Chapter 4

Differentiation of vectors: solutions

Example 4.1 A particle moves with constant angular speed (i.e. rate of change of angle) w around a circle
of radius a and centre (0,0) and the particle is initially at (a,0). Show that the position of the particle is
r(t) = a(coswt, sinwt).

Determine the velocity and speed of the particle at time ¢ and prove that the acceleration of the particle
is always directed towards the centre of the circle.

Solution : Let 6 be the standard polar angle. Therefore the position of the particle on the circle can be
written as
r = (acosf,asinf) = a(cosb,sinb).
Also, 6(t) = w and so 0(t) = wt + C, where C is a constant. Since r(0) = (a,0) we want to have 6(0) = 0
and so we take C' = 0. Hence r(t) = a(coswt, sinwt) as required.
Differentiating with respect to ¢, we get
v =1 = a(—wsinwt,w coswt) = aw(— sinwt, coswt),

so that the speed of the particle is

v = |v| = aw/(—sinwt)? + (coswt)? = aw.

Further,

a=v=—aw’(coswt,sinwt) = —w?r.

The position vector r is directed outwards from the centre of the circle to the particle and so the acceleration
a = —w?r points in the opposite direction, that is, toward the centre as required. O

Example 4.2 Find the velocity of a particle with position vector r(t) = (cos? t,sin? ¢, cos 2t). Describe the
motion of the particle.

Solution : We have
v = (—2costsint,2sint cost, —2sin2t) = sin 2¢(—1,1, —2)

and

a=2cos2t(—1,1,-2).
Since the velocity is always parallel to vector (—1,1,—2), this means that the motion is in a straight line,
also parallel to this vector. In fact, using the identities cos®>¢ = 1 — sin®¢ and cos2t = 1 — 2sin® ¢, we can
rewrite the position of the particle as

r=(1,0,1) +sin?t(—1,1, -2).



Further, since sin?¢ has values in [0, 1] only, the particle moves to and fro along the line segment joining
(1,0,1) and (1,0,1) + (—1,1,-2) = (0,1, —1). O

Example 4.3 Find the tangent vector and the equation of the tangent to the helix
x=cosf, y=sind, z=0, 6¢€]0,2n),

at the point where it crosses the zy-plane.

Solution : The tangent vector to the helix is
d . .
T = @(cos 0,sin0,0) = (—sinb,cosb,1).

and the unit tangent vector is

f_ (—S?HQ,COSQ,].) _ (—siné, cosh, 1) :i(—sinﬁ,cos&l),
|(—sin®, cos,1)] V/sin? 0 + cos2 0 + 1 V2

The helix crosses the ay-plane when z = 0 = 0, that is at (1,0,0), and the tangent vector at this point is
(0,1,1).
The equation of the tangent to the helix at this point is hence

r=(1,0,0)+£0,1,1), teR.

O
Example 4.4 Find the gradient of the scalar field f(z,y,z) = 2%y + z coshyz.
Solution : We have
0 0 0
—f = 22y + coshyz, —f =22 4+ zzsinhyz, —— = zysinhyz.
oz Jy ox
Therefore,
grad f = (22 + coshyz, 2% + xzsinh yz, 2y sinh yz).
O

Example 4.5 Let r = (x,y, ) so that r = |r| = /22 + y? + 22. Show that
V(") = nr"r,

for any integer n and deduce the values of grad(r), grad(r?) and grad(1/r).



Solution : We have

n d 2 2 2\n/2
5 = %(x +y°+27)
:2a:g(a:2+y2+z2)"/2_1

= nar™ 2.

Then, using the symmetry of » with respect to x, y and z, we get

gyr" =nyr" 2 &r" =nzr" 2
and thus
V(") = <(,%(r"), (%(r"), %(r")) = (nar" 2 nyr" =2 nzr" %) = nr" " 2r
Hence
grad(r) = V(r) = 1r' ?r = ;,
grad(r?) = 2r*~?r = 2r,
and

grad(1/r) = V(r 1) = (=1)r 17%r = —r /73

g
Example 4.6 Determine grad(c - r), when ¢ is a constant (vector).
Solution : Let ¢ = (c¢1,¢2,c3) so that
grad(c-r) = grad(c1z + coy + ¢22)
_ [O0(c1z + coy + c2z) O(c1x + oy + c22) O(c1w + coy + Ca2)
B Ox ’ Oy ’ 0z
= (¢1,c2,c3) = c.
g

Example 4.7 Find the directional derivative of f = 2%y2? at the point P(3, -2, —1) in the direction of the
vector (1,2,2).

Solution : The unit vector with the same direction as (1,2, 2) is

(1,2,2) 122
u=————>=>-——=(-,-,-|.
V12 22 4 22 333
Hence the required directional derivative is

122

u-Vf= <§, 3’ §> . (2xyz3, 223, 3x2y22)

1 . .
= §(2xy23 + 20223 4 62%y2?).
At the point P, this gives
1
g—f(& -2,-1) = 5(12 — 18 —108) = —38.
u



Example 4.8 Show that the divergence of F = (z — y2, 2, 2%) is positive at all points in R3.

