SOME CHROMATIC PHENOMENA
IN THE HOMOTOPY OF MSp

ANDREW BAKER

Introduction.

In this paper, we derive formulae in Brown-Peterson homology at the prime 2 related to the
family of elements ¢,, € MSpg,,_5 of N. Ray, whose central role in the structure of MSp has
been highlighted by recent work of V. Vershinin and other Russian topologists. In effect, we give
explicit “chromatic” representatives for these elements, which were known to be detected in KO
and mod 2 KU-homology, and are thus “vi-periodic” in the parlance of [4] and [5]. In future
work we will investigate further the v, periodic part of MSp and discuss the relationship of our
work with that of B. Botvinnik.

I would like to thank Nigel Ray for many helpful discussions and large amounts of advice on
MSp (including severe warnings!) over many years; in particular, §5 in this paper was prompted
by his suggestions about the detection of ¢, in the classical Adams spectral sequence. I would
also like to thank Boris Botvinnik, Vassily Gorbunov and Vladimir Vershinin for discussions on
the material of earlier versions of this paper both during and after the J. F. Adams Memorial
Symposium and in particular for bringing to my attention Biihstaber’s article [2] which contains
related results.

§1 Some algebraic results on E,(MSp).
Let E be a commutative ring spectrum, and let 2 € E?(CP>) be a complex orientation in
the sense of [1]. Then the results of the following Theorem are well known.

Theorem (1.1).
a) The natural map j;: CP>® — HP*> induces a split monomorphism
B (HP>) 255 B (CP™),
and a split epimorphism
E.(CP®) 25 , (HP>),
of modules over E,.
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b) As an E. algebra,
E.(MSp) = E.[QF : k > 1],

and moreover the natural morphism of ring spectra j5: MSp — MU induces an embedding
of E. algebras

je: Eo(MSp) 2 E,(MU).

We will need explicit sets of generators for the E homology and cohomology of HP* and
MSp. Recall the canonical complex line bundle n — CP* and its E-theory 1st Chern class
cF(n) = 2¥; we have E*(CP>*) = E.[[z¥]]. Then the map j;: CP® — HP> classifies the
quaternionic line bundle n ®c HH — CP°, which has as its underlying complex bundle n + 7,
where U denotes complex conjugation. We define the E-theory 1st symplectic Pontrjagin class
of a symplectic bundle ( — X to be the negative of the E-theory 2nd Chern class of the complex

bundle ¢’ underlying ¢,
9" (0) = —2(C') € EY(X).

In particular we set p¥ = p¥ (&) € E4(HP>), where £ — HP® is the canonical symplectic line
bundle; this gives
jip® = pP(n+7) = —cf (nef (7) € BY(CP>).

We also have (as graded algebras over E,)
(1.2) E*(HP>) = E.[[p"]].

Now let the elements 82 € Fy, (CP>), n > 0, form the standard E, basis for E,(CP>°) as detailed
in [1]; this basis is dual to that of the monomials (z¥)™ in E*(CP°) under the Kronecker pairing

()
<(xE)T7ﬂsE> = 51“,37

where § is the Kronecker delta function. Also for any T, let T = [~1]g(T) be the —1 series for

the formal group law FE(X,Y) € E,[[X,Y]] associated to the orientation z¥ as described in [1];

notice that z2 = ¢ (7).

