Mathematics 2QQ — Solutions for Chapter 1

1.1. (a) The point (—1,—1) is on this line; since (2, —3) - (3,2) = 0, the vector (3,2) is parallel
to it. So a parametric equation is x = (3t — 1,2t — 1).
(b) Writing (x,y) = (t — 1,3t + 1) we have

3z —y=(3t—3)— (3t+1) = —4,

so implicit equations are 3z —y = —4 or (3,—1) - x = —4.
(c) A parametric equation is

x=t(1,1)+ (1,-1) = (t+ 1,t — 1),

while an implicit equation is x — y = 2.
(d) If (s + 1, s — 1) is the point of intersection of £; and L3, then

2As+1)—3(s—1) =1,

so —s+5=1, i.e., s = 4. So the point P(5,3) is the point of intersection. To find the angle 6,
notice that (3,2) is parallel to £; and (1,1) is parallel to L3, so

L (3,2)-(1,1) L 342 . 5 1 5V26
0 = cos” " ——————— = COS =cos  —— =cos T ———.
|3, 2)[ |(1, 1)] V13v2 V26 26
N.B. m — 0 is also an acceptable answer.
1.2. Let u=(5,0) and v = (2,—1).
(a) The angle is
. 2 2v/5
cos ! 2V~ cos i = cos ! —= = cos™ —\[ € [0,7/2].
v V5 5
(b) First find the unit vector
. 1 1 2,-1)
V= = —=\4 )
vl- V5
then the projection is
1 1 1
V)V = ——(10+0)—=(2, —1) = =(20, —10) = (4, —2).
(u-v) \/5( )\/5( ) =:( ) =(4,-2)

(c) First find the unit vector

1 1
u |u|u 5( ) ) ( Y )7

then the projection is
(v-v)a=(240)(1,0) = (2,0).

1.3. The vector (1,1) is perpendicular to £; and the line x = #(1,1) + (1,0) = (¢ + 1, ) meets
L1 when (t + 1)+t =2,s0t=1/2 and the intersection is at M;(3/2,1/2). Then
Reflz, (1,0) = (1,0) + 2 x (1/2)(1,1) = (2,1).

The vector (1,—1) is perpendicular to £2 and the line x = #(1,—1) + (1,0) = (¢t + 1, —t)
meets Lo when (t+ 1) +¢ =2, so t = 1/2 and the intersection is at M>(3/2,—1/2). Then

Reflz, (1,0) = (1,0) + 2 x (1/2)(1, —1) = (2, —1).
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1.4. Following the proof of Proposition 1.6, we choose O as a point on £ and then take the
point of form #(2,1) + (0,0) = (2t,¢) which lies on L. For this point, 2(2¢) + ¢ = 2 which gives
5t = 2, hence t = 2/5, so the point on L9 is v = (4/5,2/5). Then

Reflz, oReflg, = Transyy = Transg;s4/5), Reflg, oRefly, = Trans_oy = Trans_g5 _4/5) -

1.5. (a) The relevant formula is
T2 21]" 22
(w1,y1) - (22,92) = L1702 + Y192 = [961 y1] [yJ = [yl] [yJ .
(b) We have
Ux =u(u’x) = u(u-x) = (u-x)u
As u is a unit vector, u- (tu) = tu-u = t. The result follows.

(c) Reflection in £ has the effect

x ifu-x=0,

Reﬂﬁ (X) = {

—x if x = tu for some t € R.
By the result of (b),

, X ifu-x=0,
Ux=x-2Ux =
x — 2x if x = tu for some t € R,
B x ifu-x=0,
—x if x = tu for some t € R.
Since every vector can be expressed as a sum x = x’ +x” with u-x’ = 0 and x” = tu, the result

follows using linearity,

Reflg(x' + x”) = Reflg(x') + Reflz(x7), U'(x'+x")=U'(x") + U'(x").

1.6. (a) This is rotation through —m/4 anticlockwise (or equivalently through /4 clockwise)
about the point with position vector

1-1/v2 -1/v/21'[1 1 1-1/v/2 1/v2 |1[1
1/v2 1—1/\/5] [1]:(1—1/\/§)Q+1/2[—1/\/§ 1—1/\/5} M

1 [1-1/v/2 1/v/2 1)1
“=v | 1ol [l

ol vl

-

(b) This represents reflection in the line £: sin(7/8)x — cos(7/8)y = 0 followed with translation
by a vector. It is therefore a glide reflection obtained by reflecting in a line parallel to £ followed
with translation by a vector u also parallel to £. To determine u and the reflection line, use
the unit vector (sin(7/8), — cos(m/8)) perpendicular to £ and find the component of t parallel
to it,

((sin(m/8), —cos(m/8)) - (1,—1)) (sin(7/8), — cos(7/8))
= (sin(7/8) + cos(7/8))(sin(7/8), — cos(m/8)).
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Then
(sin(7/8) + cos(m/8))

v = 5 (sin(m/8), — cos(m/8))

= %(sinz(ﬂ/é%) + cos(m/8) sin(7/8), — cos(m/8) sin(/8) — cos®(7/8))

= (25 (x/8) + 2 cos(/8) sin(x/8), 2 cos(/8) sin(r/8) — 2o’ (/8))
= (1 — cos(m/4) + sin(x/4), ~sin(r/4) ~ 1 — cos(r/4))
= 3(1 —1/V24+1/V2,-2/V2 1) = i(l,—\@— 1),

W=t 2ve(1,—1)— %(1,—\/5— 1) = (1/2, (V2 - 1)/2).

