BRAVE NEW BOCKSTEIN OPERATIONS

ANDREW BAKER & ALAIN JEANNERET

INTRODUCTION

The picture of the stable homotopy category dramatically changed after the publication of [2]
and improvements in [5]. These new technics lead to an easy and conceptual definition of the
Bockstein operations associated to a quotient A of a commutative S-algebra R, see [5].

The aim of this paper is to discussed the algebra (and coalgebra) of operations associated to
R-modules and their relationship with the stable operations. Most of the results of this paper
are known to experts but the proofs are spread in various papers. Here we present elementary
proofs and give various examples.

1. BACKGROUND

In this paper we freely use the notation and terminology of [2, 5]. Let R be a commutative
S-algebra, with R, concentrated in even dimension, .#r be the category of R-modules and Zg
its derived category.

A R-ring is a ring A in the category Zr and

va: ANRA— A

denotes the product.

The functor A%(—) = Zr(—, A) defines a cohomology theory while AZ(—) = m,(AAR—)
defines a homology theory on either of the categories .#r or Yr. Let f: A — B be a map in
M. Then f induces homology and cohomology operations

[ AN (=) — BH(=),  f: AR(=) — Bi(-).
Also for any homology theory E(—) or cohomology theory E%(—) there are Ey,-module homo-
morphisms

fo: EXA) — E[(B), f*: ER(B) — Ej(A).
When A = B = FE it may very well happen that the operations f do not coincide with the
morphisms f, or f*.

Recall some further definitions. Let X and Y be R-modules and a € AR(X), b € AE(Y).
Then
a®@b=(pA1A1)o(1ATAL)0(aNb) € AR(X ARY),
where 7 denotes the switch map, and if x € AL(X), y € AR(Y), then
ry=po(xAy) € Ap(X ARY).
The Kronecker pairing
Ap(X) — Homy, (AR(X), A.)
is defined by
(x,a) =po(lAx)oa.
If A is commutative (up to homotopy) then
(z@y,a®b) = (r,a) (y,b),
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if A is non commutative then the situation is much more delicate, see Lemma 3.4.
We now consider quotients of the commutative S-algebra R. Let x € R4 be an element which
is not a zero divisor (recall that d is even). By construction R/z fits into the cofibre sequence

S4R % R 22, Rz 2 wiHIR,
Let p: R/x Ag R/x — R/x be a product, then any other product ¢’ on R/z is given by
o' =p+uoc(BADB)
for some u € mog49R/x, in particular for the opposite product
P =por=9+uo(BAP)

The symbol A°P will denote the ring A endowed with the opposite product (°P.
Let S = {x1,29,...} be a regular sequence in R, generating an ideal I < R.. We define the
R-module A = R/I or A= R/S to be the smash product taken over R:

;€S

(1.1) A= N R/
R

If we splice together all the products ¢; (on the various R/x;) we obtain a product ¢4 on A.
The product ¢4 as well as the ¢; are unital and associative up to homotopy; for details see [2, 5.

2. BRAVE NEW BOCKSTEIN OPERATIONS

Let A be defined as in (1.1). We first fix some notation. By construction R/x; fits into the
cofibre sequence
(2.1) 4R Y R P Ry D wdtIR
with d; = deg(x;). The composition
4 = p; o Bi: Rjz; — U R/z;
is an R-module morphism known as a Bockstein operation. We then define QQ;: A — A as g;

on the i-th smash factor and the identity on the others. With respect to the product ¢; on R/x;
and @4 on A, the operations ¢; and @Q; are derivations by [5], that is

(2.2) qi o @i = @i o (idAg; V g; Aid),
(2.3) Qiopa=pao(idAQ;V Q; Nid).

