THE K-THEORY OF FREE QUANTUM GROUPS

ROLAND VERGNIOUX AND CHRISTIAN VOIGT

ABSTRACT. In this paper we study the K-theory of free quantum groups in the
sense of Wang and Van Daele, more precisely, of free products of free unitary
and free orthogonal quantum groups. We show that these quantum groups
are K-amenable and establish an analogue of the Pimsner-Voiculescu exact
sequence. As a consequence, we obtain in particular an explicit computation
of the K-theory of free quantum groups.

Our approach relies on a generalization of methods from the Baum-Connes
conjecture to the framework of discrete quantum groups. This is based on the
categorical reformulation of the Baum-Connes conjecture developed by Meyer
and Nest. As a main result we show that free quantum groups have a y-element
and that v = 1.

As an important ingredient in the proof we adapt the Dirac-dual Dirac method
for groups acting on trees to the quantum case. We use this to extend some
permanence properties of the Baum-Connes conjecture to our setting.

1. INTRODUCTION

A classical result in the theory of C*-algebras is the computation of the K-
theory of the reduced group C*-algebra C}(FF,,) of the free group on n generators by
Pimsner and Voiculescu [24]. Their result resolved in particular Kadison’s problem
on the existence of nontrivial projections in these C*-algebras. More generally,
Pimsner and Voiculescu established an exact sequence for the K-theory of reduced
crossed products by free groups [23], [24]. This exact sequence is an important tool
in operator K-theory.

The K-theory of the full group C*-algebra Cf(F,,) was calculated before by Cuntz
in a simple and elegant way, based on a general formula for the K-theory of free
products [10]. Motivated by this, Cuntz introduced the notion of K-amenability for
discrete groups and gave a shorter proof of the results of Pimsner and Voiculescu
[11]. The fact that free groups are K-amenable expresses in a conceptually clear
way that full and reduced crossed products for these groups cannot be distinguished
on the level of K-theory.

The main aim of this paper is to obtain analogous results for free quantum groups.
In fact, in the theory of discrete quantum groups, the role of free quantum groups
is analogous to the role of free groups among classical discrete groups. Roughly
speaking, any discrete quantum group can be obtained as a quotient of a free
quantum group. Classically, the free group on n generators can be described as the
free product

Fo,=Zx---%x7Z

of n copies of Z. In the quantum case there is a similar free product construction,
but in contrast to the classical situation there are different building blocks out of
which free quantum groups are assembled. More precisely, a free quantum group is
of the form

FU(Py) % - xFU(Py) * FO(Qq) * - - - *x FO(Qy)
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for matrices P; € GLy,,(C) and Q; € GLy, (C) such that Q;Q; = 1. Here FU(P)
and FO(Q) are the free unitary and free orthogonal quantum groups, which were
first introduced by Wang and Van Daele [34], [29] with a different notation. The
special case | = 0 and P, = --- = P, = 1 € GL(C) of this family reduces to the
classical free group Fy on k generators.

In order to explain our notation let us briefly review some definitions. Given
a matrix @ € GL,(C), the full C*-algebra of the free unitary quantum group
FU(Q) is the universal C*-algebra C{f (FU(Q)) generated by the entries of an n x n-
matrix u satisfying the relations that v and QuQ ' are unitary. Here @ denotes
the matrix obtained from w by taking the transpose of its adjoint. The full C*-
algebra CF(FO(Q)) of the free orthogonal quantum group FO(Q) is the quotient
of Cf(FU(Q)) by the relation v = QuQ~". Finally, the full C*-algebra of the free
product G x H of two discrete quantum groups G and H is the unital free product
CH (G« H) = Cf(G) « Cf(H) of the corresponding full C*-algebras, see [34]. That
is, the full C*-algebra of a free quantum group as above is simply the free product
of the C*-algebras Cf (FU(F;)) and C{ (FO(Q;)).

We remark that one usually writes Cf (FU(Q)) = A,(Q) and Cf(FO(Q)) = A,(Q)
for these C*-algebras, compare [5]. Following [33], we use a different notation in or-
der to emphasize that we shall view A, (Q) and A,(Q) as the full group C*-algebras
of discrete quantum groups, and not as function algebras of compact quantum
groups.

The approach to the K-theory of free quantum groups in this paper is based on
ideas and methods originating from the Baum-Connes conjecture [6], [7]. It relies in
particular on the categorical reformulation of the Baum-Connes conjecture devel-
oped by Meyer and Nest [19]. In fact, our main result is that free quantum groups
satisfy an analogue of the strong Baum-Connes conjecture. The precise meaning of
this statement will be explained in section 6, along with the necessary preparations
from the theory of triangulated categories. Together with the results of Banica on
the representation theory of free quantum groups [4], [5], the strong Baum-Connes
property implies that every object of the equivariant Kasparov category K K¢ for
a free quantum group G has a projective resolution of length one. Based on this,
we immediately obtain our Pimsner-Voiculescu exact sequence by invoking some
general categorical considerations [20]. As a consequence we conclude in particular
that the reduced C*-algebras of unimodular free quantum groups do not contain
nontrivial idempotents, extending the results of Pimsner and Voiculescu for free
groups mentioned in the beginning.

This paper can be viewed as a continuation of [33], where the Baum-Connes con-
jecture for free orthogonal quantum groups was studied. Our results here rely on
the work in [33] on the one hand, and on geometric arguments using actions on
quantum trees in the spirit of [31] on the other hand.

