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The W3 algebra

im (m2 — 1)

[Lm, Ln] = (m - ’I’L) Lm+n + 5m+n,0 192

[Lin, Wo] = (2m — n) Wign
(W, Wa] = (m — n) [115 (m+n+3)(m+n-+2)— é(m+2)(n+2) Lunin

+B8(m—n)Amin + Omtn,05= (m2 — 1) (m2 — 4)

360
where
[(n—1)/2]
An= > LpLap+ Z Ln_pLy+7(n) Ly,
p=—00 p=[n/2]

16
P=%35e and W= {_
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Introduction
L]

Null states and modules

> Highest-weight state |h, w), descendant states L_; |h,w), W_1 |h, w),
etc.

Level 0 | |h,w)

> Verma module V: | Level 1 | Ly |h,w), W_y|h,w)

Level 2 | L_s|h,w),W_2 |h,w),
L2, |hyw) , W2, |h,w), LoaW_y |h,w)

> A descendant state |N) is null if L, |[N) =0 for all n > 0.

> Irreducible module: L = V/{|N)}

l
Z Z «) Ow(m n)+prai+psaz

r,s=—00 weW(ag)
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Characters

Virasoro partition function on a torus (¢ = exp 2miT):

7 = TI'H( Lo— Lo— ) ZNh i XLV‘L’V‘ Lvir

where the Virasoro character is

My ir _ Lo—37
X - Teru- q '
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Characters

Virasoro partition function on a torus (¢ = exp 2miT):

7 = TI'H( Lo— Lo— ) ZNh i XLV‘L’V‘ Lvir

where the Virasoro character is

XIMVM — TYMW,, (qLO*ﬁ) .
W partition function:

2mizWo Lg— & L L
Z =Try, (e Og~0 21 -barred) = E Ny wihyo Xhow Xiw

h,w; h,®
with W3 character
= Tr,, (627rizW0 qL 75)
- Lo_i Lo_i (27I"LZ) 2 Lo_i
=Tr,,lq + 2miz Tr,, ( Wogq +T Wsq + ...
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Character calculations
L]

‘Brute force’ results

Example: contribution of the state L_3 |h, w) to Tr(Wp)

WoL_o ‘h, w) = (L72W0 + 4W72) |h,w) =wL_o |h, w) +4W_o |h, w)
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Character calculations
L]

‘Brute force’ results

Example: contribution of the state L_3 |h, w) to Tr(Wp)

WoL_o ‘h, w) = (L72W0 + 4W72) |h,w) =wL_o |h, w) +4W_o |h, w)
Results:
Try, (WOqLofﬁ) = qii (wqh + 2wqthl + 5wqh+2 + 10wqh+3 + 20wqh+4 4 .. )
2 Lo—& - 2 h 2 4 ht1
TrV(W 0— 24):q P71 (wq +(2w +22+5C(32hfc+2))q + ...
Tr (W?’qLo—i) — g5 (0P + (20° + 22 (32h—c+2)) " +
v 22 4 5¢ "
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Character calculations
[ Jele}

Results from null states

Null state condition: Tr, (NOqLO*ﬁ) -0
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Character calculations
[ Jele}

Results from null states
Null state condition: Tr, (NoqLO’ﬁ) -0
Example:
Try (LopLpg™ 5) = ¢"Tr, (LpLpg™~51)
= " Ty (LopLypa™ 3) + " Try ([Ly, Lyl ™07 F1)

P c
= qu TrL([QpLo + %p (p2 - 1)} qLoiﬁ)

ie. if No =230 o) L_pLy, then, using D := g + 57 = Lo,
_ rq’ Lo— & (¥’ —»p) LO—L)
0—2;1_qurL(L0q 24) 122 g rL(q 24

pq c p’q
—qP dq 12 = 1—gqgP

=
p>1
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Character calculations
[o] le}

Results from null states

Three-state Potts model: ¢ =4/5, and

1 1 2 2 2 /26 2
(h,w) = (0,0), (15 *5 1%>,<37i9 15>7<570>~

At level seven, this model has a null state with zero mode

9 6
N2 = LoWo — —
0 121 Wo + o5 55 0Wo — GosWo +

Substituting this into the null state condition gives

d’ 2 d 1 14 e
0 2 2 T (Wod™
{q dq> ( 3 2) dq (12 Z 225 4)] Lo

This has solutions

_c 1 2 L
Lo—z3) =42,/ 2 415
Trr (qu ) 5V 195 ¢

M‘ﬁ

T (14 46q + 74¢° +192¢° — 121¢* +...)