We will consider the map Q; € AL (A) more closely. A test spectrum for Q; is R/x;. From
the cofibration (2.1) we easily deduce that

0 — AR(R) 25 Ap(R/ai) 2 AR(R) -0
and
0 — AR(R) L2 AR(R/z) P2 AR(R) 0
are split short exact sequences of Af(R) = A,-modules. Writing 1 for the unit in A, (represented
by the natural projection R — A) and recalling that R,qq = 0, we find that there is a unique
element g; € A%(R/x;) for which p}(g;) = 1. Defining
e; = B (1) € AN (R/ay),
observe that e; is just the composite
(2.4) R/z; 25 $HHIR gy 25 wditl 4,
As a consequence
We write v; for (p;)«(1). Let & be the unique class in AF(R/x;) for which (8;)«(g;) = 1
(uniqueness follows from the fact that Roqq = 0), moreover deg(e;) = d; + 1. Therefore

AE(R/J}z) = A,y @ Asey.
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The Kronecker pairing
(= =) : AR(R/w;) — Homa, (AT (R/x:), A)

is easily seen to be an isomorphism. The basis {g;, e;} is dual to {v;,e;}. This follows from the
naturality of the pairing. For instance,

(eirei) = (B7(1),€i) = (1, (Bi)«(e1)) = (1, 1) = 1.

The same shows that (g;,v;) = 1. The equality (e;,7;) = 0 holds for dimensional reasons.

We now determine the action of the Bockstein maps Q;: A — X%+1A on the test spectra
R/x; and A. First we consider the case where we kill off a single element x € Ry, that is
A = R/z. In this situation

AR(A) = A,g @ Ase

with g = id: A — A and e = ¢: A — Y91 A. Here we find that ¢*(g) = e = ¢(g) and that
q*(e) =0 = q(e), that is
¢ =q: AR(A) — AR(A).

In the general case A = R/I with I = (x1,x2,...) we observe that the map R/z; — A
induces the vertical quotient maps in the following commutative diagram.

(R/z:)5(R/xi) —— Ru/(:)9: @ Ru/(xi)e:

! !

~

The map @Q; is induced by g; therefore, since ¢; = ¢} in R/x;-homology, we obtain
Qi = q;: Ap(R/z;) — AR(R/x;).

Moreover Q;(g;) = e; and Q;(e;) = 0. Thus the operation @; is non-trivial in the homotopy
category Zg.
Dually in homology, we find that

Qi = (¢:)+: AL(R/2;) — AX(R/x;),
Qi(ei) = vi and Q;(;) = 0.

3. THE OPERATIONS AND COOPERATIONS

In this section we describe A%(A) and A% (A) together with the various structures they carry.
By the definition of A in (1.1) together with induction and passage to the limit, there is an
isomorphism of A,-modules,

(3.1) AL(A) = Q) AT (R/wi) = Aa.(ai s w; € 5),
where «; is the image of €; under the map g;: R/z; — A which satisfies
deg(ay) = deg(e;) = d; + 1.

Here A4, (—) denotes an exterior algebra over A.,.
Dually we also have isomorphisms of A,-modules:

(3.2) AR(A) = R AR(R/z:) = Ax, (Qiwi € 8).
Here the completed tensor product is needed when the regular sequence S = {x1,x9,...} is
infinite. The first isomorphism is induced by the maps g;: R/x; — A, therefore @Q); is mapped
to e; under g7. Finally, A4, (—) denotes the completed exterior algebra.

The duality morphism

(3.3) (=, =) : A%(A) — Homy, (AR(A), A,)
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is an isomorphism which satisfies
1 ifi=y,
i\ ) = iy j) = o .
Qi) = (Qi, o)) {O if i # 3.
The same arguments as above show that

(3.4) AR(A AR A) (A) X A (A

(3.5) AH(AAR A ®AR
Now we consider the various structures on A} (A) and Af‘(A). First define 7 as

n: A=RAp AL Ang A

where 1: R — A (the projection) is the unit of A. The composition of R-module homomor-
phisms induces an algebra structure on A% (A). Thanks to the isomorphism of (3.5) the product
of z,y € A}(A) can be described as the composite

AL Apg A Apg A S A

So the product is given by
A) Q) AR(A) = AR( (AAR A) Lo A%(A).