Now in E,(HP) we can define a sequence of elements v,, € Ey,(HP>), n > 0, by requiring
that these are dual to the (%)™

(13) <(@E)r77s> = 6r,s~

It is easily verified that a generating function for these elements is the series

(1.4) S (=TT )" = 1, BET™.

n>0 n>=0

Let iy : HP>™ ~ MSp(1) — X*MSp be the standard map, then we have

Theorem (1.5).

a) The elements 7, for n > 0 form an E, basis for E,(HP>).
b) The elements i1, yn+1 for n = 1 form a set of polynomial generators for the E, algebra
E,(MSp).
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From now on we set QF =iy ,v,11 € F4,(MSp).
We also need some information on the image of the ring homomorphism
J«: Ex(MSp) — E,.(MU). We have the two generating functions

QF(T) =) QFT"*' € E.(MSp)([T]),

5:QP(T) =Y .QET"* € E.(MU)[[T].

n>0
Recall from [1] the standard generators BE € FEs,,(MU), (for n > 0 and By = 1) for which
E.(MU) = E,[BF :n > 1],
and let BE(T) = Zn>0 BET"+1 The proof of the next result is left to the reader.
Proposition (1.6). The series j.QF (—TT) € E,(MU) satisfies the equation
QF(~TT) = —B*(1)B¥(T).
§2 Symplectic Pontrjagin classes in £ A MSp theory.

Recall that the ring spectrum MSp is universal for orientations for quaternionic bundles. The
universal orientation is induced from the class

eMSP: HP™ ~ MSp(1) — Z*MSp € MSp* (HP>).
We also have
(2.1) MSp* (HP>) = MSp, [[(""°"]].

Now let E be a complex oriented ring spectrum as in §1. Then the class p¥ will serve as a
universal orientation for quaternionic line bundles in E theory. We can consider the representable
cohomology theory (EAMSp)*( ) on either of the categories of CW spectra or spaces. As F,(MSp)
is free over F,, we have a Boardman isomorphism

(2.2) (B AMSp)*() = E.(MSp)®g. Ex( )

where ® denotes the completed tensor product with respect to the skeletal topology for infinite
complexes. From §1 and standard arguments about the map i; : HP*® — X*MSp, we have

Proposition (2.3). In (E AMSp)*(HP*) 2 E,(MSp)®g, E* (HP™) we have the identity
PP = QP (o).
For later convenience we also introduce the series

NE(T) = 3 NPT € B, (MSp)([T])

n>0
determined by the equation
(2.4) NP(Q¥(T)) =T.
Notice that N¥ = —QF modulo decomposables, and hence we can take the N to be polynomial

generators for E,(MSp).
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63 Detecting Ray’s element ¢, with a complex oriented cohomology theory.
In this section we again let E' be a complex oriented commutative ring spectrum. We will also
require the following assumption to hold:

TF: FE, is torsion free.

This condition is satisfied for the following spectra: £ = MU, BP, KU, HZ, which include all
those which we will be explicitly considering in this paper.

Now consider the space RP*°. Let p — RP* be the canonical real line bundle and \ =
p @r C — RP> be its complexification. Let w” = ¢f(\) € E?(RP>). Then we have

(3.1) E*(RP*) = E.[[w"]]/([2]5(w")),

where [2]5T denotes the 2 series of the formal group law associated to z%.

Now we will consider the space RP>® x HP> and apply the cohomology theory (£ AMSp)*( )
to it. Since both E.(MSp) and E*(HP*) are free modules over E,, we have the following
isomorphisms

(E AMSp)*(RP* x HP*®) =E, (MSp)® g, E* (RP*)& 5, E*(HP>),
(E AMSp)*(RP™ x CP*®) =E, (MSp)®p, E* (RP®)® g, E*(CP™).

Let & — HP®° be the canonical quaternionic line bundle. Then the quaternionic bundle
PRRE=A®c & — RP™ x HP™
is defined and so has a 1st symplectic Pontrjagin class in each of the theories represented by the

spectra MSp, F and E' A MSp.
In the ring (E A MSp)*(RP*° x HP°), we have expressions of the form

(3.2) pF(p@r &) = ¥ +w + D 0F(p")"*,
n>1
and
(3.3) PMIP(p @x €) = PV w4+ ) BYI(pMIP) Y,
n=1

where é\f € B4 (RP*°) and @,\{[Sp e MSp**(RP>). Upon applying the split monomorphism j;
these yield the following equations in (E A MSp)*(RP*>° x CP>):