To explain the general strategy let us consider first the case of free unitary quan-
tum groups G = FU(Q) for Q € GL,(C) satisfying QQ = 41. It was shown by
Banica [5] that FU(Q) is a quantum subgroup of the free product FO(Q) * Z in
this case. Since both FO(Q) and Z satisfy the strong Baum-Connes conjecture [33],
[12], it suffices to prove inheritance properties of the conjecture for free products of
quantum groups and for suitable quantum subgroups. In the case of free products
we adapt the construction of Kasparov and Skandalis in [14] for groups acting on
buildings, and this is where certain quantum trees show up naturally. An impor-
tant difference to the classical situation is that one has to work equivariantly with
respect to the Drinfeld double D(G) of G.

The quantum group FU(Q) associated to a general matrix @ € GL,(C) does not
admit an embedding into a free product as above. As in [33] we use an indirect
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argument based on the monoidal equivalences for free quantum groups obtained by
Bichon, de Rijdt, and Vaes [8]. This allows us to reduce to matrices @ € GL2(C),
and in this case one may even assume QQ = +1 without loss of generality. We
might actually restrict attention to 2 x 2-matrices throughout, however, this would
not simplify the arguments.

Let us now describe how the paper is organized. In section 2 we collect some
preliminaries on quantum groups and fix our notation. Section 3 contains basic
facts about quantum subgroups of discrete quantum groups and their homogeneous
spaces. In section 4 we introduce and discuss the notion of a divisible quantum
subgroup of a discrete quantum group. This concept appears naturally in the con-
text of inheritance properties of the Baum-Connes conjecture. Roughly speaking,
divisible quantum subgroups are particularly well-behaved from the point of view
of corepresentation theory. In section 5 we define the Dirac element associated to a
free product of discrete quantum groups acting on the corresponding quantum tree.
Moreover we define the dual Dirac element and show that the resulting ~y-element
is equal to the identity. In section 6 we review the approach to the Baum-Connes
conjecture developed by Meyer and Nest. We explain in particular the categorical
ingredients needed to formulate the strong Baum-Connes property in our context.
Then, using the considerations from section 5 and [33], we prove that free quantum
groups have the strong Baum-Connes property. Finally, in section 7 we discuss the
main consequences of this result. As indicated above, we derive in particular the
K-amenability of free quantum groups and establish an analogue of the Pimsner-
Voiculescu sequence.

Let us make some remarks on notation. We write IL(€) for the space of adjointable
operators on a Hilbert A-module £. Moreover K(£) denotes the space of compact
operators. The closed linear span of a subset X of a Banach space is denoted by
[X]. Depending on the context, the symbol ® denotes either the tensor product of
Hilbert spaces, the minimal tensor product of C*-algebras, or the tensor product of
von Neumann algebras. We write ® for algebraic tensor products. For operators on
multiple tensor products we use the leg numbering notation. If A and B are unital
C*-algebras we write A x B for the unital free product, that is, the free product of
A and B amalgamated over C.

We would like to thank G. Skandalis for helpful comments.

2. PRELIMINARIES ON QUANTUM GROUPS

In this section we recall some basic definitions concerning quantum groups and
their actions on C*-algebras. In addition we review the definition of the Drinfeld
double and the description of its actions in terms of the underlying quantum group
and its dual. For more information we refer to [2], [16], [17], [26], [36]. Our notation
and conventions will mainly follow [21], [33].

Let ¢ be a normal, semifinite and faithful weight on a von Neumann algebra M.
We use the standard notation

MP ={x € My |p(z) < oo}, Ny ={z € M|¢p(z*z) < o}
and write M for the space of positive normal linear functionals on M. If A : M —

M ® M is a normal unital x-homomorphism, the weight ¢ is called left invariant
with respect to A provided

¢((w@id)A(z)) = ¢(z)w(1)

for all x € /\/l;f and w € M. Similarly one defines right invariant weights.

Definition 2.1. A locally compact quantum group G is given by a von Neumann
algebra L= (G) together with a normal unital x-homomorphism A : L®(G) —
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L>(G) @ L>™(G) satisfying the coassociativity relation
(A®id)A = (id®A)A

and normal semifinite faithful weights ¢ and ¥ on L°°(G) which are left and right
invariant, respectively.

If G is a locally compact group, then the algebra L>°(G) of essentially bounded
measurable functions on G together with the comultiplication A : L*(G) —
L>(G) ® L*(G) given by

A(f)(s,t) = f(st)
defines a locally compact quantum group. The weights ¢ and v are given in this
case by left and right Haar measures on G, respectively. Of course, for a general
locally compact quantum group G the notation L>°(G) is purely formal.
An important tool in the study of locally compact quantum groups are multiplica-
tive unitaries. If A : N}y — Hg = L?*(G) is a GNS-construction for the weight ¢,
then the multiplicative unitary Wg = W is the operator on Hg ® Hg given by

WHA() @ Ag)) = (A @ A)(A(g)(f ® 1))

for all f,g € Ng. This unitary satisfies the pentagonal equation WiaWi3Wa3 =
WasWi2, and one can recover the von Neumann algebra L () as the strong closure
of the algebra (id ®L(Hg).)(W) where L(Hg ). denotes the space of normal linear
functionals on L(H¢). Moreover one has

A(f) =W (1 HIV
for all f € L>°(G). Let us remark that we will only consider quantum groups G for
which Hg = L?(G) is a separable Hilbert space.
The group-von Neumann algebra £(G) of the quantum group G is the strong closure
of the algebra (L(Hg). ®id) (W) with the comultiplication A : £(G) — L(G)®L(G)
given by

A)=W*"(1®z)W
where W = SW*S and ¥ € L(Hg®Hg) is the flip map. It defines a locally compact
quantum group which is called the dual of G. Note however that we will reserve the
notation G for the opposite of this dual, see later in this section. The left invariant
weight (;AS for the dual quantum group has a GNS-construction AN P He, where
N é C L(G).