It is also possible to define a coalgebra structure on A}(A). The coproduct is induced by ¢4,
that is

An(A) £4 A% (A AR A) (4) R Ap(4
In homology the product is induced by ¢4, i.e.,

(4) R AR(A) = AR(A g A) 25 AR (4)

and the coproduct by n, i.e.,

ARA) B AR(ANg A) = AR(A) Q) AF(4)

We can also define the same type of structures on A}‘%(AOP) and A*R(AOP).

By naturality of the Kronecker pairing, A}(A) is dual as algebra (resp. coalgebra) to the
coalgebra (resp. algebra) AF(A). The same holds between A%(A°P) and AR(A°P). Observe
however that none of A%(A), AR(A°P), A%(A) or A% (A°P) are Hopf algebras, for the following
reason. It is easy to check that 7 is multiplicative, since

ANg A —
nAnl nl
ANRANRANRA —— ANR A
commutes, where the bottom horizontal map is (o4 A pa) o (1 A7 A1). The problem is that

7 does not induced in cohomology and homology the usual switch map 71" on tensor product
T: VW — W®V. In fact the following diagram commutes.

AR(X) @ AR(Y) —— (AP)R(Y) ®(AP)5(X)
AG(X ARY) —— (A°P)5 (Y AR X)

A similar result applies in homology.
If A is commutative (up to homotopy), then A%(A) is dual to AF(A) as Hopf algebras.

Theorem 3.1. As algebras over A,
Ab(A) 2 Ay (Qi:w; € 5).

The Q; and the unit are primitives with respect to the coalgebra structure.
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Proof. The algebra structure is easily established. By construction, the @Q; anti-commute,
QiQj = —Q;Q;.
Therefore Aj(A) is an exterior algebra. For any ¢ the product
pit R/zi A R/z; — R/x;
induces a coalgebra structure on A} (R/x;) satisfying
©; (9:) = 9: © i,
i) =g ®ei+ e @ g;.

These equalities follow from the definition of ¢g; and e; in (2.4) and the derivation rule (2.2).
Then we paste all the A (R/x;) together to obtain the result. O

Recall that for any i there exists a well defined class u; € m.R/x; such that w?p = @;+u;o

(Bi A Bi)-
Theorem 3.2. As algebras over A,
AR(A®) 2 Ay, (Qi i € 5).
The Q; are primitives with respect to the coalgebra structure while the coproduct of 1 satisfies
ED) M =101+ u-Qi® Qi

Proof. The algebra structure of A%(A°P) is independent of ¢, thus A% (A°P) = A%L(A) as
algebras.

The product ¢;*: R/z; Ag R/x; — R/x; induces a coalgebra structure on A% (R/z;"), we
easily check that

(") (e:) = ¥ () + ei o uio (B A B;)
but e; ou; = 0, by (2.4) together with the fact that ¢; acts trivially on elements coming from
R,.. Now

() (9i) = € (9i) + gi o ug o (Bi A Bi)
=0, Qg +u; e Qe;.

The second equality follows from the definitions of e; and g;. Now we can paste all the A5, (R/z;")
together to obtain the result. O

The case of homology seems much more interesting.
Theorem 3.3. As algebras over A,
AR(AP)Y = Ay, (a2 € 9).
The «; and the unit are primitives with respect to the coalgebra structure.

We first restrict our attention to the case where A = R/x and z € Ry. We have the cofibre
sequence

R E RS AL witR,
Let ¢: AARA — A be a product and
P =por=p+uo(BAP)

for some well defined class u € Aggio.
The following Lemma is the crucial step in the proof of Theorem 3.3.

Lemma 3.4. For a € AR(X), b€ AR(Y), z € AL(X) and y € AR(Y), the Kronecker pairing
satisfies

(z,0) (y,b) = (z @y,a ®@b) — uf(:(a))B(y«(b))-
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Proof. The reader is encouraged to draw the diagrams corresponding to the following compli-
cated equalities.

(x,a) (y,b) =po(pAp)o(IAzALAY)o(aAD)
=po(lAhp)o(lApALl)o(LAzALAY)o(aAD)
=po(lNp)o(IAPPAL)o(LAzALAY)o(aAb)

—po(lAp)o(IA(uo(BAB)AL)o(LAzALAY)o (aAD).

