a: Y — Y’ is an isomorphism, then we get an isomorphism
of the spectral sequences of Y and Y’. Consequently, we deduce that the filtration
of H,(Y) is independent of Adams resolution.

Remark 4.1.5. Theorem 4.1.3 does not say that the Adams spectral sequence
converges. We need to have some conditions which guarantee the convergence. We

will discuss this in detail after the proof of the theorem.

Proof. Consider the following distinguished triangle

Bs
Yo

Y, 2 Ly Yo [-1).

Then we have the following homology long exact sequence

/65* Qs x

PR Ht—s(YS+1) E—— Ht—s(}/s) — Ht—s(Ls) s e
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Define D" = H,_,(Y,) and Ey* = H,_,(L,). Thus, we have the following exact

couple
i
D, : D,
E,
where
. Lt+1 t
iy DYV — DY
. s,t s,t
J1: Dy7 — Ej
and

ki: EPY — DIt

This exact couple determines a spectral sequence {E,,d,} where E,, = H(E,,d,)
and d,: E3' — EsT7=1 Thus, we have proved (i). Now notice that we have the

following short exact sequence
0—— H* (Yo [-1],K) —> H*(L,, K) 2> H*(Y;,K) —>0

since a,* is onto for each s. Gluing these together, we get the following long exact

sequence
- — H*(Ly[-2],K) — H*(L1[-1],K) — H*(L¢,K) — H*(Y,K) — 0.

which is a free A*-resolution for H*(Y, K) since each H*(L4[—s], K) is free A*-module
and the maps are A*-maps. Thus, we have a resolution which is needed to identify

E,.
EY' = H,_(L,)

= Hy (Y5, K)

=~ Homg (H"*(Y,, K), K)

~ Hom *(H*(Y;, K), K)

= Hom!y,"(H* (Y., K) © A", K)
>~ Hom'.*(H*(Ls, K), K)

>~ Hom'y. (H*(Ls[—s],K), K).
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The boundary d; is induced by the morphism

Ls YS+1 Ls+1

where Ly — Y11 has degree —1. Now we have the following commutative diagram,

in which the vertical maps are induced by the morphisms L, — L, of degree —1.

Hy oi1(Ls—1) — Hom'y (H*(Ly_y[—s5 + 1], K), K)

| |

H, (L) —— Hom',. (H*(L4[—s5],K), K)

d |

Hy o 1(Lap1) —= Hom'y (H*(Lyi1[—s — 1], K), K)

Therefore,

Ey' = Ext’L (H*(Y,K), K).

Hence, we have proved (ii). We have Ey* = 0 if s < 0 and thus E>' = 0 if s < 0.
Since d, has bidegree (r,r — 1), no differential map into E** if r > s. Therefore,

. . t
there is a monomorphism E;7; — E>' when r > s and thus

(B = EY.

r>s

Filter H;_s(Y) by letting
FPHy (V) = Im(H;—s(Ys) — Hi—s(Y)).
Then it is clear that we have the following decreasing filtration
H,_(Y)=F'H,_ (YY)D F'H,_((Y)D--- D F’H,_(Y)D---
Hence, we have proved the theorem. O

Now we will discuss convergence. Note that using Lemma 1.4.8, we have for each

r the following short exact sequence

0 — D™/ Ker(i": D™ —s D*=™*) 4 D"+ L, gor Ky

Im(i": D% — D) N Ker(i: DT — D¥*) — 0.
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Now letting r go to infinity, we see that the left hand term stabilizes when r = s

since i°: D%* — D%* Therefore, we have the following short exact sequence

0 — D**/Ker(i*: D™ — D) 4 iD"t1* L, prr &

ﬂlm(ir: pDstrlx Ds+1,*) N Ker(i: st Ds,*) —0.
Lemma 4.1.6. There are monomorphisms
0 — F°H, (Y)/F*"'H,_,(Y) — E%'
Proof. Tt suffices to show that
FH, (Y)/FTH,_(Y) = D% /Ker(i*: D¥* — D°*) +iD*th*,

Note that F*H; (V) = *D*' and F*™'H, (V) = i(i*D*T1). We have the

following commutative diagram

00— Keri® + iDstL* DS+ DS,*/ Keri® 4+ iDst1* —
0 Z's+1Ds+1,* 38 DS Fs/Fs-H 0

in which each row is exact. We see that the middle vertical map * is epimorphism
and thus ¢* is epimorphism. Next we show that 7% is also a monomorphism. Let
a=a+ (Keri® +iD*"'*) and b = b+ (Keri® +iD**%*) be in D**/ Keri® +iD*+*,
Assume that 7°(a) = 75(b). We claim that @ = b. We have that

is(a) + i8+1DS+1’* — Zs(b) + is+1DS+1’*.

Then i*(a — b) € #*T1D*TH*  This implies that either i®(a — b) € #TIDsTL* =
i*(1DSTH%), that is, a — b € iD**1* or i*(a — b) = 0, that is, a — b € Ker4®*. In both

cases, we have that @ = b. Hence, there are monomorphisms
0— FH, (Y)/F*"H,_((Y) — E5. O
Remark 4.1.7. Let

Ot = Coker[F*H,_,(Y)/F*"' H,_(Y) — E%!]



CHAPTER 4. ADAMS SPECTRAL SEQUENCE FOR CHAIN COMPLEXES112

where s > 0 and D'™* = [, [F*H; (V). If the C*' = 0 for all s, ¢, then we can

define a new filtration
H, (Y)/D"*=FH, (YYD F'H, (Y)D...DFsH, (Y)D...
with FsH, (YY) = F*H,_,(Y)/D** for all s > 0. Then we would still have
FsH,_((Y)/Fst1H,_(Y) = FH,_(Y)/FT H,_(Y) = B3

for all s, t but in addition NF*H,_,(Y) = 0. Thus, if the C*! vanish, we can say

that the Adams spectral sequence converges to H,(Y)/D*.