The reduced C*-algebra of functions on the quantum group G is
Go(G) = [(([d®L(He).)(W)] € L=(G),
and the reduced group C*-algebra of G is
Cr(G) = [(L(He). ®@id)(W)] C L(G).

Moreover we have W € M(C{(G) ® CF(Q)). Together with the comultiplications
inherited from L*°(G) and L(G), respectively, the C*-algebras C{(G) and C}(G)
are Hopf-C'*-algebras in the following sense.

Definition 2.2. A Hopf C*-algebra is a C*-algebra S together with an injective
nondegenerate x-homomorphism A : S — M(S ® S) such that the diagram

S——2 - M(S®S)

l Jios

MS®S)22Y M(S®S®s)
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is commutative and [A(S)(1® S)]=5S® S5 =[(S®1)A(S)].
A morphism between Hopf-C*-algebras (S, Ag) and (T, Ar) is a nondegenerate -
homomorphism w: S — M(T) such that Arm = (1 ® m)Ag.

If S is a Hopf C*-algebra we write S°P for S viewed as a Hopf C*-algebra with
the opposite coproduct AP = g A, where o denotes the flip map.
We are mainly interested in discrete or compact quantum groups, and in these cases
the general theory simplifies considerably. A quantum G is called compact if C{(G)
is unital, and it is called discrete if C*(G) is unital. For a discrete quantum group
G we will write [2(G) = Hg for the Hilbert space associated to G.

Definition 2.3. Let B be a C*-algebra. A unitary corepresentation of a Hopf-C*-
algebra S on a Hilbert B-module £ is a unitary X € L(S ® &) satisfying

(A ®id)(X) = X13X03.

If S = C}(G) for a locally compact quantum group G and X is a unitary corepre-
sentation of S on £ we say that £ is a unitary corepresentation of G. If G is discrete,
all unitary corepresentations of G on Hilbert spaces are completely reducible, and
all irreducible corepresentations are finite dimensional. We will write Corep(G) for
the corresponding semisimple C*-tensor category of finite dimensional corepresen-
tations. Moreover we denote by Irr(G) the set of equivalence classes of irreducible
corepresentations of G in this case. The matrix coefficients (id ®(*)X (id ®¢), with
X € CF(G) ® L(H) a corepresentation in Corep(G) and (,& € H, span a dense
Hopf-*-algebra C[G] C C}(G).

If S is a Hopf-C'*-algebra, then a universal dual of S is a Hopf-C*-algebra S to-
gether with a unitary corepresentation X € M (S ® S ) satisfying the following uni-
versal property. For every Hilbert B-module £ and every unitary corepresentation
X € L(S®E) there exists a unique nondegenerate *-homomorphism 7x : S — L(E)
such that (id ®@7mx)(X) = X.
Every locally compact quantum group G admits a universal dual C{(G) of C§(G)
and a universal dual Cf(G) of C/(G), respectively [16]. In general, we have a
surjective morphism 7 : Cf(G) — CF(G) of Hopf-C*-algebras associated to the
multiplicative unitary W € M(Cy(G) ® CF(G)). Similarly, there is a canonical
surjective morphism 7 : Cf(G) — C§(G). Every discrete quantum group G is coa-
menable in the sense that 7 is an isomorphism. We will simply write Cy(G) for
CH(G) = C§(G) in this case. We say that G is amenable if 7 is an isomorphism.
If G is a discrete quantum group, then inside C}(G) we have the dense Hopf-*-
algebra C[G] spanned by the matrix coefficients as above, and inside Cy(G) we
have a dense multiplier Hopf-+-algebra C.(G) in the sense of Van Daele [28]. The
algebras C[G] C Cy(G) and C.(G) C Cy(G) are linearly spanned by elements of
the form (w ® id)(W) and (id @w)(W), respectively, where w = we , € L(Hg), is
associated to vectors &,1 € A(C[G]).
If f € C.(G) and x € C[G] are represented by Ly, L, € L(I*(G)). in the sense that
(id®Ls)(W) = f and (L, ®id)(W) = x, then we obtain a well-defined bilinear
pairing

(foa) = (@, f) = (Le © L)(W) = Ly(2) = Lu(f)
between C.(G) and C[G], see definition 1.3 of [2]. It is easy to check that the
product of C[G] is dual to the coproduct of C.(G), whereas the product of C.(G) is
dual to the opposite coproduct of C[G]. In other terms, we have for all f, g € C.(G)
and z,y € C[G] the relations

<f,:ry> = <f(1)7x><f(2)7y> and <fgax> = (f,x(2)><g,x(1)>

where we use the Sweedler notation A(f) = f1) © f2) and A(z) = r(1) © () for
the comultiplications on C.(G) and C[G] induced by W as above. We point out
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that this notation has to be interpreted with care, let us remark in particular that
the coproduct A(f) of an element f of the multiplier Hopf *-algebra C.(G) can be
represented only as an infinite sum of simple tensors in general.

At several points of the paper we will consider free products of discrete quantum
groups. If G and G are discrete quantum groups the free product G x H is the
discrete quantum group determined by C{(G x H) = C{(G) = C{(H), equipped
with the comultiplication induced from the two factors in the evident way, see [34]
for more information. The irreducible corepresentations of G *x H are precisely the
alternating tensor products of nontrivial irreducible corepresentations of G and H.
We may therefore identify Irr(G* H) with the set Irr(G) *Irr(H) of alternating words
in Irr(G) and Irr(H).