The first equality follows from the definition, the second by associativity of the product and the
third by definition of the opposite product.
We consider separately the two summands of the last term. The first one is

po(IA@)o(1AE®PAL)o(1AzATAY)o(aAD)

=po(lANp)o(INeAl)o(IATAL)o(LAZALAY)o (aADb)
=po(lAhp)o(lApAl)o(LALTAZAYy)o(LATAL)o(aAD)
=po(lANp)o(pALTAL)o(1ATAZAYy)o(LATAL)o(aADb)
=po(lAhp)o(lAxzAy)o(@ALIAL)o(LATAL)o(aAD)
=po(z®y)o(a®b)
=(r®y,a®b).

The first equality follows from the definition of the opposite product, the second is obvious, the

third uses associativity of the product, the fourth is obvious, the fifth follows from the definition

of the exterior product in homology and cohomology and the last one is the definition of the

Kronecker pairing.
In the second summand,

wo(LAp)o (LA (uo(BAB))AL)o(LAxALAY)o (aADb)
=po(LAp)o(LA(uo(BAB))AL)o (zi(a) Ay(b))
=¢po(LAp)o(LAunl)o (Bi(ax(a)) A B(y«(b)))
= uBi(w«(a))B(y«(b)).

The first equality follows from the definition of an induced morphism, the second from the
definitions of induced morphism and induced operation while the last one is obvious. Now
combining these results, the Lemma is proven. O

Proof of Theorem 3.3. We first restrict our attention to the special case A = R/x with notation
as above. We have already shown that

AR(A) = Ay, (q)
as A,-algebras, where ¢ stands for the composite p o 3 and
AR(A%) = Ay (o)
as A,-modules with deg(a) = d + 1. Moreover {1, ¢} is the dual basis of {1,a}. Now to show

that Af(A°P) is an exterior algebra it is sufficient to prove that (z,a®) = 0 for any @ € A} (A).
We only need to consider the cases © = ¢ and x = 1. In general we have

(z,0%) = (z,pP(a @ a)) = {(¢*?)"(z),a @ a).
When x = q, since ¢ is a derivation with respect to any product on A we find
(©*)*(q) = ¢™(q) + (uo (BAB))*(q)
=q®1+1®q+qo(uo(BAP))
=q®1+1®yq,
since Agqqa = 0, ou = 0. Applying Lemma 3.4 we obtain

(@@L a®a) =uf(g(a))b(g(a)) = 0,
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since fo ¢ = 0. A similar calculation shows that (1 ® ¢,a ® a) = 0.
Next in the case x = 1, we have

<1,a2>:<1®1,a®a>+<louo(ﬂ/\ﬁ),a®a>.

We will show that the first summand is equal to u. The element 1 € A},(A) is represented by the
identity, hence because of Lemma 3.4 it suffices to show that f,(a) = 1 = f(«). As A, = R./(x),
the algebra AZ(A°) has A, in its center, thus the two homomorphisms p, p: A, — AZ(AP)
coincide. We have already shown that

(@) = g(a) =1,
so since p is injective it follows that
Bla) = Bi(a) = 1.
The second summand satisfies
(lLouo(BAP),a®a)=—u.
This holds since (i (a) = 1, the sign comes from the fact that the twist map
T SHANA — ANTIA

is a map of degree —1 since d is even.
Now consider the general case A = R/I and I = (x1,x2,...). For any 1,

O =0T =p; +uio (B AB).
The morphisms of R ring spectra R/x; — A induce ring homomorphisms
(R/x:){(R/2") — AF(R/7")
and we now easily deduce that as algebras over A,,
AP(R/aP) = A, (a0).
By construction of the product ¢4 on A, the elements o; commute to each other, therefore
AB(AP) = Ay, (a;: z € S).
The coalgebra structure follows easily from the naturality of the pairing
(z®@y,n(a)) = (- y,aq)
for z,y € A (A°P). Thus
na) = ®1+1®q
and n(1) =1® 1. O
A similar calculation establishes
Theorem 3.5. As algebras over A,
AR(A) = Aoy s xi € S)/(aF — ),
where the «; and the unit are primitives with respect to the coalgebra structure.