Theorem 4.1.8. [f holim, Y, = 0, then the Adams spectral sequence converges to
H,.(Y).

Proof. First note that lim', E5* = {0} for all s and ¢ since Ej" is finitely generated
over K for each s and t. Hence, the Adams spectral sequence converges to H,(Y")

by Theorem 1.4.12. O

4.2 Homology Localization and Local Homology

In this section, we define localizations of chain complexes with respect to a homology
theory and in particular we define the localization of chain complexes with respect
to the homology theory K,(—) = H,(—,K). Then we define local homology of chain
complexes.

A homology theory on the derived category D, (4 (R) is a functor S, from
D (1¢)(R) to the category of graded R-modules determined by the recipe

for some object S in D (s (R). A chain complex Y is called S,-acyclic if S,(Y) = 0.
A morphism a: X — Y is called an S,-equivalence if ay: S,(X) = S.(Y). We
define a chain complex Z to be Si-local if each S,-equivalence a: X — Y induces
a bijection

Oé*: HOmD+(fg) (R) (Y7 Z)* = HomD+(fg>(R) <X7 Z)*
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or equivalently if Homp_ r)(X, Z), = 0 for each S,-acyclic chain complex X. An
S,-localization of Y is an S,-equivalence ¥ — Yg with the property that Ys is
S,-local.

In [11], it was proved that the localization of a chain complex Y with respect
to the homology theory K, is Yx = RHompg(K,Y) where K is the chain complex
constructed as follows. Let rq,...,r, be the generators of the maximal ideal m and

consider the following chain complexes
00— R—— R[l/r;] —0,
where R is in degree 0. Then
K = ®(0 — R — R[1/r;] — 0).
Furthermore in [11], it was proved that K is isomorphic to a chain complex of free
R-modules which is concentrated between dimensions (—n) and 0.

Definition 4.2.1. Let M be an R-module. Then the local homology of M at m is
denoted HM(M) and defined by the formula

HM M) = H,(RHompg(K, M))
For the following definition see [11].

Definition 4.2.2. Let Y be an object of D(R). Then the derived local homology of
Y at mis

H™(Y)=RHomg(K,Y)
There is a third quadrant spectral sequence

Ey' = (D Exth(Hy(K), H(Y)) = H__(H"(Y)).

Now we give some elementary properties of K,-localizations whose proofs are

straightforward.

Lemma 4.2.3. If

X Y A X[-1]

15 a distinguished triangle and any two of X, Y, Z are K,-local, then so is the third.
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Lemma 4.2.4. A direct summand of a K,-local chain complez is K, -local.

Lemma 4.2.5. The product of a set of K,-local chain complezes is K, -local.

Lemma 4.2.6. If
Xo X1 X

15 a sequence of chain complexes such that Xy, X1, Xs,... are K,-local, then the

homotopy inverse limit of this sequence is K, -local.

Recall that it was proven in Section 3.4 that K[0] is a commutative monoid in
D, (f¢)(R) with product

¢: K[0] ® K[0] — K][0]

oo

and unit map

n: R[0] — K[0].

L
Let Y be a chain complex. Consider the chain complex Y ® K][0]. Note that we
R

have the following morphism

B+ (Y K[O]) S K[0] 2 Y §(K[0] & K[0]) ““*2 Y & K[

Then we can see that the following diagrams are commutative in D, (f4)(R).

L L L id ®¢ L L
Y & K[0] & K[0] & K[0] 124 v & K[0] & K]0]
R R R R R
¢Y®idi ¢Yl
L Py
Y & K[0] & K[0] Y & KI[0]
R R R
L id ®n L
Y ©K[0] ® R[0] 2Ly & K[0] & K[0]
R R R R
“i ¢Y\L
L id L
Y & KJ0] Y G K[0]
R R

L
Therefore, the chain complex Y @ K[0] is a module over K[0] in D, (74 (R).
R

Now we give the following result which is needed later.

L
Lemma 4.2.7. For any chain complex Y, the chain compler Y @ K[0] is K, -local.
R
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L L
Proof. Let X be a chain complex such that H,(X ® K][0]) = 0, that is, X ® K[0] = 0.
R R

L
Let a: X — Y ® K[0] be a morphism. Then the morphism « can be factored as
R

L a®id L L
X® K[O] ———Y® K[O] ® K[O]
R R R

id ®nT id ®¢l

L L
XOR0] =X —* Y &K[0]
R R

L
Therefore, « is trivial. Hence, Y ® K[0] is K,-local. O
R

Definition 4.2.8. The K[0]-nilpotent chain complexes form the smallest class C' of

chain complexes in D (4 (R) such that:
(i) K[0] € €,
L
(i) f X € Cand Y € Dy(¢)(R), then X®Y € C,
R

(iii) If

X Y Z X[-1]

is a distinguished triangle and two of X, Y, Z are in C, then so the third,
(iv) f Y € C' and X is a direct summand of Y, then X € C.

We filter the class C' as follows. Let Cj consist of all chain complexes Y =
L

K[0] ® X for some chain complex X and given C,,_; with n —1 > 0 let C,, consist of
R

all chain complexes Y such that either Y is a direct summand of a member of C,,_;

or there is a distinguished triangle

X Y Z X[-1]
with X, Z € C,,_1. Now we use this filtration to prove the following result.
Lemma 4.2.9. IfY is K[0]-nilpotent, then Y is K,-local.