We are mainly interested in the free unitary and free orthogonal quantum groups
introduced by Wang and Van Daele [34], [29]. These discrete quantum groups are
most conveniently defined in terms of their full group C*-algebras. For a matrix
u = (u;;) of elements in a *-algebra we write @ = (uj;) and u' = (uy;) for its
conjugate and transposed matrices, respectively.

Definition 2.4. Letn € N and Q € GL,,(C). The group C*-algebra Cf(FU(Q)) of
the free unitary quantum group FU(Q) is the universal C*-algebra with generators
ui;, 1 < 4,5 < n such that the resulting matrices u and QuQ ™' are unitary. The

comultiplication A : CF(FU(Q)) — Cf (FU(Q)) @ C#(FU(Q)) is given by
Alugg) =Y uip © ug
k=1

on the generators.

As explained in the introduction, we adopt the conventions in [33] and deviate
from the standard notation A,(Q) for the C*-algebras C{f(FU(Q)). Let us also
remark that there is a canonical isomorphism Cf (FU(Q))®P = Cf (FU(Q")) for all
Q € GL,(C).

Definition 2.5. Let Q € GL,(C) such that QQ = +1. The group C*-algebra
CH(FO(Q)) of the free orthogonal quantum group FO(Q) is the universal C*-algebra
with generators u;j,1 < 4,7 < n such that the resulting matriz u is unitary and the
relation u = QuUQ~! holds. The comultiplication of the generators is given by the
same formula as in the unitary case.

Following [5] we remark that the free quantum groups FO(Q) for @ € GL2(C)
exhaust up to isomorphism precisely the duals of SU,(2) for ¢ € [-1,1] \ {0}.
If @ € GL,(C) is arbitrary the above definition of FO(Q) still makes sense. How-
ever, in this case the fundamental corepresentation u is no longer irreducible in
general. According to [35], the quantum group FO(Q) can be decomposed into a
free product of the form

FO(Q) = FU(Py) * -« FU(Py) * FO(Q) * - - - x FO(Qu)

for appropriate matrices P; and @; such that Q;Q; = £1 for all j. In this way the
study of FO(Q) for general @ reduces to the above cases.

Let us now fix our notation concerning coactions on C*-algebras and crossed prod-
ucts.

Definition 2.6. A (continuous, left) coaction of a Hopf C*-algebra S on a C*-
algebra A is an injective nondegenerate x-homomorphism o : A — M(S ® A) such
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that the diagram
A— 2 > M(S® A)

o \LA@id
id @a
M(S®A) —=M(S®25S® A)
is commutative and [a(A)(S® 1) =S ® A.
If (A, ) and (B, 8) are C*-algebras with coactions of S, then a x-homomorphism
f:A— M(B) is called S-colinear, or S-equivariant, if 3f = (id®f)a.

A C*-algebra A equipped with a continuous coaction of the Hopf-C*-algebra S
is called an S-C*-algebra. If S = C{(G) for a locally compact quantum group G
we say that A is G-C*-algebra. In this case S-colinear x-homomorphisms will be
called G-equivariant or simply equivariant.
If G is a discrete quantum group it is useful to consider algebraic coactions as well.
Assume that A is a x-algebra equipped with an injective x-homomorphism « : A —
M(C.(G)® A) such that (C.(G) ®1)a(A) = C.(G) © A and (A ©id)a = (id ©a)a.
Here M(C.(G) ® A) is the algebraic multiplier algebra of C.(G) ® A, see [28]. In
this case we say that A is a G-algebra, and we refer to o as an algebraic coaction.
If A is a G-algebra we have a left C[G]-module structure on A given by

T-a= <a’(—1)7 S(x))a(o)

where a(a) = a(—1) ® a(g) is Sweedler notation for the coaction on A and S is the
antipode of C[G]. This action turns A into a C[G]-module algebra in the sense that

x - (ab) = (z(1) - a)(x(2) - b), z-a* = (S(@)" - a)

for all x € C[G] and a,b € A.
Similarly, we may associate to an algebraic coaction v : A = M(C[G] ® A) a left
C.(G)-module structure on A given by

fra={fa1))ao)

where y(a) = a(—1) © aq). This turns A into a C.(G)-module algebra. We will
study coactions in this way at several points below.

Let us next recall the definition of reduced crossed products. If G is a locally
compact quantum group and A is a G-C*-algebra with coaction «, the reduced
crossed product G x, A = C}(G)°P x, A is defined by

G x, A=CHG)P x, A =[(CHG) ® Da(4)] ¢ MK(I*(G))® A).

The crossed product G X, A is naturally a C(G)“°P-C*-algebra with the dual coac-
tion & : G X, A = M(C*(G)°° @ (G %, A)) determined by d(z ® 1) = AP(z) ® 1
for z € C}(G) and &(a(a)) =1® a(a) for a € A. In the sequel we will denote by
G the dual compact quantum group of the discrete quantum group G determined
by C"(G) = C*(G)%°P, so that G x, A is a G-C*-algebra.

Apart from the reduced crossed product G x, A one also has the full crossed prod-
uct G x¢ A = CF(G)*P x¢ A which is defined by a universal property. There is a
canonical map G X A — G X, A, and this map is an isomorphism if G is amenable.
We refer to [21] for more details.

Finally, let us recall the definition of the Drinfeld double of a locally compact
quantum group G, see [3]. The Drinfeld double D(G) of G is a locally compact
quantum group such that the Hopf C*-algebra Cj(D(Gy)) is given by C{(D(Gy)) =
Ci(G) ® CF(G) with the comultiplication

AD(Gq) = (ld Ko & ld) (ld ®ad(W) ® ld) (A ® A),
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here ad(W) is conjugation with the multiplicative unitary W € M (C{(G) ® C;(G))
and o denotes the flip map.