(3.2') pP (A @cn) @ H) = ji |pF +w? + > 0 (pP)"+1 |,
n>1
(3.3) M (A @) @c H) = ji [MP +w? + ) gYSe(pMSRyntt )
n>=1
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Now recall from (2.3) that EMSP = Q¥ (pF). Thus we obtain

PMP (A @cn) @c H) = Q(jie” + w’ + ) 07(jTe")" ).
n>1

Recall from [6] the following construction. Consider the inclusion of the bottom cell
Sl =~ RP! «—— RP*. Then we can restrict p, \ — RP> to p;,A\; — RP! and obtain the
classes

oMSP(p; @p €) € MSp* (RP! x HP>),
and its image under j7,

oMP (N @¢ (n+7)) € MSp*(RP! x CP*).

By definition, Ray’s elements 6,, € MSp,,, s are given by

PP (p1 @m €) — = 0u(pM)"

n>1

in MSp*(RP! x HP*°), and we also have

MSp(()\l R 77) Rc H MSp _ Z 0 MSp
n>1

in (EAMSp)*(RP! x CP*). Stably, the smash product RP! A HP* is a retract of RP x HP®,
and this allows us to identify the above expressions with elements of MSp*(RP* A HP*) and
(E A MSp)*(RP! A CP>). We will also use the notation ¢,, = s, of [6].

We can factor the inclusion RP! «—— RP>* as RP! «—— RP? «—— RP*, and since RP? is
a Z/2 Moore space, we see that 20,, = 0. Under our assumption TF together with (3.1), we
thus have that 6, —— 0 under the E theory Hurewicz homomorphism MSp, — E,.(MSp).
Equivalently, the class pM5P((\; ®¢ ) @¢ H) — pM5P maps to 0 under the natural homomorphism
MSp*(RP' A HP™) — (E A MSp)*(RP! A HP>). Let

PMIP (N @c &) = pMP + > O (M5P)"
n>1

€ (E AMSp)*(RP? x HP>)

where B
0,, € MSp*(RP? A HP*) C (E A MSp)*(RP? A HP*)

is the image of OMSP ynder the map induced by the inclusion RP? «—— RP>. Now for any

spectrum F with F, torsion free there is an isomorphism F*(RP?) = F,_;/2F,_j induced from

Spanier-Whitehead duality. In particular, this applies to the cases F' = E A MSp, MSp that we

are dealing with, and thus we can interpret 6,, as an element of MSp,,,_5/(2) C E4,—2(MSp)/(2).

Let wo € E?(RP?) be the restriction of the generator w¥ € E?(RP>); note that wy = ¢ (\s).
We can now give our main calculational result.
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Theorem (3.4). Let u =¥ and u = x| satisfying

and
—uu,u+u € im |[E*(HP*) — (E' A MSp)*(HP*)].

Then under assumption TFE together with (3.1), we have the following identity in
(E AMSp).(RP? A CP®):

MSP((Ay ®¢ 1) ®c H)) + vt = 02 I :
o (e Sem) S B = NEr 5 o5 o ) Tog™ (0

and moreover this element is equal to jip™5P(ps @r &) — jT™M5P and lies in the image of the
natural map MSp* (RP? A HP*®) — (E A MSp)*(RP? A HP®>).

Proof. We need to recall some relevant facts. Firstly, we have
w3 =0 = 2w,.

Hence only the first order terms in wy are required. Secondly, we have the following formula for

formal derivatives: )
El/ArE
Q7' (N"(T)) = ————.
( (7)) NENT)

Finally, by definition,
0" (A2 ®c ) ®@c H) = —cP (A2 ®c 7+ A2 ®c 7).

But expanding this using the Cartan formula, we obtain

@E((M ®c n) @c H) = —C{E(AQ ¢ 77)0}150\2 ®cT)
= —FF (wo, u)FF¥ (w5, )

= —FE(wg,u)FE(wQ,H),

using the fact that A3 is a trivial line bundle. In this, we are setting u = cF(n) and u = ¥ (7).