Solution : We have

o O0@—y?) 0z 0(2°)
dlvF—iax +3_y+ P

=14+0+322=1+32%

Hence for every (z,y,z), divF > 1 > 0.

Example 4.9 Find the values of n for which V2(r") = 0.

Solution : We have r = /22 + 92 + 22 and so from Example 4.5,

8 n
gx = nar" 2
Therefore,
2(n
—88(; ) =nr""% 4 nx(n— 2)ar" 4

=nr" " (r? + (n — 2)2?),
and because of the symmetry in r with respect to x, y and z, we also have

82 (7"”)
oy?

62 (,,,n)
072

_ nrn74<7,.2 + (TL _ 2)y2)7 = nrn74 (7‘2 =+ (TL . 2)2’2)

Taking the sum of these we get
V2 (r™) = nrn? (37“2 +(n—2)(2® +y* + z2))
=n(n+ 1)r" 2

Hence V2(r™) = 0 if and only if n = 0 or n = —1.

Example 4.10 Determine curl F when F = (22y, zy? + 2, 2y).

Solution : We have
i j k
9 92 9
ox dy 0z
x2y ny +z a2y
=(z =i+ 0-yi+ @y -2k
=(z—1,—y,y* —2?).

curl F =

Example 4.11 If c is a constant vector, find curl(c x r).



Solution : We have r = (z,y, 2) and let ¢ = (¢1, ca, ¢3). First, we calculate

i j k
cXr=|cg ca c3|=(caz— c3y,c3x — 12,1y — C2T).
r Yy oz
Then,

i j k
0 0 0
1 = — — —
curl(c x r) B 3y ER

CoZ — C3Y C3Tx —C1Z2 C1Y — C2X

=(c1 = (—c1))i+ (c2 — (—c2))j+ (e5 — (—e3))k
= 2c.

Example 4.12 Prove the identities

(i) curlgrad f =0, (ii) curl(fF) = fcwlF +grad f x F, (ili) div(fF)= fdivF + (grad f) - F

Solution : We have (i)

i j k
o d 0
curlgrad f = e 8_y EP
fo fy f:
= ((fZ)y - (fy)Z)l + ((fT)z - (fZ)T).] + ((fy)T - (fr)y)k
=(0,0,0) =
and (ii),
i j k
0 0 0
curl(fF) = % a—y &
I [l fF3

= ((fF3)y — fF2 )2)i+ ((fF1): — fF3) )i+ ((fF2)e — (fF1)y)k

= fI((F3)y — (F2)2)i+ ((F1): — (F3)2)i + ((F2)s — (F1)y)K]
(fJF3 sz2)1+(sz1 fTFS) (fTFQ fyFl)k

i j k

fo [y [:

F F Fy

= feurlF +grad f x F,

= fcurl F +

as required.

Example 4.13 Let F = (2%y,yz, 2 + 2). Find
(i) curlcurlF, (ii) graddivF.



Solution : We have

i j k
|19 9 9 | 2 5
curl F = 9z oy 02 =0—-y,0-1,0—2%) = —(y,1,2°),
x2y yz T+ =z
and (a2 5 5
divF = (z y)+ (yz)+ (x+z):2xy+z+1.
ox Jy 0z
Hence (i),
i j k
o 0 0
curlcurl F = — 9z oy oz =—(0-0,0—-22,0—-1)=(0,2z,1),
Y 1 22
and (ii),
grad divF — 02xy + z + 1)’ 0Q2xy + z + 1)’ 02zy +2z+1) — (29,22,1).
ox dy 0z

Example 4.14 Let r = (2, y, z) denote a position vector with length r = y/22 + y? + 22 and ¢ is a constant
(vector). Determine

(i) div(r™(c xr)), (i) curl(r"(c x r)).

Solution
i j k
cXr=|c; ¢y c3|=(caz— c3y,c3r — C12,C1Y — CoT).
T Yy oz

(i) Using the identity div(fF) = fdivF + grad(f) - F, and setting f =™ and F = ¢ X r gives

div(r"(c x r)) = r"div(c x r) + grad(r") - (c x r)
=04+n""?r-(cxr)
= 0.
This uses the result from Example 4.5, and the fact that ¢ x r) is perpendicular to r.
(ii), using the identity curl(fF) = fdivF + grad(f) x F gives
curl(r™(c x r)) = r" curl((c x r)) + grad(r") x (c X r)
"Zrx (cxr) (by Ex 4.10 and 4.5)
=2r"c+nr" " %((r-r)c — (r-c)r) (by the vector tripple product)

=(2+n)r"c—nr"2(r-c)r

=r"2c+nr