Remark 3.6. The R ring spectra A and A°P are usually not isomorphic because the rings
AE(A) and AF(A°P) are not isomorphic. As illustrated in the examples below, in some cases
A and A°P may be isomorphic as S ring spectra, i.e., there is a morphism of S ring spectra
A — A°P that is not a morphism of R ring spectra.
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4. SPECTRAL SEQUENCES

In this section we consider the two spectral sequences converging to A%(A) and AZ(A) re-
spectively. Here, as usual, A satisfies (1.1).
From [2], there is a multiplicative spectral sequence

5 = Exth (As, Ay) = AR(A).
We determine the E5*-term with the aid of the Koszul resolution of A.,:
(4.1) Ap,(wi:x; € 8) — A, — 0,
with differentials d(w;) = x;. The Ext module is the homology of the complex
Hompg, (AR, (w; : x; € S)) — 0.

Then we easily obtain
Exth (As, Ay) ZAg, (1525 € 5)
as Aj-algebras. For dimensional reasons, the differentials act trivially on the 7;, and so by

multiplicativity the spectral sequence collapses. It is not hard to identify the Bockstein ); in
this spectral sequence

Theorem 4.1. The cofibre E of Q; satisfies
7.(E) 2 R./(z1,29,...,22,...)

and the extension
0— A, — E, — A, —0
represents Q; in Exth (A, As).

Proof. By construction of the @); the following diagram commutes.

SR/ S R " R P Rz,
nodmlg 9, g E A
In homotopy it induces the diagram
0 R, 2 R, R./(xz;)) —— 0
0 A E, A —— 0

which shows that F is the push-out of the left-handed square, because the left vertical morphism
is the natural projection, hence E, has the desired form.
Observe that the extension

0—-A, — E, — A, —0

is classified by 7; € Ext}%*(A*, A,), where by construction, 7; is represented by the composition

@ Ruw; — Ruw; — A,

of the projection on the i-th factor and of the quotient map.
It remains to prove that @); is represented by 7; in the spectral sequence. First we consider
the spectral sequence for A% (R/x;):

o = Exty, (Ru/(2i), As) = AR(R/xi).

We have Exty (R./(;), Ax) = Ag, (1) and AL (R/x;) = Ay, (e;). The spectral sequence col-
lapses for dimensional reason and e; is represented by 7; because we do not have elements of
filtration greater than one and obviously it is not of filtration zero.
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For any quotient A of R, the Koszul resolution of (4.1) can be realized geometrically
C— \/Rwiwj — \/Rwi — A.
i,j i
This is the main ingredient in the construction of the spectral sequence in our cases. To show that
Q; is represented by 7; € Ext}%* (A, Ay), it suffices to compare the two geometrical resolutions

R R R/x;
A — \/Rwi R A
in which the left vertical morphism is the inclusion on the i-th factor. Now we easily deduce
the result. g

We now turn to homology and consider the Kiinneth spectral sequence of [2],
(4.2) EZ, = Torft (A, A.) = AE(A).
As in the cohomological case, we use a Koszul resolution to compute the E2-term. We obtain
Torf(A,, A,) = Ay, (t; - x5 € S).

In this situation the spectral sequence is known to be multiplicative by [1], and we easily deduce
that it collapses. Observe however that we do not need the multiplicative structure to show
that it collapses. We may proceed as follows.

Observe first that it is sufficient to consider the case where we kill off only a finite number of
elements in R, (this is legitimate because we are working in homology). In this case, the Koszul
resolution (4.1) is free and of finite type, this implies that the exact couples used to construct
the spectral sequences (in homology and in cohomology) are dual to each other and the modules
involved are free of finite rank. The collapse of the cohomology spectral sequence then implies
the collapse of the homology spectral sequence.