We also require the following well known Lemma.
Let log”(X) € E ® Q[[X]] denote the logarithm series of the formal group law FZ.

Lemma (3.5). The formula
1

logP'(X) = ———
= X0

holds in E.[[X]], where FF(X,Y) = %FE(X, Y). Hence the logarithm of F¥, log®(X), has
coefficients in F,.

Proposition (3.4) now follows from these observations. O
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As a sample application of this, we consider the case of F = KU, i.e., complex KU-theory.
This allows us to determine the KO-theory Hurewicz images of Ray’s elements 6,, € MSpg,, 3.
Recall that we have KU, = Z[t,t71], where t € KU, is the Bott generator; this theory clearly
satisfies the condition TF. Corresponding to the standard complex orientation in KU*( ), the
formal group law FEV(X,Y) = X +Y + tXY; this has as its logarithm the series.

log"V(X) =t""In(1+tX) = #
k>1
Thus we have .
logV'(X) = A+ix)
Now the formula of (3.4) becomes
W9 U u

YEP(((A2 ®c ) @c H)) = pMP + +
o7 (M2 Gem) @ H)) = NEUT(MSP) | 10g"" (@)~ log™"'(X)

We also have

Thus we obtain

oMP (N2 ®c 1) @c H)) =
msp W2 U 7} u U
© +NKU(pMSp)[(1+t )+ (1 + tu)]

W9 —tu?

— ,MSp .
T NRTS) (1 )
trwo KU
NKU(oMSp)
MSp t'UJgNKU (pMSp)
NKU/(pMSp)

— pMSp +

The coefficient of ws(pMSP)™ in this series is f,,. Notice that we can write

N (pM5P)
NKU /(pMSp)

Z@l Ny (pMP)?r
2520 st(pMSp)Zs

(3.6) = pM5P 1 (mod 2).

From this result, we can immediately deduce that 52r_1 = 0 if » > 1. This suffices to prove
the following result which was conjectured in [6] and also follows from an unpublished result of
F. Roush which actually shows that 2,1 = 0 when r > 1. Let ko: MSp — KO, (MSp) be the
KO-theory Hurewicz homomorphism.
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Proposition (3.7). Forr > 1, we have in KOg,_7(MSp),
ko(f2,—1) = 0.

Proof. Let M(2) = S° Uy e! denote the mod 2 Moore spectrum and let n: S — S denote the
non-trivial element of ¢ together with the map S AKO — KO it induces; let M(n) = S°U,, e
be the mapping cone. Recall from [1] “the Theorem of Reg Wood”: there is a cofibre sequence

SYAKO L KO — KO A M(n) ~KU.
Now consider the exact diagram of abelian groups in which the rows are induced from the cofibre

sequence for 17 and the columns from the cofibre sequence for multiplication by 2:
KOg,_7(MSp) —— KOg,—7(MSp A M(2)) —— KOs,_s(MSp)

Ulepi ﬂl Ulepi

KOgT_g(MSp) — KOgT_g(MSp/\M(z)) — K08T_7(MSp)

|

KUs,—6(MSp A M(2))

Now 6,1 = 0 in the group KUg,_¢(MSpAM (2)) appearing in this diagram, and therefore we can
lift ko(#2,—1) in the group KOg,_7(MSp) to an element of the torsion group KOg,_7(MSpAM (2)).
But this means that ko(fs,_1) is the image of an element of KOg,._g(MSp), a torsion free group.
The only way that both of these can be true is if ko(f2,—1) =0. O

We can also see that for each n > 1,
Op = ggn =tNyp—1 (mod decomposables).
This of course shows that in the ring KU, (MSp)/(2), the elements ¢,, are algebraically indepen-
dent over KU, /(2).