It is shown in [21] that a D(G)-C*-algebra A is uniquely determined by coactions
a:A— M(CHG)® A) and v: A — M(C}(G) ® A) satisfying the Yetter-Drinfeld
compatibility condition

(o ®id)(id ®a)y = (ad(W) ® id) (id ®7)a.

In a similar way one can study D(G)-equivariant Hilbert modules.

The Drinfeld double plays an important réle in the definition of braided tensor prod-
ucts. If Ais a D(G)-C*-algebra determined by the coactions o : A — M (C{(G)®A)
and v : A — M(C(G) ® A) and B is G-C*-algebra with coaction 8 : B —
M(Cy(G) ® B), then the braided tensor product of A and B is defined by

AKX B = ANg B = [y(A)128(B)13] C L(Hg ® A® B).

The braided tensor product is naturally a G-C*-algebra, and it is a natural replace-
ment of the minimal tensor product of G-C*-algebras in the group case, see [21] for
more information.

We will be interested in the case that G is a discrete quantum group and work with
D(G)-C*-algebras obtained from algebraic actions and coactions. More precisely, in
the algebraic setting we have a pair of algebraic coactions a: A - M(C.(G) ® A)
and v : A - M(C[G] ® A), and the Yetter-Drinfeld condition can be written as

faya1S(f3)) © fro) - a) = (f - @)(-1) © (f - a)(o)
in this case. Here we denote by f-a the action of f € C.(G) on a € A corresponding
to the coaction v and a(a) = a(—1) © a(g)-

3. QUANTUM SUBGROUPS OF DISCRETE QUANTUM GROUPS

In this section we collect some basic constructions related to quantum subgroups
of discrete quantum groups. The general concept of a closed quantum subgroup of
a locally compact quantum group is discussed in [26], [27]. For background infor-
mation on discrete quantum groups we refer to chapter 3 in [15].

A morphism H — G of locally compact quantum groups is a nondegenerate -
homomorphism 7 : Cf (G) — M (C{(H)) compatible with the comultiplications. For
every such morphism there exists a dual morphism 7 : Cf(H) — M(C{(G)). By
definition, a closed quantum subgroup H C G of a locally compact quantum group
G is a morphism H — G for which the associated map Cf(H) — M (C#(G)) is ac-
companied by a compatible unital faithful normal x-homomorphism £L(H) — L(G)
of the von Neumann algebras [26], [27].

In the case of discrete quantum groups we will simply speak of quantum subgroups
instead of closed quantum subgroups. In fact, in this case the above definition
can be rephrased purely algebraically. Let G be a discrete quantum group and let
H C G be a closed quantum subgroup. Then H is automatically discrete, and
the corresponding map ¢ : L(H) — L£(G) induces an injective *-homomorphism
C[H] — C[G] of Hopf-*-algebras. Conversely, if H and G are discrete, every in-
jective homomorphism ¢ : C[H] — C|G] of Hopf-+-algebras extends uniquely to a
unital faithful normal *-homomorphism on the von Neumann algebra level, and
thus turns H into a quantum subgroup of G.

If H C G is a quantum subgroup of the discrete quantum group G, then the
category Corep(H) is a full tensor subcategory of Corep(G) containing the trivial
corepresentation and closed under taking duals. In fact, quantum subgroups of
G can be characterized in terms of such subcategories, see for instance [30]. The
C*-algebra Cy(H) is obtained as the sum of matrix blocks in Cy(G) corresponding
to corepresentations in Irr(H), and the map 7 : Co(G) — Co(H) C M(Co(H)) is
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the canonical projection.

We will need some basic facts concerning homogeneous spaces and induced C*-
algebras for discrete quantum groups. The general theory of induced coactions for
locally compact quantum groups is due to Vaes [26], and it is technically quite
involved. However, in the discrete case the constructions that we need can be de-
scribed more directly. We start with some elementary algebraic considerations.
For a discrete quantum group G we denote by C(G) the algebra M(C.(G)) of al-
gebraic multipliers of C.(G). Heuristically, the elements of C(G) can be viewed
as functions with arbitrary support on GG. The canonical bilinear pairing between
C.(G) and C|[G] extends uniquely to a bilinear pairing between C(G) and C.(G),
and in this way we obtain a natural identification of C'(G) with the algebraic dual
space C[G]*. We write again (f,x) = (z, f) for f € C.(GQ) and z € C[G].

Definition 3.1. Let H be a quantum subgroup of a discrete quantum group G. The
algebra of all functions on the homogeneous space G/H is

C(G/H) ={f € C(G) | (i[domA(f) = fo 1}
where 7 : C(G) — C(H) is the canonical projection map. Moreover we define
ClG/H] = C[G] Ocim C
where C[H] acts via v : C[H] — C[G] on C[G] and via the counit on C.