We can also consider the spectral sequence

(4.3) EZ, = Torf (A,, A%) = AZ(AP).
Similar arguments show that it collapses. Because A, = A, the spectral sequences (4.2)

and (4.3) coincide. In this example we see that even though the spectral sequence is multiplica-
tive we cannot recover Af(A) and AF(AP) from it.

5. SOME EXAMPLES

In this section we will be mostly interested in the morphism
F*: AR(A) = 9r(A, A) — A% (A) = Zs(A, A)
induced by the forgetful functor Yr — Zg. The problem is to determine under which con-

ditions the maps @); are non-trivial in the category Zs. We will also consider the dual map
F,: A,(A) — AE(A) induced from the evident natural transformation between the smash

product bifunctors
(=)A(=) — (=)A=).

S R
Throughout the section we will make use of the following remark.

Remark 5.1. Let S C S be regular sequences in R,. Then

» :Biésfg
R/S = R/SA /; R/x;.

If o: R/S — R/S is a morphism of R-modules then ¢ Aid: R/S — R/S is also a morphism
of R-modules, therefore we obtain a ring map

Ir(R/S,R/S) = R/S§(R/S) — Zr(R/S, R/S) = R/SH(R/S).
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If X C X are any sequences in R, then the inclusion X C X induces a morphism of R-modules
X"'R — X~'R. Thus we obtain the following lattice of ring maps.

Ir(X'R/S,X'R/S) —— Pp(X'R/S,X'R/S)

Ir(X'R/S,X'R/S) —— Pp(X'R/S,X'R/S)

We begin with the commutative S-algebra R = MU, the spectrum of the complex cobor-
dism [2]. Let p be a prime number and M Up) be the p-localization of MU; MU, is again a
commutative S-algebra satisfying

W*(MU(p)) = Z(p)[:vl,xg, .. .],

with deg(z;) = 2i. We can choose the generators z; such that x,_; is the i-th Hazewinkel
generator of BP,, we write v; rather than Tpi_q- Here we recall that BP is a summand of
MU(p) fOl" WhiCh

BP, = Z(p)[vl,vg, .. ] - MU(p)*
We consider the regular sequence S = {z; : i # p* — 1, i € N}. The quotient M Uip) /S is a
model for BP. Then we compute
BPiy,  (BP) = App, (K :zi € S).
We denote the Bockstein operations by K; rather than ;. Observe that the K; are trivial in
the stable category Zg since the ring homomorphism

F*: BPjy, (BP) — BP*(BP)

is trivial (in positive dimension) because BP°d4(BP) = 0. Therefore we will not be interested
in the generators K;. If BP were a commutative S-algebra (this is not known to be true at the
time of writing) we could start with R = BP and the situation would be cleaner.

Dually in homology and because BP is commutative

(5.1) BP"Y®(BP) = App, (ki : 2; € S)

and the the morphism
F.: BP*(BP) — BP."""(BP)
is trivial in positive dimension.
Let S = {t1,t2,...} be a regular sequence in BP, and let A be the quotient
A= MUy /{SUS}=BP N\ MU/S.
MU(p)
We have
wu,, (A) = Aa (K 2y € S)@Aa,(Qi: a; € 5).

Theorem 5.2. Let F*: AT\/[U(,)) (A) — A*(A) be the forgetful map. Then with the above nota-
tion, the K; are in the kernel of F* while the QQ; are not.
Proof. Let H denote the mod p Eilenberg-Mac Lane spectrum

H = K(Fy;0) = MU, /(p, 21,2,...) = BP \ MU,/ (p,v1,02,...).
MUy

We write BP/t; for BP \ MU, MU /t;. Since the mod p homology Hurewicz homomorphism
for BP is trivial, the cofibration
t; t; Pi ﬁz
S MUG) = MUG) 2 MUG) = -
induces for any ¢
(5.2) H*(Bp/tl) = H*(BP) ®A]Fp(€i)
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with (5;)«(e;) =1 and

MU MU
(5.3) H, "(BP/t;) = H, "(BP)® Ag, ().
A similar calculation to that in the previous sections shows that
(5.4) HP(BP) = Ag (ki 2; € S).