§4 Some calculations in BP,(MSp).
We now consider the case of E = BP, the Brown-Peterson spectrum at the prime 2; we will
assume the reader to be familiar with [1] and [5] which contains detailed information on BP.
We begin with some algebraic Lemmas on the formal group law for BP. Recall that the
logarithm of FBF is the series

(4.1) log® (X) = 3" 6, X" € (BP, & Q)[[X]]
n>0
where £,, € BPy2n_1)®Q. The Hazewinkel generators are then defined recursively by the formula
(4.2) U = 20, — Z @kvik_k for n > 1.
1<k<n—1
We also have the following relation for the 2-series [2|gp(X):
BP

(4.3) 2lpp(X) =) v, X*"  (mod 2),

n>1

where as usual the symbol ZBP indicates formal group summation. We will need the following
well known facts about the formal derivative of the logarithm. The next result may be known to
others but we know of no reference.
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Lemma (4.4). We have the following congruence in BP,[[X]]:
log””'(X) =) o7 T'X* 7! (mod 2).
n>0
Proof. Let
logBP/(X) _ Z LnX2n_1
n>0
where L,, = 2™/, is an element of BPyn+1_5. We will show by induction upon n that
L,=v?""1 (mod 2).
For n = 0 and 1, the result is clear. Suppose that it holds for some n. Then we have
k
2n’Un+1 = L?’L—I—]. — Z 2n_kLk~U72l+1_k

1<k<n
— 2"t . . .
= vy (mod 2) by the inductive hypothesis.
Hence, the desired result holds for n + 1 and the Lemma follows. [
Our next result allows us to estimate the series [—1]gp(X) modulo 2. Again it is quite possibly
known to others.

Lemma (4.5). The following congruences hold in BP.[[X]]:

BP
(—1]p(X) = ) _[2"]sp(X) (mod 2)
n>=0
BP
S Xtme Y el TR (mod ),
n>1
T1yeee s Tn 21

where in each case the right hand side is an X -adically convergent series.

Proof. The sequence [2"—1]gp(X) is Cauchy with respect to the X-adic topology on BP, /(2)[[X]]
since the formal group differences of successive terms have the form [2"|gp(X) and by (4.3) the
leading term of this is that in X2". Hence, we see that the limit of this sequence is

BP

Z [QR]BP (X)a

n=0
giving the desired result. O

We are now in a position to calculate p™5P(((A\2 ®c 1) ®c H)) as an element of (BP A
MSp)*(RP? x HP>). Recall that we have from §3,

Wy [ U N u

NBP /(pMSp) lOgBP /(ﬂ) lOgBP /(X)

The ring of power series in u and uw which is symmetric with respect to the automorphism
interchanging these two elements is easily seen to be the power series ring on —uwu, hence we
can express this last quantity as an element of (BP A MSp)*(RP?)[[©®F]] by making use of
the fact that BY = —wm. Of course, this will be hard to do explicitly in general, but we can
extract sufficient information from our formula to enable us to make some interesting deductions.
Amongst these we have the following, which we leave the reader to verify. Recall that in BP,,
the ideal I, = (vg,v1,... ,v,) is invariant and prime (here as usual we set vg = 2).

@Msp(((Az ®cn) ®cH)) = pMSp +
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Theorem (4.6). For r > 1 we have in (BP A MSp)*(RP? x HP®>) the congruence:

W2

oM (e @) e H) = 9" + s

r—1 r
[0 (M) g (M)

(mod I, + (pMSp)QTH).
This allows us to deduce that

Y1 =v2 + 1Ny,
P2 = v3 + v2No mod Iy + decomposables,

and in general

Yor+1 = Upy1 + U Nor—1 mod I._1 + decomposables,
where the term “decomposables” refers to decomposables in the BP, algebra
BP.[Ng : k> 1].