Let 7 : C[G] — C[G/H] be the canonical projection given by 7(z) = =z ©® 1.
The transpose of 7 induces an injective linear map C[G/H]* — C[G]* = C(G).
Moreover 7 is the transpose of ¢ in the duality between C(G) and C[G]. Hence for
feC(G/H),z € C[G] and y € C[H] we obtain

(fyz(y)) = (A(f),z ©uly)) = ((dOm)A(f), 2 ©y) = (f O Lz Oy) = (f,ze(y))

and conclude that f is contained in C[G/H]|*. An analogous argument shows that
every f € C[G/H]|* satisfies the invariance condition defining C'(G/H). In other
words, we may identify C[G/H]* C C[G]* with C(G/H) C C(G). Note also that
the comultiplication of C[G] induces a natural coalgebra structure on C[G/H].
Let Corep(H) C Corep(G) be the full tensor subcategory corresponding to the
inclusion H C G. For an irreducible corepresentation r € lrr(G) we denote by
C[G], C C[G] the linear subspace of matrix coefficients of r. By definition of the
tensor product we have

tCr®s

for r, s € Irr(G). Moreover if r ® s = t is already irreducible, then the multiplication
map defines an isomorphism C[G], ® C[G]s = C[G];.
In [30], an equivalence relation on Irr(G) is defined by setting r ~ s iff T® s contains
an element ¢ € lrr(H). Equivalently, r ~ s iff s C r ® ¢ for some ¢ € Irr(H). We
denote by lrr(G)/Irr(H) the corresponding quotient space, so that the class [r] of
r € lrr(G) is the set of isomorphism classes of irreducible subobjects of tensor
products r @ t with ¢ € Irr(H).
For « € lrr(G)/Irr(H) let us write C[G],, the direct sum of subspaces C[G], with
r € a. Then C[G] is clearly the direct sum of the subspaces C[G], over all a €
lrr(G)/Ire(H), and C[G]jq = C[H] where € is the trivial corepresentation.
We may write C(G) as

ce = [[ c@).

relr(G)

where C(G), = C[G]} is the matrix algebra corresponding to r € Irr(G). Let us

T

denote by p, € C(G) the central projection associated to the identity in C'(G),, so
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that (p,,x) = 0, .€(z) for x € C[G];. For o € Irr(G)/Irr(H) we let p, € C(G) be
the sum of the projections p, with » € a. By construction, the sum of the elements
Pa over a € lrr(G)/Irr(H) is equal to 1. For «, 8 € Irr(G)/Irr(H) and z € C[G]g we
compute (pq, ) = dq,pge(z) and conclude that

<p(xa xy) = <poca xe(y»
for all z € C[G] and y € C[H]. This implies p, € C(G/H).
Let A be an H-algebra with coaction « : A = M(C.(H)® A) in the sense explained
in section 2. Inside the algebraic multiplier algebra M(C.(G) ® A) we have the -
subalgebra
C(G,A) =[] c@),oAcMC(G)o A)
relr(G)
of functions with values in A C M(A). We let

C(G, A" ={f e C(G,A) | (p@id)(f) = (idoa)(f)}

where p : Co(G) = M(C.(G) © C.(H)) is the right coaction p = (id ©7)A. Note
that p, ® 1 is a central element in M(C(G, A)f) for every a € Irr(G)/Irr(H) in a
natural way. In the case A = C the construction of C(G, A)¥ obviously reduces to
the algebraic homogeneous space C(G/H) defined above.

Definition 3.2. Let G be a discrete quantum group and let H C G be a quantum
subgroup. The algebraic induced algebra of an H-algebra A is the *-algebra

algind$ (4) = @ paC(G, A"
a€lrr(G)/lrr(H)

inside C(G, A)™.
In the case A = C with the trivial action we shall use the notation

C(G/H)= P paC(G/H) C C(G)
a€lrr(G)/lrr(H)

for the algebraic induced algebra. We may view C.(G/H) as the algebra of finitely
supported functions on the homogeneous space G/H.

Let us show that algindf[(A) becomes a G-algebra in a natural way. To this end
let r € lrr(G),«« € Irr(G)/Irr(H) and consider the finite subset 7ao C lrr(G)/lrr(H)
given by the equivalence classes of all irreducible subobjects of 7 ® s for some s € a.
Note that this set is independent of the choice of s. Moreover let pr, € C.(G/H)
be the sum of the projections pg for 5 € Fo. Then we have

(pr © id)A(pa) = (pr QWQ)A(pa)v

and it follows that (C.(G) ® 1)(A ® id)(algind$ (A)) € C.(G) ® algind$ (A) inside
M(C.(G)®C.(G)® A). Using the antipode of C.(G) it is straightforward to check
that this inclusion is in fact an equality. We conclude that the map

A ®id : algind$ (A) — M(C.(G) © algind$, (A))

is a well-defined algebraic coaction which turns algind% (A) into a G-algebra.

We are mainly interested in the case that A is an H-C*-algebra. In this situation
we let Cp(G, A) C C(G, A) be the [*°-direct sum of the spaces C(G); ® A over
t € Irr(G). Note that Cp(G, A) is naturally contained in the multiplier algebra
M(Co(G) ® A).

Lemma 3.3. Let H C G be as above and let A be an H-C*-algebra. Then
algind$ (A) is contained in Cy(G, A).
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Proof. Clearly it suffices to show p,C(G, A)¥ C Cy(G, A) for a € Ire(G)/Irr(H).
That is, for f = (fi)ica in C(G,A)H with f; € C(G); ® A we have to show that
[|felltea is bounded. Upon replacing f by f*f we may assume that all f; are
positive. Consider the element

F=(dea)(f)=(poid)(fHe [ CG)rec@.oA
rea,s€lrr(H)
Let us write || F||, s for the norm of the restriction of F' to C(G), ® C(G)s®A. Since
« is isometric we have ||F||; s < ||F||re = ||fr|| for all s € Irr(H), where € denotes
the trivial corepresentation. Next observe that we have ||(p ® id)(fi)||rs = ||/¢l|
provided t C r ® s. From F = (p ® id)(f) and the fact that all f, are positive we
obtain the estimate ||fi|| < ||F||,s for all r € a,s € lrr(H) such that ¢t C 7 ® s.
We conclude || fi|| < ||F|lrs < ||F||lre = ||fr]l- This shows that ||f;|| is in fact
independent of ¢, and in particular the family ||f:||tcq is bounded. O
Lemma 3.3 shows that the canonical projection p, algind%(A) — C(G), ® A is
injective for all ¢t € . Moreover we see that p, algindg(A) is a C*-subalgebra of

Cy(G, A) for all a € Irr(G)/Irr(H).