Proof. We prove this lemma by induction using the above filtration. Let Y € Cj.
L

Then Y = K[0] ® X for some chain complex X. So Y is K,-local by Lemma 4.2.7.
R

Assume that every K[0]-nilpotent chain complex in C,,_; is K,-local. We claim that
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every K[0]-nilpotent chain complex in C), is K,-local. Let Y € C),. Then Y is either
a direct summand of a member of C),_1, that is, a direct summand of K,-local chain

complex and thus Y is K,-local by Lemma 4.2.4 or there is a distinguished triangle

X Y Z X[-1]
with X, Z K,-local in C),,_;. Therefore, Y is K,-local by Lemma 4.2.3. O

Definition 4.2.10. A K[0]-nilpotent resolution of a chain complex Y is a tower

{Ws}s>1 such that:
(i) Wy is K[0]-nilpotent for each s > 1.
(ii) For each K|[0]-nilpotent chain complex N, the map
cogm Homp, . (r) (Ws, N), — Homp, , (r) (Y,N),

is isomorphism.

4.3 K]0-Nilpotent Completion

In this section, we define K[0]-nilpotent completion of a chain complex and show
that the Adams spectral sequence for a chain complex Y converges strongly to the
homology of the K[0]-nilpotent completion of Y.

Note that there is no reason why holim, Y; = 0. Following Bousfield [7], we

define chain complexes Y*® by the following distinguished triangles

Y; Yo ys Y, [—1].

Now we construct a morphism Y**! — Y*. Using the octahedral axiom for the
composite

Yipr — Y — Y,
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we obtain the following commutative diagram.

Bs

Qs

Yot Y, Ly Yo [—1]

id id

Yo Yo ystt Yo [—1]
0 ys —9 Ly 0

Ys+l[_1] - Y;[_l] - Ls[_l] - s+1[_2]

in which each row and column is a distinguished triangle. In particular, the column
Ly — Yt s ys — L [-1]

is a distinguished triangle for each s > 1. Also, we have the following commutative

diagrams
Yo Yo ystt Yop1[—1]
| idi l |
Y, Yo ys Yi[~1]
and
L, ys+l ys L—1]

of Lo

Ly~ Yon[-1] —> Yi[~1] —> L,[-1]

Moreover, we get the following commutative diagram

id id id

Y Y Y

N

Y! Y? Y3

Therefore, we get the following tower

Y1)~ V2[1] — V3[1]
P
L, Lo L

in which each triangle

V1] — Y*[1] — Ly, — Y**!



CHAPTER 4. ADAMS SPECTRAL SEQUENCE FOR CHAIN COMPLEXES118

is a distinguished triangle. Now using the above tower, we can construct Adams
spectral sequence as derived in the proof of Theorem 4.1.3. We note that the above
structures are natural in Y.

Now let K'Y be the homotopy inverse limit of the tower {Y*}. So there is a
morphism Y — K"Y. We call Y — K"Y the K[0]-nilpotent completion of Y.

Since Y = 0, we deduce the Adams spectral sequence now conditionally converges

to H,(K"Y). Filter H,_,(K'Y) by
F*H,_,(K'Y) = Ker(H,_,(K'Y) — H,_,(Y?)).

Also, note that EZ, C E>! for r > s. Since lim', E' = {0} for all s and ¢, we

have the main result of this section using Theorem 1.4.13.
Theorem 4.3.1. The Adams spectral sequence converges strongly to H, (K"Y').
Lemma 4.3.2. Let Y be a chain complex. Then K'Y is K, -local.

Proof. We show that K'Y is K,-local. It suffices to show that Y* is K,-local for
each s using Lemma 4.2.6. We prove it by induction. For s = 1, we have Y & [ =
Yo é)K[O] But Y is K,-local by Lemma 4.2.7. Assume that Y* is K,-local. We
prolf/e that Y51 is K,-local. We have the following distinguished triangle

L ys+l Ys# Ls[-1].

L

But Ly = Y; ® K[0] is K,-local by Lemma 4.2.7 and Y* is K,-local by the assumption.
R

Hence, Y is K,-local by Lemma 4.2.3. Hence, K'Y is K,-local. O

Therefore, there is a unique morphism 3: Yg — K'Y such that the composite
Y —= Yk —=K"Y
isY — K'Y

Remark 4.3.3. We sce that if H,(Y,K) = H,(K"Y,K), then Yx = K'Y by the
Derived Whitehead Theorem 3.2.5.

Lemma 4.3.4. Let Y be a chain complex. Then the tower {Y*}s>1 is a K[0]-

nilpotent resolution of Y .
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Proof. First we show that each Y* is K[0]-nilpotent by induction. When s = 1,
L

Y12~ Ly =Y, ®K[0] is K[0]-nilpotent. Assume that Y* is K[0]-nilpotent. Consider
R

the following distinguished triangle
Ly — Yt s ys — L [-1].

L

We see that Yt is a K[0]-nilpotent since L, = Y, ® K[0] and Y* are K[0]-nilpotent.
R

Therefore, Y* is a K[0]-nilpotent chain complex for each s > 1 and hence (i) is

satisfied. Next we show (ii) holds. We have the following distinguished triangle

Y, Y ys Y, [—1]

for each s > 1. Let N be a K][0]-nilpotent chain complex. Then by Remark 2.3.6,

we have the following long exact sequence

C— Co£im Homp, (R (Yo, N)py — Colsim Hompﬂfg)(R)(YS, N),

— Homp_ ., r) (Y N) — colim Homp, () (Yo, N)pp — -

Note that

colsim HomD+(f.g)(R)(Y, N), = Homp+(fg)(R)(Y, N),.