85 Detecting Ray’s elements ¢,, in mod 2 homology.
In this section we will give a formula for the element in the group

Ext*™~? (F, HF,, (MSp))

(a part of the E5 term of the classical Adams Spectral Sequence for 7,(MSp)) which detects
N. Ray’s element 6,,, € MSp,,,,_5; here, A, denotes the dual Steenrod algebra at the prime 2,
and HF5 is mod 2 ordinary homology. For the case of m = 2n, we have ¢,, = f,,. Our approach
is to use the formulae we obtained in §4 to determine the image of 6,, under the composition

. 5
EXt(])BP*(BP) (BP., BP.(MSp)/(2)) —
Extpp_gpy (BP., BP.(MSp)) 5 Ext}" (F2, HF2,(MSp)),
in which § denotes the coboundary (of bidegree (1,0)) induced from the exact sequence of co-

modules
0 — BP, (MSp) =2 BP, (MSp) — BP. (MSp)/(2) — 0,

and p denotes the reduction map which has bidgree (0,0) and is induced by the morphism of
comodules

(BP,(BP), BP,(MSp)) — (HF,, (HF,) = A,, HF,, (MSp)).

From §4, we have as the generating function of the 5m the series

MSp Z 0,, MSp

m2>1

B 1 { U N U
NBP/(pMSp) logBP /( ) lOgBP /(u)
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with the notational conventions of our earlier sections. The coefficients of this series in pMSP lie
in ExtOBf;*(BP) (BP.,BP.(MSp)/(2)), and our first task is to calculate the series whose coefficients
are the elements

¥(0n) € BP.(BP) ®pp, BP.(MSp)/(2) (mod I?),

where ¢: BP,(MSp) — BP.(BP) ®pp, BP.(MSp) is the (left) coaction. To do this, we view
the above series as lying in the ring (BP A MSp)*(HP>)/(2) and the coaction as being a ring
homomorphism

(BP A MSp)*(HP*) % (BP A BP A MSp)* (HP™)
=~ BP, (BP) @pp, (BP A MSp)* (HP™).

We view the two factors of BP in the latter object as left (L) and right (R) indexed by these
letters. Then we obtain

MSp E : 9 MSp
m2>1

B 1 ul ul
~ NBPL/((,MSp) logBPL D + logBPL'(uL)

But now in (BP A BP)*(CP®°), the left BFZ and right orientations #3F% are related by the
following formula to be found in [5]:

BPL

2BPL — Zt BPR

k>0

(5.1) = t,(z®"7)*" (mod I).

k>0

Hence we have
BP,,

L _ Z tk(uR 2"

k>0
Now we also need to estimate log®"’(X) modulo I?, where

IZ(Uk:kZO)QBP*

is the ideal generated by all the vy, .
Proposition (5.2). In the ring BP.[[X]] we have the congruence

logPt ' (X)=1+unX (mod I?).

Proof. We proceed as in the proof of Lemma (4.4) and use the same notation. We must show
that for n > 2, we have
L,=0 (mod I?).
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For n = 2, this is an easy consequence of the formula

3
21)2 = L2 — U1

defining the Hazewinkel generator vo. An induction on n now gives general result. [

At this stage we have established that

5:3) VM) = ) L E
. & —'pJBPL/(pNBp) (1%-0153) (1 +viuk)
1 ul n ul
NBPLI(OMSP) | (14 0y 3y te(l)2) (101 Ysg ti(uf)?")
(mod I?),
where the second congruence is a consequence of (5.1). Notice that we have
(5.4) vO(pM) =
k N k
1 k>0 tr(u')? n > ko te(ul? )?
NBPL(@MSP) | (141 3oy oti(w)?) (141 304 o ti(u)?)
(mod T),
since o X
X =X+ kaXQ (mod I?)
k>0
by (4.5).