Definition 3.4. Let H C G be a quantum subgroup of the discrete quantum group
G and let A be an H-C*-algebra. The induced C*-algebra indg(A) is the closure
of algind$, (A) inside Cy(G, A) C M(Co(G) @ A).

Our above considerations imply that indg (A) is simply the c¢p-direct sum of the
algebras p, algind% (A). Moreover from the fact that algind% (A) is a G-algebra we
see easily that ind%(A) is a G-C*-algebra in a canonical way.

In the case of A = C with the trivial action we write ind%(C) = Co(G/H) for the
induced C*-algebra. Observe in particular that Co(G/H) is a direct sum of finite
dimensional C*-algebras.

Let us briefly compare definition 3.4 with the general construction of induced C*-
algebras by Vaes [26].

Proposition 3.5. Let G be a discrete quantum group and let H C G be a quantum
subgroup. If A is an H-C*-algebra then the C*-algebra indg(A) defined above is
G-equivariantly isomorphic to the induced C*-algebra defined by Vaes.

Proof. Tt suffices to check that the C*-algebra ind%(A) satisfies the conditions
stated in theorem 7.2 of [26].

We have already remarked above that A ® id : ind%(A4) — M(Cy(G) ® ind%(A))
yields a well-defined continuous coaction. Consider the algebra

A={X e M(KI2(G)® A) | X € (L=(G) ®1) and (p ®id)(X) = (id ®a)(X)}

used in [26]. For a € Irr(G)/lIrr(H) and a € A we have that X (p, ® a) and
(pa®a)X are contained in Cy(G, A) for all X € A. It follows that algind$ (A) ¢ A is
strong® dense. We conclude that A ®id extends to a well-defined *-homomorphism
A — M(Cy(G) ® ind$(A)) which is strictly continuous on the unit ball of A.
Finally note that [a(A)(I*(H)® A)] = I?(H) ® A because « is a coaction. Moreover
we have [C[G]-12(H)] = I?(G) where we consider the left action of C[G] correspond-
ing to the regular coaction on [?(G). Since we may view a(A) as a subalgebra of
ind% (A) we obtain

[1%(G) ® A] = [C[G] - (I*(H) ® A)] = [C[G] - (a(A)(I*(H) ® A))]
C [CIG] - (indf (A)(I°(H) @ A))] C [indF(4)(1%(G) ® A)]

so that ind$(A) C A is nondegenerate. O
Next we shall analyze the Hilbert space associated to the homogeneous space G/H.
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Since the Haar state for C[G] restricts to the Haar state for C[H| we have a canonical
inclusion [?(H) C [?(G). This yields a conditional expectation E : C}(G) — C}(H)
such that ¢E = ¢ where ¢ denotes the Haar state of C[G]. We have E(C[G],) =0
if r ¢ Irr(H), and it is easily checked that

(E ®id)A = AE = (id ®E)A.

Using E we define [*(G/H) as the separated completion of C[G] with respect to
the inner product
{z,y) = eE(z7y).

The canonical left action of C[G] extends to a unital *-homomorphism Cf(G) —
L(I>(G/H)). We denote by I2(G/H), the image of C[G], in I>(G/H).
Besides it is easy to check that the canonical map from C[G] to I*(G/H) factors
through C[G/H]. We want to show that this map C[G/H| — [*(G/H) is injective.
For this we will do computations in C[G] using matrix coefficients of irreducible
corepresentations, and we will identify C[G]: = C(G), = L(#H,) where H, is the
underlying Hilbert space of r € Irr(G). Recall that for r € Irr(G) there is a unique
7 € Irr(G) such that r ® T contains the trivial corepresentation e. We denote
by t, : € = r ® ¥ a morphism such that ¢3¢, = dim,(r)id where dimg,(r) is the
quantum dimension of r. Such a morphism is unique up to a phase, and there is
a corresponding morphism s, : € — 7 ® r such that (id®s})(t, ® id) = id. We
also have (s} ®id)(id ®t,) = id and s}'s, = dimy(r)1. In fact, we can always take
t= = s, and sF = t, if r is not equivalent to 7. For z € C[G]r and y € C[G], the
Schur orthogonality relations become

- 1

$av) = Gy @ v 5057

in our notation.
Lemma 3.6. The canonical map C[G/H] — I>(G/H) is injective.

Proof. If © € C[G], and y € C[G]s with r,s € Irr(G) in different classes modulo
lrr(H), then z*y € C[G]r - C[G]s decomposes inside coefficients spaces C[G]; with
t ¢ lrr(H). This implies that the subspaces I*(G/H), for a € lrr(G)/Irr(H) are
pairwise orthogonal.

In particular it suffices to check injectivity for fixed « € lrr(G)/Irr(H). We let r € «
and recall that C[G/H], = 7(C[G],) is spanned by the elements from C[G],. Let
y be an element of C[G], such that eE(zy) = 0 for every x € C[G]z. We have to
show y = 0 in C[G/H].