It suffices to show that colim; Homp oy (B) (Ys, N), = 0. We prove this by induction
using the filtration of the class C' of K[0]-nilpotent chain complexes. If N € Cj, then
L
N = K[0] ® X for some chain complex X. So
R

HomDJr(fg)(R)(Y;‘ﬂ K[O] X)n - HomDJr(fg)(R)(Ys+17 K[O] X)n

g
R

is trivial map for each n since any morphism ¢: Y; — K|0] %X factors through
L,. Assume that Homp, , (r) (Y5, N),, — Homp, , (r) (Ysi1, N),, is zero for each
N € C,_1. Now let A € C,, such that W = A& B where W € C,,_;. Since A is a
direct summand of W, id: A — A factors through W. Therefore, any morphism

factors through W and so it is trivial since

HOHlDHfg)(R)(Ys, W)n — HOHlDHfg)(R)(YsH, W)
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is trivial by the assumption. While if there is a distinguished triangle

@

X N A X[-1]

with X, Z € C,,_;. Then we have the following commutative diagram

colim, Homp_ . '(r) (Y5 X), —~ Homp, . (r) (Y, X),
colim, Homp_ . ' (r) (Y* N), — Homp, . (r) (Y,N),

colimy HomD+(fg)(R)(Ys, )y = Homp+(fg)(R)(Y, Z)n

in which each column is exact. Using Five Lemma, we deduce that
co£im Homp, . (r)(Y*, N)n = Homp_ , (r) (Y, N)p.
for each n. Hence, the tower {Y*},> is a K[0]-nilpotent resolution of Y. O

Now we recall the definition of a pro-category and some related results needed
later. Let C be a category. A pro-object (tower) in C is a sequence of objects X; € C
for ¢ > 0 together with maps X;,; — X, for ¢ > 0. We can think of a pro-object
X = {X,}iez+ as an inverse system of objects of C. Pro-objects of C form a category
Tower-C where

Hom(X,Y) = lim(colim Hom(X;, Yj)).

i : iy Lj

There is a canonical functor
C — Tower-C

taking the object Y to the constant tower {Y'}. In this way C becomes a full
subcategory of Tower-C.

The following lemma is proved in [2, App.3.2]
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Lemma 4.3.5. Let X and Y be pro-objects in C. Then a morphism f: X — Y
can be represented up to isomorphism by an inverse system of maps { f;: X; — Y;}.

This representation is called level representation.

Remark 4.3.6. A pro-isomorphism f: X — Y between two pro-objects X, Y
amounts to the following: for each s there exists a t > s and a morphism h;,: Y; —

X, such that the following diagram

X —Y;

e

Xs*>}/s

is commutative. In effect, the maps h;s represent the inverse of f. See [17, Lemma

3.2].

Therefore, it follows that if { X} is a cofinal subtower of {X;}, then {X;;} =
{X;} in Tower-C.

Definition 4.3.7. A morphism f: {X,} — {Y,} in Tower-D. ;4 (R) is called a ¢-
isomorphism if the induced morphism f,: {H; X} — {H,Ys} is a pro-isomorphism

in Tower- R-mod for each i, where R-mod is the category of R-modules.

The following lemmas are analogous to [7, Lemma 5.10, Lemma 5.11, Proposition

5.9].

Lemma 4.3.8. If {W,} is a K[0]-nilpotent resolution of the chain complex Y in
D, (1g)(R), then there exists a unique pro-isomorphism e: {Y*} — {W,} in Tower-
D, (f¢)(R) such that

Y} ——{v}

{yo) ——{W.}

commutes.

Lemma 4.3.9. Let f: {X,} — {Y,} be a g-isomorphism in Tower-Dysqg)(R). If
Xoo, Yoo € Dypg)(R) are homotopy limits of {X,}, {Ys} respectively, then there



CHAPTER 4. ADAMS SPECTRAL SEQUENCE FOR CHAIN COMPLEXES122

exists an isomorphism u: X, = Y, such that

(X} 2 v

.

f
(X} ——{V3}
commutes in Tower-D sy (R).

Lemma 4.3.10. Let Y be in Dy (sq)(R). Let {X,} be a K[0]-nilpotent resolution of
Y with homotopy limit X,. Then X, = K'Y

4.4 Convergence

In this section, we study the convergence of the Adams spectral sequence. We are
still assuming R is a commutative noetherian local ring with maximal ideal m and
residue field K.

We start by recalling some important results needed to prove the main theorem
of this section.

It is known that m = m! Dm? Dm?® > ---. If N is an R-module, then N D
mN D m2N D ---. For each i < j, there is a natural R-linear map qﬁ{: N/mIN —
N/m'N. The family of quotient modules N/m‘N and maps gbg for ¢ < j is an inverse
system indexed by the positive integers. Recall the m-adic completion of N, denoted
N, is lim; N/m‘N.

Let LI denote the nth left derived functor of the m-adic completion. Then we

have the following result which is proved in [14, Proposition 1.1].
Theorem 4.4.1. There are short exact sequences
0— lirsnl Torf. ,(R/m*,N) — L(N) — lim Tor(R/m*, N) — 0.
The following result is important and is proved in [14, Proposition 1.5].
Theorem 4.4.2. If N is a finitely generated R-module, then
(i) LMN) = N.

(ii) The tower {Tor(R/m* N)} is pro-zero, that is, L™(N) = 0 for n > 0.
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In Theorem 4.4.2, if N = R/m, then we have the following result.

Corollary 4.4.3.
Lg(R/m) = R/m,

and forn > 0,

lim Tor*(R/m®, R/m) = 0.

Moreover, forn > 0,

colim Ext(R/m*, R/m) = 0.
We end this review by giving the following important theorem.

Theorem 4.4.4. Let F be an inverse system of R-modules for which lim* F = 0
if s > 0. If N is an R-module which admits a resolution by finitely generated free

modules, then there is a second quadrant spectral sequence
Eit = lim®® Torf(N, F)= Torf_i_t(]\[’ lim F).

Now consider the chain complex R[0]. We have the following tower, called m

adic tower in [4],
- — R/m?*[0] — R/m*[0] — R/m|0].
induced by the tower
. — R/m* — R/m? — R/m.

Lemma 4.4.5. Let

be a tower of chain complexes in Ch(R) such that lim' X; = 0. If we consider the
image of this tower in D(R), then lim X; = holim X;.
Proof. First note that we have the following short exact sequence

0 —=lim X; —= [[ X; —L [ X, —o0.
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Since every short exact sequence in Ch(R) gives rise to a distinguished triangle in

D(R), we have the following distinguished triangle

lim X; —= []X; L [T X; —= lim X;[—1].