Here the ; of (5.1) and (5.4) correspond under the natural map
P (BP) — g (BP).
The products ¢; and ¢;* on BP/t; induce the same algebra structure on either H,(BP/t;) or
HBP(BP/t;), therefore the isomorphisms of (5.2) and (5.3) are isomorphisms of F,-algebras.
By induction we obtain the isomorphisms of F,-algebras
H.(A) = H,(BP)® A, (o : t; € S),

Hi\/[U“’)(A) = Ap,(ki:2; €85) @ Ap, (a; 1 t; € 5)7

where «; is the image of ¢; and the map
Fo: Ho(A) — =YY (4)

is the natural projection onto A, (c; : t; € S).

By definition of the Bockstein ¢;: BP/t; — BP/t;, we have (¢;)«(¢1) = 1. Therefore
Qi: A — A satisfies Q;(c;) = 1 and Q; is non-trivial in Zg. Thus we have proved that the
Bocksteins Q; are not in the kernel of the forgetful map F™: A}"V[U(p) (A) — A*(A). O

When A = H we have the following identification. The forgetful map
F*: Hipy, (H) — H*(H)

is a morphism of Hopf algebras and the element Q; € H]%f;f(pl) (H) is mapped to a non-trivial

primitive element in degree 2p’ — 1 in the Steenrod algebra H*(H), so it is the Milnor’s basis
element written (); and the image of F'* is the exterior algebra on such elements.
In homology we have

H.(H) = Fp[fl,gg, o ®A[F‘p(7'0,7'1, oY)

and 7; is dual to Milnor basis );. Therefore the map

Fo: H(H) — H.'"(H) = Ar, (a0, 1, ...) ® Ap, (ki : 2 € 5)

sends &; to 0 and 7; to ;.
So far we have that the Bockstein operations @); are not in the kernel of the forgetful map
F*: Ay, (A) — A*(4),

but we are not claiming that the latter is injective (this is false in general). For instance, consider
the p-local Eilenberg-Mac Lane spectrum

H(p) = K(Z(p); 0) = MU(p)/(xl,a:g, .. ) = BP /\ MU(p)/(Ul,Ug, .. )
MU
The map H(,) — H induces the commutative diagram

. =] " F* %
Az, (Ki 2 € 5) @ Mg, (Qi: > 0) —— (Hp))hu,, (Hp) —— (Hp)"(Hp)

! !

. = % F* *
AFP(Ki:xiES)®AFP(Qi:l>O) E— HMU(p)(H) —_— H (H)

and by construction the left vertical map identifies the corresponding K; and @Q; for ¢ > 0.

The bottom horizontal map is the injection into the exterior algebra generated by Milnor’s

elements. In degree 0 the diagram is just the mod p reduction. In positive degrees the image of
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Qi € (H(p))"MU(p)(H(p)) in (Hy))*(Hp)) is not trivial. By [4], in positive degrees (H,)*(Hp))
is torsion of order exactly p, so the image of pQ); is trivial and the map

F*: (Hp) o, (Hp)) — (Hep)" (Hg)

is not injective.
The dual situation in homology is quite interesting. In this case the map H, — H induces
the following commutative diagram.

Fy MU = .
(H(p))*(H(p)) E— (H(p)>* (p)(H(p)) E— AZ<p)(ai 11> 0) & AZ@)(’% X € S)

H, (H) Fi Hi\/[U(P)

In degree 0 the diagram is just the mod p reduction. In positive degrees the top horizontal map

is zero since by [4], (H,))«(Hy)) is torsion of order p and (H(p))*MU(”)(H(p)) is Zp free. The

right vertical map identifies the x; and «;. The map F} is the canonical surjection described
above. Since the composite 7, o F} is trivial, the image of 7, has trivial intersection with the
exterior algebra generated by the «;. This is consistent with the calculations of [4].