So this is a reflection in the line
(sin(7/8) + cos(7/8))

sin(m/8)x — cos(m/8)y = 5 ;

followed by translation by (1/2,(v/2 —1)/2).
(c) This is another glide reflection obtained by reflection in the x-axis (i.e., y = 0) followed by
translation by (0, 1) which is perpendicular to this line. So taking v = (0,1/2) and u = (0,0),
we see that it is a reflection in the line y = 1/2.

For (A |t)? = (A% | At +t), the three cases give

2_[ 01 [V2+1].
(a) A = -1 o At—l—t—_ . ;
2__1 o __ 1 ]
(b) A = _0 1 = I, At +t = _\/i*l ;
» [1 0] [0
(C) A —-0 1 = I, At+t__0 .

So (b) and (c) give translations, while (a) gives a clockwise rotation through angle 7/2 about
the point with position vector

S R i R A

_ C[1+1/v2
(I~ 4% 1[ 1 11 1 ~-1/2 1/2 1

-[L0eE]
1.7. (a) By the product formula for determinants, valid for any pair of n x n matrices A, B,
det(AB) = det Adet B. In particular, if A is orthogonal we have AT A = I,, and so

(det A)? = det Adet A = det AT det A = det(ATA) = det I,, = 1,
which implies that det A = £1.
(b) Write A = [Z b] . By the orthogonality condition AT A = I,

d
a c|fa b] [a*+c* ab+ed] [1 0
b d| e d|  |ba+de b2+d%| [0 1|’

and by (a) we also have det A = ad — bc = 1. This gives four distinct equations

a4+ 2 =1,
b+ d* =1,
ab+cd=0

ad —bc=1.
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Now set a = cosf, ¢ =sinf, b = sin p and d = cos ¢ for real numbers # and . Then the third
equation gives

cosfsin p + sinf cosp = 0
and using the double angle formula we obtain
sin(6 + ) = 0.
The fourth equation gives
cosfcosp —sinfsinp =1
which yields the equation
cos(f+¢)=1
which has solution ¢ = —0 + 2k7 for k € Z. Thus we obtain

[a b}_[eos@ sin(—G)]:[cosﬁ _sme]_

c d|  |sinf cos(—6) sinf  cosé
(c) By the product formula for determinants we have det C' = 1, so by (b) C has the form
O {cos@ —sin@} ,

sin 0 cosf

and so
a b _C 1 0 _1_ cos —sinf] |1 0|  |cos® sin 6
c d| 0 -1 ~ |sin®@ cosf| |0 —1| |sinf —cosf|’
(d) Suppose that PTP = I, = QTQ. Then
(PQ)T(PQ) = (QTPT)(PQ) =Q"(P"P)Q=Q",Q =Q"Q =I,.

1.8. Composing these two we have

(A[6)(AT | —ATt) = (AAT |t — AATY) = (I |t —t) = (2| 0)
since ATA =1, = AAT, and

(AT | —ATt)(A | t) = (ATA | ATt — ATt) = (1o ] 0).
Thus we have
(A]t)(AT | —ATt) =TIdge = (AT | —ATt)(A | t).

1.9. (a) Direct computation shows that

G(0) = Trans_p oF (0 4 p) = Trans_p(F(p)) = Trans_p(p) = 0.

If F'is a rotation about P then G is a rotation about O through the same angle; if F' is reflection
in a line through P then G is reflection in the line through O parallel to it.
(b) This is similar to (a), with @ replacing O in the description of G.

1.10. (a) We have
(A] t)(sx+ (1 - 8)y) = Alsx+ (1 — s)y) +1
= A(sx) + A((1 — 9)y) + t
=sAx+ A(l —s)y +st+ (1 —s)t
=s(A|t)x+(1—s)(A|t)y.
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(b) [N.B. This result is used in Chapter 2 when discussing finite subgroups of Euc(2).]
We have
(A]t)(s1x1 4+ + 8pXp) = A(s1X1 + -+ + 8pXp) +
= 51AX] + $9Axy + - + SpAXy + (851 4+ -+ Sp)t
=51(Ax1 +t) + s2(Axa +t) + - - + sp(Axy, + t)
=s1(A|t)x1 +s2(A | t)xa+ - + s (A | t)x,.
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