We still need to deal with the term NBPZ/(oMSP) which has to be expressed in terms of
NBPr/(oMSP) - By the formula of (1.6), we have

QBP<T2) = QBP(_TT)
= BBP(T)? (mod I)

= Z B,]?PQT%""2 (mod 1)
k>0

in the ring BP,(MU)|[[T]]. The coaction on this series is given by

w(QBP(T2)) _ Z BBP’BP(T)2k+2 ®BP* BEPQ
E>0

where the series BBY'BP(T) € BP, (BP)[[T]] is composition inverse of

BP
ZtkTQk = Z t, T2 (mod I).

k>0 k>0
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As NBP(Z) is the composition inverse of QBF(Z), we have

Y(INBP(2)) =3 12 @ (NBP(2))?"  (mod I),
k>0

and hence
(NPP(Z)) = NPT'(Z)  (mod I).

Using this result together with (5.4), we have
YO(pMP) =
1 ul L+ ul
NBErI(EMEP) | (1401 3550t (uf)?) 1+ > ko th (uf)?")

(mod I?).

Expanding carefully the term inside the square brackets yields

ul +ul = ka(uR)Qk (mod I?)
k>0

and therefore

Ym0 Uk(NPP (uf))?"

¢5(pMSp) NBPr/((MSp) (mod IQ)

since NBPr(pMSP) = BPr = ()2 mod I2.
Having calculated this, we are at last in a position to determine

5(fn) = B(w 1 ®1d)<§m)] (mod 1),

We need one further fact, namely that the right unit on the v,, has the form

nr(vp) = Z vktzk_k (mod I?).
0<k<n

We therefore obtain the following generating function:

~ MSpym _ §:k>otk(uR)2k
Z 5(Om) (MP)™ = 1 ® NBP/(oMSD) (mod TI)

m2>1

which when pushed into A, ® HF5,(MSp) yields

k
S s CF ® NHF2(pMSP)
1® NH]F2 /(pMSp) ’

where A, = F3[(x : k > 1] with (i being the conjugate of Milnor’s generator & € Ayr_;.

13
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The element 6, is detected in the classical mod 2 Adams spectral sequence for m,(MSp) by
an element which originates in the E5 term in the group

Ext} "™~ ? (Fa, HF,(MSp)) .

For low even values of m, these detecting elements are given in the following Table, obtained
using the symbolic algebra package MAPLE. Note that 0; = [(? ® 1] and 6, = ¢,,. Of course,

for n > 1, 65,41 is zero and hence detected by 0! The notation is that implied by the cobar
construction.

TABLE

e1:[GON +E 1]

02 [FRONINo+ (RN + QN+ (2 RNE+ (2 1]

©03: [(2Q NNy + (2 @ NINZ + (2 ® N5 + (2 ® N3N,
+¢3®@ NE Ny + (3 ® Ny + (5 ® No

@1 [ ® N Ns+ (@ NIN3 + (@ NsNy + ¢ @ N3Ny + (F ® N3N2
+ G ® Ny
+¢3® N+ (3 @ NZNy+ (2 @ NENZ + (3 ® N3
+EON+ERINI+ RN+ 1]
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TABLE (continued)

5 [(7 ® NsNu+ ¢ @ NsNJ +(F @ No + ¢ @ NiNg + (7 @ N1.NJ
+ (7 @ NiNFNy+ (§ @ NNy + (§ ® N3No + ¢ © N3 N3
+ ¢} ® N7No
+ (2@ Ng+ (2@ N2Ng + (2 @ NEN3 + (2 ® N2N;,
+ 2R N+ (2@ Ny + 3@ NNy + (G ® Ny

06 : [ @ Ny N2 + (2 ® NIN3Ng + (2 ® NyN,N2 + (2 @ N3NiN,
+ (7 ® N1N1o + (; ® N3Ng + (; @ Ni1 + (§ ® Ny Ny + (§ ® NgNo
+¢? ® NsNg 4 (2 @ N3N + (2 @ NsNZ + (2 @ NsN3 + (2 @ N1 N3
+¢2® Nigp+ (3 ® NENZN, + (3 ® N2 + (3 ® NP Ny
+ (3 @ N¥Ny + GG ® NINJ + (3 @ NEN; + (5 © NYNg
+ G @NENy+ (3@ NP+ (3 @ NfNy+ (3 ® NEN3 + (3 @ Ng
+ @ N2+ @ Ny