Now consider the image of this tower in D(R). Then we have the following distin-

guished triangle

id—f

Note that we have the following commutative diagram in D(R).

T

holim X; —= [ X; L [T X; —= holim X;[~1]

where the morphism ¢ exists since the middle square commutes. ¢ is an isomorphism

by the Five Lemma. O
The first substantial result of this section is the following.

Lemma 4.4.6. The tower {R/m*[0]}s>1 is a K[0]-nilpotent resolution of the chain

complez R|0].

Proof. We verify (i) and (ii) of Definition 4.2.10. First we verify (i) using induc-
tion. R/m[0] is K[0]-nilpotent. Assume that R/m®[0] is K[0]-nilpotent. We claim
R/m*T10] is K[0]-nilpotent. We have the following distinguished triangle

m*/m*[0] — R/m*T[0] — R/m*[0] — m®/m*"'[-1].

L
But m*/m*™[0] is a K-module by Lemma 3.1.10. So m*/m*™'[0] = &R[0] @ K]0].
R
Hence, it is K[0]-nilpotent. Therefore, R/m*™[0] is K[0]-nilpotent.
Next we verify (ii). That is, for each K[0]-nilpotent chain complex N, we show

that for each n,

colsim Homp, . (r)(R/m*[0], N), — Homp_ , () (R[0], N),



CHAPTER 4. ADAMS SPECTRAL SEQUENCE FOR CHAIN COMPLEXES125

First if N = K[0], then using Corollary 4.4.3,

‘ K n=0,
colslm Homp, . (r)(R/m*[0], N), =
0 n#0.
But
K n=0,
HomD+(fg)(R)(R[0], N), =
0 n#0.

Hence, (ii) holds for K[0]. Assume inductively that for each n,
colim Homp, ., sy (/[0 6725 K[0]), = Hom, ., sy (RI0), &5 'K ),

We show (ii) holds for @!* K[0]. Note that we have the following commutative

diagram

colim, Homp, gy (R/m*[0], K[0]),, Homp_ . (r)(R[0], K[0])n
colims Homp, . (r) (R/m?[0], &2 K[0]),, —— Homp_ . () (R[0], &]2,K[0]),,

colim, Homp, ,  (r)(R/m*[0], &5 'K[0]), =, Homp, ,  (r)(R[0], &7 K[0]),

in which each column is exact. Using the Five Lemma, we deduce that for each n,
colim Homp, , , cr) (R/m*[0], &2,K[0]), = Homp, s (R[0], &iZoK[0])n-

L
Now let N € Cp. Then N =2 X ® K[0] for some X € D, (s4(R). Let P — X be
R

L
a minimal projective resolution. Then N = P ®K][0] with 0 differential such that
R
the degree i part is a finitely generated K-vector space. We use induction to show

that for each n,

Colsim Homp, () (1/m*[0], N), = Homp, ,  (r)(R[0], N)p.
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It is clear that for each n,
colim Hom, (R /m" [0], &K [-m]},, = Homp, sy (R[0], &K[-m]),.
Assume inductively that for each n,
colim Homp, () (R/m*[0], N=1), = Homp, , (»)(R[0], N 1),..

Then we have the following commutative diagram

NIm=1]) Homp, , (g (R[0], NI™1),

n

colimg Homp, . (r)(12/m*[0],

colim, Homp, , (r) (R/m?[0], NI™),, Homp, ,  (r)(R[0], NI™),

(r)(R/m*[0], &K[-m)),, — Homp, , () (R[0], BK[-m]),

colimg Homp o (R

in which each column is exact. Using the Five Lemma, we deduce that
colim Homp, ) (R/m*[0], N'™),, = Homp, i) (R[0], N™),.
Hence, for each n,
collmHomDHf J(r) (R/m?[0], N),, = Homp, , (r)(R[0], N ).
Assume inductively that for each n,

CohmHomDHf) y(R/m?[0], N),, = Homp_ , (r)(R[0], N)y.

for each N € C;_;.
Now let N € (. Suppose first that W = N & B where W € (;_;. In this case,

e: W — W is idempotent where

e W —N—W.
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Then using Proposition 2.2.25,
N = hocolim(W S W S W 5 ...
Therefore, we have the following commutative diagram

colim, Homp, , - (r)(R/m*[0], W),, —==Homp, , () (R[0], W),
colim, Homp_ () (R/m*[0], W),, —Homp_ , (r)(R[0], W),
colim, Homp, , (r)(R/m*[0], W), —=>Homp, , (r)(R[0], W),

[ Cx

in which e, is idempotent. It follows that the colimits of the two sequences are the

same, that is, for each n,
CohmHomDHf) )(R/m*[0], N),, = Homp, . (r)(R[0], N)p.
Otherwise there is a distinguished triangle
X —N—Y — X[-]]

with X and Y are in C;_;. In this case, we have the following diagram

colimys Homp, . (r)(12/m*[0], )nHHOmD_F(f J(r) (R[0], X))y,

colimg Homp, . (r)(R/m*[0], N),, — Homp_ . (r)(R[0], N),

colim, Homp (e

() (R/mwe[0],Y), —=Homp, ,  r)(R[0],Y),

in which each column is exact. Using the Five Lemma, we deduce that for each n,
cohmHomDHf) )(R/m*[0], N),, = Homp, (&) (R[0], N)p.

Hence, (ii) is satisfied. O
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Since the m-adic tower { R/m*[0]} is K[0]-nilpotent resolution of R[0], then using

Lemma 4.3.8, we have the following result.