(26 + 143q + 142¢° + 214¢° — 22¢" +...)
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Character calculations
[e]e] ]

Results from null states

Similarly, there is a level six null state with zero mode

95 5 14
N =W - L3+ =L — —Lo+...
wo 170t gto T gt

that leads to Tr (quLO*i) =D {TrL (qLO*ﬁ)}, which we can solve:

LN e 4352 , 3064 5 . 50864
W5 g™ 24): = <12 + Tyt e q6+...>

b (2, 4232 22868 , 227216
15795 157957 " 3159 ¢ T 5265

(

( )

(quLo_ﬁ) _ q% & ( 104 =~ 3146 365224 5 = 279764 5 4. )
( )

1215 121577 15795 ¢ T 3159

28 256 o G872, 20092 ,  GIST2 5
1397 713 65 ¢ 65 ¢ 65 4 T
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Character calculations
[ Je]ele]

Exact results for Verma modules

> For Tr,, (WOqLO_ﬁ), we need to consider

WoP |h,w) = [Wo, P] |h, w) + wP |h, w)
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Character calculations
[o] Je]e]

The W3 algebra - a reminder
[W,ABCD..]=[W,A]BCD...+A[W,B|CD...+ AB[W,C]D... +...

[Lin, Ln] = (m —n) Liypqn + 5m+n,o%m (m2 — 1)

[Lim, W] = 2m — n) Wign

(Won, W] = (m — 1) [i(m+n+3)(m+n+2)—%(m+2)(n+2) Linsn

15
+ B8 (m —n) Amtn + Omtn,0 %m (m2 -1) (m2 —4)
[(n=1)/2] o
An = Z LpLn—p + Z Ln—pLp +~(n)Ln
p=—o00 p=[n/2]
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Character calculations
[e]e] o]

Exact results for Verma modules

> For Tr,, (quLo’i), we need to consider

WOP |h7 ’LU> = [Wo,'P] |h7w> +wP |h7 w>
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Character calculations
[e]e] o]

Exact results for Verma modules

> For Tr,, (quLU’i), we need to consider

WOP |h7 ’LU> = [Wo,'P] |h7 w> +wP |h7 w>

and so we find

c c 1 w hiﬁ
Lo—ﬂ) —wgh 2 L
TTV (qu wq pH>1 (1 _ qp)Q ¢ (q)?

= qhiﬁ (w + 2wq + 5wq2 + 10wq3 + 20wq4 + .. )
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Character calculations
[e]e] o]

Exact results for Verma modules

> For Tr,, (quLU’i), we need to consider

WOP |h7 ’LU> = [Wo,'P] |h7 w> +wP |h7 w>

and so we find

c c 1 w hiﬁ
Lo—ﬂ) —wgh 2 L
TTV (qu wq pH>1 (1 _ qp)Q ¢ (q)?

= qhiﬁ (w + 2wq + 5wq2 + 10wq3 + 20wq4 + .. )

> For Tty (quLO*i), things are slightly more complicated:

WEP |h,w) = w’P |h,w) + 2w[Wo , P] |h, w) + [Wo, [Wo , P]] |h, w)
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Character calculations
[e]e]e] ]

Exact results for Verma modules

4 pp—4
w+15pz:

h— < 2.p P qu
_ TR 448y 2L op oy (p) -2 Py
B0k 2 -7 TN

p—1
pq” q¢®  [p(2s—p)  s(3s—2p)
vep s > () o

p>1 s>p/2

Characters of the W3 algebra



Character calculations
[J

Summary

> A series expansion for Tr,, (WOqLO*i) was found by brute force.
Tr, (quLU’i) was found as a series expansion for the Potts model.

Try, (quLo_ﬁ) was found exactly for any model.

— These all agree!
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Character calculations
[J

Summary

> A series expansion for Tr,, (WOqLO*i) was found by brute force.
Tr, (quLU’i) was found as a series expansion for the Potts model.

Try, (quLo_ﬁ) was found exactly for any model.

— These all agree!

> A series expansion for Tr,, (WOZqLO*ﬁ) was found by brute force.

Tr,, (quLO’ﬁ) was found exactly and as a series expansion for the
Potts model.
Try, (quLO’ﬁ) was found exactly for any model.

— These all agree!
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Character calculations
[J

Summary

> A series expansion for Tr,, (WOqLO*i) was found by brute force.
Tr, (quLU’i) was found as a series expansion for the Potts model.

Try, (quLo_ﬁ) was found exactly for any model.

— These all agree!

> A series expansion for Tr,, (WOZqLO*ﬁ) was found by brute force.

Tr,, (quLO’ﬁ> was found exactly and as a series expansion for the
Potts model.
Try, (quLO’ﬁ) was found exactly for any model.

— These all agree!

> Higher powers Tr,, (WO”qLO 24) were found as series expansions for any
model.
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Thank you!
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