CHROMATIC CALCULATIONS FOR THE S! x S TRANSFER

ANDREW BAKER

The material contained in these notes can be found in the references and we make no attempt
to give details or precise citations for all of it.

Throughout, we let p be an odd prime. Later we will often need to assume p > 5 but most
of the algebra works for p = 3 and some even apply when p = 2.

1. THE HOPF ALGEBRA BP,(CP%)

See [1, 9, 10] for background details on this section.
We will write CP = CPS°. Then as a BP,-module, BP,(CP) has a canonical basis dual to
powers of the canonical orientation x = 22" € BP,(CP),

BP*((CP) = BP*{BOaﬁI)ﬁQa .- }

where (2", B5) = 6, s and By = 1. The digonal coproduct is given by
or<n

Tensor product of line bundles induces a commutative B Py-algebra structure, making BP,(CP)
into a bicommutative B P,-Hopf algebra. To calculate the product structure we use the formal
group law
FX,Y)=FPP(X,Y)=X+Y +) a, XY
7,8

Setting /(X)) = Z@() 3. X", we obtain
(1.2) BX)BY) = B(F(X,Y)),

where on the left hand side the coefficient of X"Y* is §,.0s. If n is a natural number then
B(X)" = B([n]X),
where [n]X = [n|pX is the n-series. We alse have
BX) ™ = B([-11X),
where F([-1]X, X) =0 = F(X,[-1]X). In fact, for any non-zero q € Z,), we can make sense
of [¢]X and
B(X)? = B(la] X).
Now recall the Araki and Hazewinkel generators vy, w, € BPyn_o for which vg = wg = p
and
Vp = Wy, mod I,
where I, = (vg,...,vn—1) < BP,. The Araki generators are defined by the identity

F

(1.3) X = v x?".
k>0
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Notice that
F

(1.4) p1X =" uX? mod I,

k>n
Now we can read off some useful formulae for the 8,.. We have the equation
k
(1.5) B(p1X) = [ ] BloeX?)
k>0

and the congruences

(1.6) BX)” = B(p1X) = [] BrX?") mod I

kE>n
In particular we have
(1.7) By = v1 mod (p).
We can project off to E(1)-homology, and under the natural map
BP, — E(1), = BP,Jv;]/(vg : k = 2),

only the powers of v; survive.

2. SOME COACTION PRIMITIVES
Now we will consider coaction primitives. The coaction
p: BP.(CP) — BP.(BP)®pp, BP.(CP)

can be expressed neatly using the formlua

(2.1) pB(X) = (1 B)(xt(X)) = Y _(xt(X))* @ B,

k>0

where x: BP.(BP) — BP.(BP) is the antipode and t;, € BP,,x_o(BP) are the Adams
polynomial generators of

BP.(BP) = BP,[t), : k > 1]
and tg = 1; the series ¢(X) is defined by

F
HX) = tx?

k>0
Theorem 2.1 (Hansen, Smith, et al). The coaction primitives are given by

Ext);p (sp)(BPs, BP.(CP)) = Z, {31}

for each k > 1. Furthermore,
B = k!B, + (terms involving lower degree (3,.).

Proof. Since (31 comes from the bottom cell CP' = S2, it is unstably spherical and hence
primitive, so its powers are also primitive. The fact that ﬁf‘ is not divisible by p is most easily
verified in K-theory or equivalently E(1)-theory. It is standard that

0,2k
ExtBP

_(pp)(BP:;, BP.(CP)) © Q = Hy(CP; Q) = Q. 0
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Now let CP(?) = CPACP = CP> x CP%. In order to describe some primitives in BP,(CP?)),
we recall work of Knapp and others. In effect this can be done in K-theory by using the Hattori-
Stong theorem which has an analogue for each E(n) [3, theorem 3.1].

We define two families of primitives. From the second expression for it, the element

Xo=061®08 —6Bp®@ 1 == (6 ® B — 0] ®p1),

1

p!

is clearly primitive. We define another primitive of degree 2(p + 1)p™ by
2 2 2_ 2_

H:,ﬁf 1®1_B§p 1)/2®ﬂ§p 1)/2+1®5;f 1

and then inductively define

n

1 -
X, ==(XP_, - H”" 'X,_,) € BP,(CP?) g Q.
p

Setting
X = Z Tﬁ(ﬁ—r)p-i-r ® Brp+p—r € BP*(CP@)),
1<r<p—-1
we have the congruence
(22) 22 = 0 mod (p7 1)1).