Proposition 4.4.7. There exists a unique pro-isomorphism { R[0]*} — {R/m*[0]}
in Tower-D s (R) such that

{R[0]} —"—{R[0]}

| l

{R[0]"} —{R/m*[0]}

commutes.
Using Lemma 4.3.10, we have the following important result.
Theorem 4.4.8. The m-adic tower {R/m*[0]} has homotopy limit
ho£im R/m®[0] = K" R[0].
Now we give the main theorem of this section.
Theorem 4.4.9. The natural map R[0] — K"R[0] induces an isomorphism
H.(R[0], K) = H.(K"R[0], K)
and therefore
RHomp(K, R[0]) = K" R[0].
Proof. 1t suffices to show that
H,(R[0], K) — H*(hoym R/m?[0], K)

is an isomorphism. Using Theorem 4.4.4, we see that the spectral sequence collapses
to give
lim Tor®(R/m*[0], K[0]) = Tor’(lim R/m*[0], K[0])
>~ Tor®(holim R/m*[0], K[0]).
Using Corollary 4.4.3, we have that
K n=0

lign Torf(R/mS 0], K[0]) =
0 n#0.



CHAPTER 4. ADAMS SPECTRAL SEQUENCE FOR CHAIN COMPLEXES129

Hence,

H;(R[0],K) — Hi(ho}gim R/m?[0],K)
is an isomorphism for each i. Therefore,
H,(R[0],K) = H,(K"R[0],K)
Using Remark 4.3.3, we have that
RHomp(K, R[0]) = K" R[0]. O
We can generalize the previous results for the chain complex @7 ,R[0].

Lemma 4.4.10. The tower {®}_ R/m*[0]}s>1 is a K[0]-nilpotent resolution of the

chain complex &}, R[0].
Proof. Tt is the same proof as the proof of Lemma 4.4.6. O]
Then we have the following result.
Proposition 4.4.11. There exists a unique pro-isomorphism
{80 RI0]} — {@R/m’[0]}

in Tower-Dsq)(R) such that

{@1oR[0]} —— {®1,RI0]}

| |

{Do R0} — { @i /m?[0]}

commutes.

Theorem 4.4.12. The tower {@]_ R/m*[0]} has homotopy limit
holim ®7_,R/m*[0] = K" @, R[0].

Theorem 4.4.13. The natural map @} R[0] — K" @I, R[0] induces an isomor-
phism

H. (DL R[0], K) = H.(K" &, R[0],K)
and therefore

RHomp (K, " R[0]) = K" @™, R[0].
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Proof. Tt is the same proof as the proof of Theorem 4.4.9. [

Now let Y be a bounded chain complex consisting of finitely generated free R-
modules in each degree. Then we can generalize Theorem 4.4.13 by induction on
the skeletons of Y as follows.

First we prove an analogous result to Lemma 4.4.10. In the following Lemma,
there is an exception to our convention. That is, ¥; means the degree i part of the

chain complex Y.

Lemma 4.4.14. The tower {Y ®r R/m*[0]}s>1 is a K[0]-nilpotent resolution of the

chain complex Y .

Proof. We prove this lemma by induction on s. When s = 1, we see that the chain
complex Y ®r R/m[0] is K[0]-nilpotent. Assume inductively that Y ®z R/m?®[0] is
K[0]-nilpotent. We show that ¥ ®p R/m***[0] is K[0]-nilpotent. Now we induct
on the skeletons of Y. We can show that Y @z R/m**1[0] is K[0]-nilpotent by
induction as in the proof of Lemma 4.4.6. Assume that Y @z R/m*+1[0] is K[0]-
nilpotent. We show that Y@z R/m*+1[0] is K[0]-nilpotent. We have the following

distinguished triangle
VI @p R/m**0] —» Y @ R/m* 0] — Yiq[—i — 1] @p R/m*H[0]
— Y1) @p R/m**[0].

Therefore, Y+ @ R/m*™1[0] is K[0]-nilpotent. Hence, Y ®z R/m**[0] is K[0]-
nilpotent.

Next we show that
co£im Homp_ , (r)(Y ®r R/m*[0], N), — Homp, . (r)(Y, N).

is an isomorphism for each K|[0]-nilpotent chain complex N. We induct on the

skeletons of Y. First note that
colim Homp, ., (r) (Y @ R/m*[0], N), — Homp, 1) (Y", N).
is an isomorphism by Lemma 4.4.10. Assume inductively that

colim HOH]’D+(fg)(R)(Y[i] ®pr R/m*[0], N), — Homp, (&) (Yl N),
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is an isomorphism. We show that
colim HOHlDHfg)(R) (Y[iJrl] ®R R/‘mS [0], N)* E— HOIIlD_,_(fg)(R) (Y[i+1], N)*

is an isomorphism. We have the following commutative diagram

colim, Homp, - (r)(Yig1[—i — 1] @r R/m*[0], N) — Homp_, (z)(Yi1[—i — 1], N),

colimg Homp, . ' (r) Y+l @r R/m*[0], N), Homp, . (r) (Y N),,

colim, Hompﬂfg)(R)(Y[i] ®@pr R/m?[0], N), Hompﬂfg)(R)(Ym, N),

in which each column is exact. Using the Five Lemma, we deduce that for each n,
colim Homp, , (Y @r R/m*[0], N), = Homp, , () (YT, N),.
Therefore,
co£im Homp, . (»)(Y ®r R/m*[0], N), = Homp, ,  (r)(Y, N)
Hence, {Y ®r R/m*[0]}s>1 is K[0]-nilpotent resolution for Y. O
Then the following result is similar to Proposition 4.4.11.

Proposition 4.4.15. There exists a unique pro-isomorphism
{Y*} — {Y @r R/m*[0]}

in Tower-D(sq)(R) such that

Y} ———{v}

| l

{YV*) —{Y @z R/m*[0]}

commutes.
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Also, the following result is similar to Theorem 4.4.12 .
Theorem 4.4.16. The tower {Y ®r R/m*[0]} has homotopy limit
ho£imY ®@r R/m*[0] = K"Y.

Now we give our main result of this chapter. Note that in the following Theorem,
there is an exception to our convention. That is, ¥; means the degree ¢ part of the

chain complex Y.