@71 [(F ® N11Na + ¢ @ NgNy + (§ ® NgNj + (§ ® N1N§
+ (7 ® NiN3 Ny + ¢§ ® NiNg + ¢ @ N3Ny + (§ ® N3Ny
+ ¢} ® N7Ng + (7 ® N5sNg + (§ ® N1 N12 + (§ ® N1 NJNg
+ (2 ® NsNZNg 4 (2 @ NsNoN? + (2 @ NsNZNy + (2 @ N5 N
+ (@ NsNZ + (2@ Niz + ¢ ® NN} + ¢ @ NoN3
+ 2@ N2Ny + (2@ N2NoN? + (2 @ N2NS + (2 ® N2Ny
+ (5 ® NiNg + (3 ® Nia + (3 ® N3Nj + (5 ® NEN3 Ng
+ (3 ® NaNZ + (3 ® N1 + (5 ® N3N + (3 ® NiNs
+ 5 © N{NG +C§ © N3 + (§ @ N
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TABLE (continued)

@8 : [(F ® N3NS + ¢ ® N13Na + (§ ® NgN3 + ¢ ® NgNg
+(§ ® N7 N3Ny + (7 ® NeNs + (7 @ NsNio + ¢ ® Nyp
+ (2@ NyN? 4+ ¢2 @ NyNj + ¢? @ NsNoN2 + ¢2 @ N5 N3
+ (7 ® N1 N3 + ¢ @ N1 Ny + ( ® N3NINg + (¢ ® NsNZNg
+( ® N3N1a + ¢ ® N1 Ny Ng + (§ ® N1NZNg + (7 ® N1 N3N
+ 2 @ NyNaN2 + (2 @ NsN3 + (2 ® NsNZ + (2 @ Ny NJ
+ ¢ ® NiN1iy + G @ N3NJN,
+ (2@ NNy + (2 @ NINZ + (2 @ N2NZN, + (2 @ NiNg
+ (3@ NZN, + (2 @ NZNJ + (3 @ N2NZ + (2 @ NEN4N,
+ 2@ NEN2Ng + 2 @ NAN} + (2 ® N2N2 + (2 ® N2N§
+G®Nu+ G N7
+ (2@ Ny + (2@ N{N? + (2 ® N{Ng + (2 ® N{NZN,
+ 3@ N{Ny + ¢ ® Ni + ¢ ® NyNs + (5 @ N§ + (5 @ Niz
+CON+ QN+ ON +CQNEN + (2 ® Ny
+ 1]

REFERENCES

[1] J. F. Adams, Stable Homotopy and Generalised Homology, University of Chicago Press, 1974.

[2] V. M. Bihstaber, Topological applications of the theory of two-valued formal groups, Math. USSR Izvestija
12 (1978), 177.

[3] V. Gorbunov & N. Ray, Orientations of Spin bundles and symplectic cobordism, to appear in Publ. RIMS
Kyoto University.

[4] H. R. Miller, D. C. Ravenel & W. S. Wilson, Periodic phenomena in the Adams-Novikov spectral sequence,
Annals of Math. 106 (1977), 469-516.

[6] D. C. Ravenel, Complex Cobordism and the Stable Homotopy Groups of Spheres, Academic Press, 1986.

[6] N. Ray, Indecomposables in Tors MSp, , Topology 10 (1971), 261-70.

MANCHESTER UNIVERSITY, MANCHESTER, M13 9PL, ENGLAND.
CURRENT ADDRESS:
GLASGOW UNIVERSITY, GLASGOW G12 8QW, SCOTLAND.

E-mail address: a.baker@maths.gla.ac.uk