In fact, each X,, € BP,(CP®)) and furthermore it satisfies the congruence
(2.3) X, = vgn_l+"'+p2+p(v2Xo +3) mod (p, v1).

Using these primitives, we follow Knapp [6] and Schwartz in defining yet another family.
For k > 1, let

k(p—1)—1=ro+rp---+rep?
be the p-adic expansion of k(p — 1) — 1. We define the primitive
Y = X" X7t X0
Now we need a condition on k. Writing the p-adic expansion of k as
k=ko+kip+--+ kep®,
we can consider the system of inequalities
(2.4) ko—12ki>2ky>- 2> ke 2 ke.

Kummer’s formula for the p-adic valuation of a binomial coefficient shows that (2.4) is equivalent
to

(2.5) (pkk_ 1) # 0 mod p.

Theorem 2.2. For k > 1, the primitive Y}, € BP,(CP®) satisfies the following congruence
modulo (p,v1):
Y, = vlg_Q(vQXg_z + (k- 1)Xg_32) if (2.4) is true,
0 if (2.4) is false.



3. STABLY SPHERICAL PRIMITIVES

Some of the Y; are known to be stably spherical, i.e., they are in the image of the BP-
Hurewicz homomorphism

bp: 3 (CP?) — BP,(CP?).

Theorem 3.1 (see [4, proposition 3.4]). Fach of Xo, X1, Xo is stably spherical, hence so are
all monomials in them.

Of course this implies that certain of the Y} are stably spherical, such as
Vi=XP2 Va=XP0X0, o, Yoy = XX,
all of which are non-zero mod (p,v1), while

(r+1)/2 5 (r=5)/

Yipt1)2 = Xy =0 mod (p,v1).

4. THE S! AND S! x S! TRANSFERS

The S'-transfer is a map of spectra tr: X*°CP — S~! whose domain we will denote by CP.
Smashing two copies together we obtainthe double transfer

try = tr Atr: CP® = CPACP — S7'A S~ 572,
Note that try factors through tr in two obvious ways.

S~LACP

tro 9

CP ACP

S
m /

CPAS!

It is an important fact that raises Adams-Novikov filtration by 1 since there is a factorisation
up to the first stage of the Adams tower. This means that in the ANSS Eo-term, tr induces
maps ES'(CP) — E5T71(S). Similarly, try induces maps ES'(CP®) — EST212(9).

. XICPACP
tro . e
- YCP et
y' tr N BN
S \ y-15pP Zfzﬁ@)
BP BP ABP BP A BP?

A less obvious fact is that there is also lifting up the Chromatic tower, so there is a corresponding
shift in the Chromatic SS. Both of these statements apply to tro, although the proof of the

Chromatic statement is more involved.
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5. THE S! x S! TRANSFER IN MORAVA K (2)-HOMOLOGY

We can now discuss how the map induced by tro behaves on when composed with projection
p onto Morava K (2)-theory, thus we determine some of the effect of the composition

0, (tr2)« 2,%
Tey: Extyl, p (BP., BP.(CPD) U pes, o (BP, BP)

2%
Lo Extily), i 2) (K (2)4, K(2)s).
Theorem 5.1. Fork > 1,

(k+1)  (1-k) . _
Tra(Y) = 5 + 5 Cohy1 if (2.4) is true,

0 if (2.4) is false.

Corollary 5.2. If p | k, then
TI‘Q(Yk) =0.

If k satisfies (2.4), then
1
Tro(Yy) = %p(ﬁk/l)'
If ptk and k does not satisfy (2.4), then

Tro(Yx) # p(Br/1)-

These results use the following formula which can be deduced from [7]:

k+1 k
P(Br/1) = —( 5 >91 + 5 G

We are also using Ravenel’s calculation [8] of the algebra
Ext} 9). k(2) (K (2)4, K(2)x) = K(2)+(C2, h1,0, h1,1, 90, 1),
where (2, h1,0,h1,1 € Ext! and 490,91 € Ext? satisfy the relations
h1091 = goh1,1,  hiogo = hi1g1 = hiohi1 = hig=hi, = (5 =0.
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