Theorem 4.4.17. The natural map Y — KY induces an isomorphism
H.(Y,K) ¢ H,(K"Y,K)

and therefore

RHomp(K,Y) =2 K"Y.
Proof. We induct on the skeletons of Y. By Theorem 4.4.13, we have that
H,(YY K) =~ H (K'Y K).
Assume inductively that
H,(Y" K) >~ H (K'Y K).

We claim that
H (Y K) = 7, (K'Y K).

The following degreewise short exact sequence of inverse systems of chain complexes

0— {Yl @ R/m*[0]} — {VI* @p R/m*[0]} —
{Yiu[—i = 1] ®@g R/m*[0]} — 0

gives rise to the following short exact sequence of chain complexes

0 — limY" ®p R/m*[0] — lim Y @, R/m*[0] —

limY;4[—i — 1] ®g R/m*[0] — 0.



CHAPTER 4. ADAMS SPECTRAL SEQUENCE FOR CHAIN COMPLEXES133

since
lim* {Y" @ R/m*[0]} = 0.

Note that in D, s4)(R), we have the following commutative diagram

y'lil lim, Y @z R/m*[0]

ylit+1] lim, Y+ @5 R/m®[0]

}/i—i-l[_i — 1] — hms Yi+1[—i — ]_] Xpr R/ms[O]

yll[—1]

lim, Y @ R/m?[0][—1]
in which each column is a distinguished triangle. Then we have the following com-

mutative diagram

1%

H,(lim, Y @ R/m*[0], K)

H, (Y K)

H,(lim, Y @5 R/m*[0], K)

H,(Yisq[—i — 1], K) — H, (lim, Vi1 [—i — 1] @z R/m*[0], K)

in which each column is a long exact sequence. Using the Five Lemma, we see that
H,(Y K) — H,(1im Y @ R/m*[0], K)
is an isomorphism for each n. But
: L
H,(lim Y @ R/m*[0], K) = H,(holim Y+ @ R/m*[0], K).
s s R
is an isomorphism for each n by Lemma 4.4.5. Therefore,
H (Y K) >~ 7, (K'Y K).

Hence,

RHompg(K,Y) = K"Y. 0
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4.5 Examples

In this section, we present some examples.

Example 4.5.1. Let F' be an arbitrary field. Let R = F'[X]x) be the localization
of the polynomial algebra F[X] at the maximal ideal (X). Note that R is a local
noetherian ring with maximal ideal m = (X)R and residue field K = F. By Propo-
sition 3.1.9, we have that A* = Ep(e) where |e|] = 1. Consider the chain complex

R[0]. We have that H*(R[0], F') = F. We can deduce that the following sequence

dnt1 dn da d1

P — )unA* uA* A*

is an A*-free minimal resolution of F, where u"A* is the free A*module on one

n

generator u" of degree n with d,,(u") = u"'e. Therefore,

. . F s=t,
Ey" = Ext. (F, F) =

0 s#t.
Note that we have the following commutative diagram

d1 d2

0<~—F A uA* WA~

P

0~ F[-1] 420 4o 25 ) —— -

where € € Hom’. (uA*, F[—1]). We can see that
0 # € = ¢[-1]id € HomY. (uv* A*, F[-2)).

Similarly, we can deduce that 0 # " € Hom’. (u™A*, F[—n]). The spectral sequence

collapses and thus

ot F s=t,

0 s#t.

Now we show that e in Ext';.(F, F) detects the map X: R — R. Note that the

following sequence
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is a distinguished triangle. We can deduce that

| F i=0,1,
H'(cone(X), F) =

0 otherwise.

Therefore, we have the following extension
0—— H*(R[-1], F) — H*(cone(X), F) — H*(R|0], F) —0.

Thus, this sequence identifies the only possible extension that corresponds to e.
Hence, Ho(F"R[0]) = F[[X]].

Now let R = F[X1, X5](x,,x,)- Then A* = Ep(eq, es) where |ei| = |es] = 1 by
Proposition 3.1.9. Note that

A* = EF<€1) ®F EF(GQ).
Using Theorem 1.2.10, we have that
Eyt = Ext’L(F, F)

>~ Ext " (F,F) @p Ext322 (F, F).

EF(e1) F(e2)

I

where s; + so = s and t; + ty = t. Therefore, we can deduce that Hy(F”" R[0])
Fl[Xq, Xo]).

Inductively, we can show that if R = F[Xy,..., X,]x,
Fl[Xy,...,X,]]

I

Xn)» then H()(F/\R[O])

-----

Example 4.5.2. Let R = F[X]/(X?) where F is a field. First note that R is a
noetherian local ring with maximal ideal m = (X)/(X?) and residue field K & F.

We calculate A*. We construct an R-free minimal resolution of F

do dy

Py—~F 0.

P

Let Py = R with €(X) = 0. Then Ker(e) = (X). Let P, = R with d;(1) = X. Then
Ker(d;) = (X). Let P, = R with d»(1) = X. Continuing this way, we deduce that
the following

R R R
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is a minimal R-free resolution of F'. For each n > 0,

2

A* = Ext™(F[0], F[0]) 2 F.

Now we determine the ring structure of A*. Let a be the augmentation in Hompg(Py, F).

Note that we have the following commutative diagram

0 F<*—pP<>*-pP < p
/di idJ/

0 F<*—P<>—P

F

Then 0 # a® = aid € Hompg(P,, F). Tt is clear that 0 # o™ € Homg(P,, F). Hence,
A* = Fla], |a| = 1.

Consider the chain complex R[0]. We have that H*(R[0], F') = F. Note that the
following sequence

0 uA* 0

A* F 0
is an A*-free minimal resolution of F, where uA* is the free A*-module on one

generator u of degree one with d(u) = a. Therefore,

(

F s=t=0,
Ey'=<F s=t=1,

0 otherwise.