Now we consider the case of P(n) = BP /\MU<p) MUy /1, with I, = (p,v1,...,v,-1) and
let p = 2 (when p is odd P(n), is homotopy commutative and the situation is much simpler to
understand). Let ¢, be a product on P(n) compatible with the MU, structure. Then from [3],
the opposite product ¢, satisfies

prlp = Op + VpPn © (Qn—l A Qn—l)-
Also recall from [3] that P(n).(P(n)) is the quotient algebra
P(n).(P(n)) = P(n)y[ao, ..., an_1,t; :i >n]/(0? +tiy1 +vig1:i=0,...,n—1),

(H) = Ar, (i 112 0)® Ap, (ki 2 25 € 5)

where t;11 and v; are to be interpreted as 0 for ¢ < n. Similarly,
P(n)«(P(n)°?) = P(n)«[ao, ..., an_1,t; 13 >n]/(a? +tiy1:i=0,...,n—1).

We have determined that
MU,
P(n). " (P(n)) = P(n)ao, ..., an-1]/((af + vit1) @ Apg), (ki : i € S)

and
P(n)i\/lU(p)

where the maps

(P(n)°?) = Ap, (a0, .- s 1) @ Apgy, (ki 2 25 € 5),

MU(p) MU(?)
*

Ee: P(n)«(P(n)) — P(n)« " (P(n)), Fi: P(n).(P(n)®) — P(n). ™ (P(n)*)

are the natural projections.

Observe that since P(n)in“’) (P(n)) and P(n)yU(p)(P(n)‘)p) are not isomorphic as P(n).

algebras, P(n) and P(n)° cannot be isomorphic as MU, ring spectra. However, from [3] they
are isomorphic as ring spectrum.
In cohomology, the map

F*: P(n)mu,,, (P(n) = Apm). (Qo, -, Qn-1) ® Ap(n), (Ki : 2 € S) — P(n)"(P(n))

is trivial on the second factor and is the inclusion on the subalgebra generated by the Bockstein
on the first one.

As further example we consider the case where R = X' M U with X # (. It may very
well happen that the R-maps @Q); become trivial when regarded as maps in the stable category
95 (we have already proven that the @); are non-trivial in the category Zr). For instance, let
R= ’UrleU(p) and S = {vo =p,v1,...,0n,...}. Then A = K(n) is the n-th Morava K-theory
for which

K (). 2 Fplvn, v, ].
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According to Wolbert [6],
K ()i, (K() = K ()30, (K ()
where the latter is R R
Ak (Qi i # n)@Ag (), (Ki : i € 5).
We already know that the Bockstein @); for i < n are non-trivial in K(n)*(K(n)), in which
they generate an exterior algebra). We now prove that the map F*: K (n)}"M,U(p) (K(n)) —
K(n)*(K(n)) sends Q; to 0 when i > n.
For any spectrum X there is a natural isomorphism of K (n).-modules
(5.5) K(n)*(X) 2 lim K (n)* (X°),
(03
where the limit is taken over finite subcomplexes X¢ C X. Let ¢ > n. From the natural
isomorphism of (5.5), it suffices to show that Q;(x) = 0 for any x € K(n)*(X) with X finite.
Consider the spectrum
j#n,i
Cni=v,"BP N\ v,'MUgy,)/v;
vn ' MU

which satisfies
T4 (Cri) = Fplon, v !

n 7vi]'
The spectrum C), ; is equipped with a natural morphism of ring spectra o: P(n) — C, ;. If X

is a finite spectrum, then by Landweber exactness, the map « induces an isomorphism

Cri(X) 2 P(0)"(X) @) Cp.e

P(n)*

It is well known that an element of v; torsion in P(n)*(X) is also of v, torsion. Therefore if
y € C,, ;(X) with v;y = 0, then y = 0.

Let x € K(n)*(X) with X finite, we will show that Q;(x) = 0. By construction, @Q; = p; o (3,
where

220D, 2 G 2 K (n) 25 G

The class Q;(x) is the composite

X5 Kmn) 2 O 2 O,
but by definition
X ZKmn) 2 0 s Oy

is trivial, that is 8;(z) € C;; ;(X) is a v;-torsion element. By the remark above 3;(z) = 0 and so
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