\

We see that the spectral sequence collapses and thus

p

F s=t=0,

EY=(F s=t=1,

0 otherwise.
\

Let b € Homi‘* (uA*, F'). We can show that b detects the map X: R — R as proved
in Example 4.5.1. Hence, Hyo(F"R[0]) = R.
Now assume that R = F[X, X»]/(X%, X3). Note that

R = F[X1]/(X}) @r F[Xa]/(X3).
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Since
is an isomorphism by Theorem 1.2.10, we can deduce that
A*%’F[al,ag], |CL1’:|CL2‘ =1.
Since A* = Fla;] ®p Flas] and
Ext;l[g] (F,F) ®p Ext?[gj] (F,F) — BExt’ P> (F F)

is an isomorphism by Theorem 1.2.10, we can deduce that Ho(F”R[0]) = R.
Using induction, if R = F[Xy, ..., X,]/(X3,..., X?), then

A*%JF[CLh._.,CLn], |CL1|:I|an|:1
and Ho(F"R[0]) = R.

Example 4.5.3. Let R = Z/(p)[X]/X?". First note that R is a noetherian local
ring with maximal ideal m = (X)/(X?") and residue field K 2 Z/(p). We calculate

A*. We construct an R-free minimal resolution of Z/(p)

Py ——17/(p) —=0.

Let Py = R with €¢(X) = 0. Then Kere = (X). Let P, = R with d;(1) = X.
Then Kerd; = (X”' 7). Let P, = R with dp(1) = X?'~!. Then Kerd, = (X). Let
Py = R with d3(1) = (X). Then Kerd; = (X?'~1). Let P, = R with dy(1) = X7 L.

Continuing this way, we deduce that for each n > 0,

A" = Extip(Z/(p)[0], 2/ (p)[0]) = Z/(p)-

Now we determine the ring structure of A*. Let a be the augmentation in Homg(P1,Z/(p))
and b the augmentation in Homg(P»,Z/(p)). We show that a* = 0. We have the

following commutative diagram

0~—Z/(p) Py pX " p,

0
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Hence, a2 = aX?'~2 = 0. We show that b" # 0. We have the following commutative

diagram
0~—Z/(p) Py P, <X pX" p
/ J{id lid lid
O%Z/(p) b PO X P1 Xv PQ
lb
Z/(p)

Thus, 0 # b* = bid € Homg(Py,Z/(p)). Similarly, we can show that b # 0. We

show that 0 # ba and ab = ba. We have the following commutative diagram

0~—2Z/(p) P, ¥ p<X p

0

Hence, 0 # ba = bid € Hompg(Ps,Z/(p)). Also, we have the following commutative

diagram
0 Z/(p) Py P P<~"—Py
% J{id . J{id
0<~—2/(p) Py j 1
Z/(p)

Hence, 0 # ab = aid € Homg(Ps,Z/(p)). Moreover, ab = ba. Also, we can show
that 0 # ab™ € Hompg(Pan11, R). Therefore, we deduce that

A= Z/(p)la,bl/a®  |a| =1,[b] = 2.

Consider the chain complex R[0]. We have H*(R[0],Z/(p)) = Z/(p). We construct
a A*-free minimal resolution of Z/(p)

ds da dy do

Py P R Z/(p)—>0,

Let Py = A* with dy(a) = do(b) = 0. Then Kerdy = (a,b). Let P, = uA* ® vA*

where uA* is the free A*-module on a generator u of degree one and v.A* is the free
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A*-module on a generator v of degree two with d;(u) = a and dy(v) = b. We can
deduce that Kerd; = <au, —av + bu>. Let P, = u?A* ® uvA* where u2A* is the
free A*-module on a generator u? of degree two and uv.A* is the free A*-module on
a generator uv of degree three with dy(u?) = au and dy(uv) = —av + bu. We can
deduce that Kerd, = <au2, —auv + bu2>. Let Py = w3 A* @ v?vA* where uA* is the
free A*-module on a generator u® of degree three and u?v.A* is the free A*-module
on a generator u?v of degree four with ds(u®) = au? and d3(u*v) = —auv + bu?.
We can deduce that Kerds = <au3, —au?v + bu3>. Let Py = v*A* @ vdvA* with
dy(u) = au?® and dy(uv) = —au®v + bu?®. Continuing this way, we can deduce that
the following sequence

dn+1 dn d‘; d2 dl
A B U A — - —— A B ww A —— uA* D oA —— A*

is a minimal A*-free resolution of Z/(p). Therefore,

;

Z/(p) s=t,
Ey'=S7Z/(p) t—s=1,5>0,

0 otherwise.
\

Note that we have the following commutative diagram

d2

0 Z/(p) A* uA* @ v A* ul A* @ uv A*
%,O)l (id,id)l
0~ 7/()[-1] T - S ) @ oAt 1] ~—— -

a[l]i

Z/(p)[-2]
where a = (dy, 0) € Hom®. (P, Z/(p)[—1]). We see that 0 # a? € Hom’y. (P», Z/(p)[—2]).
Similarly, we can show that 0 # o” € Hom".(P,,Z/(p)[-n]). Let 8 = (0,dy) €
Hom’. (Py,Z/(p)[—2]). Then we can show that 32 = 0. Also, note that we have the

following commutative diagram

do

0 Z/(p) A* uA* v A* ul A* © uv A*
%,O)i (id,id)i
0 Z)(p)-1] < e 2 ) @ e 1)

s

Z(p)[-3]
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Hence, 0 # Ba € HomY. (P, Z/(p)[—3]). Similarly, we can show that 0 # Ba™~2 €
Hom’. (P,_1,Z/(p)[—n]). We can show that a detects the map X : R — R. There-

,S

fore, for r < p' — 1, d, must be zero and alzlﬂ_1 is an isomorphism for each s > 0.

Hence, Hyo(Z/(p)"R[0]) = R.
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