Let us write p € C(G) for the central projection corresponding to Irr(H) C lrr(G)
and ¢ = (pr @ p;)A(p). If we put g = (id ®y)(q) € C(G) then

(z,9) = (£ @y, q) = (vy,p) = (E(zy),1) = eE(xy) =0

for all x € C[G]r. Moreover, by duality there is a unique y' € C[G], such that
W, f)y=t:(f®g)t, for all f € C(G),. Using the Schur orthogonality relations and
our previous calculation we obtain

dimg(r)(zy’) = (& @y, 5,57) = (x, (id ®1])(s,57 © 9)(id ;) = (2, 9) =0

for all 2 € C[G]r. Since ¢ is faithful on C[G] this yields ¢’ = 0. We will show that
y' = Ay in the quotient space C[G/H] for some A > 0, this will finish the proof.
Let us write

N
g=> T} € L(H:®H,)

=1
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where T; : r; — T ® r are isometric intertwiners with r; € Irr(H) for all ¢ such
that T T = 0;5. Without loss of generality we may assume r; = € and 17 =
dim, (r)~%/2s,. For f € C(G), we have
N
(tr @id)(f @ q)(t, ®id) = Y _(t; @id)([dT;)(f ® 1)(id ®T; ) (¢, @ id)

i=1

N
=> RI(fe R
i=1
where R; = (id ®T;")(t, ® id). Inserting the definitions of g and y" yields

W, )= (R (f ® )Rs),
and hence y' = (id ®€)(z), where z € C|[G], ® C[H] C C[G] ® C[G] is defined by

(2, f@h) = (y,R;(f ® h)Ry).
i=1
If i denotes the multiplication of C[G] and f € C(G); we get

N N;
(1(2), f) = (2, A(f)) = Zz<y7R;Siij:jRi>7

i=1 j=1

where S;; : t = r ® r; are isometric intertwiners such that Sijik = 0, and
ZS S € L(H, @M.y,

projects onto the spectral subspace corresponding to ¢. Note that R;S;; is an
intertwiner from ¢ to r for all ¢, j. Since the corepresentations r and t are irreducible
it follows that R;S;; = 0 unless » = ¢, and for » = t the map R}S;; is a multiple
of the identity. Inserting this into the above equation yields p(z) = Ay for some
A > 0. Moreover, for r = ¢t and i = 1 we may normalize such that Sj; is equal
to the identity map. Together with our previous normalization of T; this implies
R;S11 = dimy(r)~/? and hence \ > 0.

Since p(z) = (id ®e)(z) in C[G/H] we deduce y' = Ay in C[G/H] as desired. O
From lemma 3.6 it follows in particular that the elements of C.(G/H) C C(QG)
correspond to linear functionals on C[G] of the form dy(z) where

dp (2)(y) = eB(S(x)y).

Indeed, an element f € C.(G/H) corresponds to a linear form on C[G/H] which is
supported on a finite subset of Irr(G)/Irr(H). Hence f can be written as the scalar
product by a vector in I2(G/H). Using lemma 3.6 and the fact that the spaces
C[G]q for a € Irr(G)/Irr(H) are finite dimensional we obtain the claim.

In this way we obtain a linear isomorphism dg : C[G/H] — C.(G/H). This allows
us to define an inner product on C.(G/H) such that dy is unitary. In the case of
the trivial subgroup we write

d(z)(y) = J(S(2)y),
and note that d : C[G] — C.(G) is unitary with respect to the standard scalar
products

(@y) =d(z"y),  (f.9)=9(f9)
on C[G] and C.(G), respectively.
It is easy to check that the comultiplication of C[G] induces a linear map A :
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C[G/H] — C[G/H] ® C|G/H]. Using the identification C(G/H) = C[G/H|* we
define the regular action of C(G/H) on C[G/H] by

M) (@) = (frz@)7@2)

for f € C.(G@) and « € C[G/H]. This action turns C[G/H] into a left C(G/H)-
module.

Lemma 3.7. The regular action of C(G/H) on C[G/H] induces a faithful x-
representation \ : Cy(G/H) — L(I*(G/H)). Under this representation all elements
of Co(G/H) are mapped into K(I*(G/H)).

Proof. Under the isomorphism d : C[G] — C.(G) the canonical left action of an
element f € C(G) on C.(G) is identified with the action A(f)(z) = (f, 1))z (2) on
C[G], and we have

SNF*)()*y) = ("M f) ()
for all z,y € C[G]. If f € C(G/H) C C(G) then the relation
AN W)z = (fy0)ye@)z = Ly za)ve ze) = M f)(yz)
for y € C[G] and z € C[H] shows

SIS (@) y2) = d(a™A(f)(y)2)-
Since ¢ is faithful on C[H] we conclude

E(@"Af)(y)) = EQA(f")(@)"y)
for 2,y € C[G], and this implies

cE(@A(f)(y)) = eEA(f7)(2)"y)

for all z,y € C[G/H]. We conclude in particular that A induces *-homomorphisms
poaC(G/H) — L(I*(G/H),) for all a € Irr(G)/Irr(H), and taking the direct sum
of these x-homomorphisms yields the desired #-representation A : Cy(G/H) —
L(1?(G/H)). Moreover, any element of p,C(G/H) for o € Irr(G)/Irr(H) acts as a
finite rank operator because 12(G/H), = C[G/H], is finite dimensional. It follows
that A maps the elements of Co(G/H) to compact operators on I*(G/H).

To prove faithfulness, observe that A\(f) =0 € L(I>(G/H)) implies

(fix) = (f,xq))e(z(2) = e(A(f)(2) =0
for all x € C[G/H] C I*(G/H). Since C(G/H) identifies with the dual space of
C|G/H] we conclude f = 0. O
Let us consider the left action of C.(G) on C.(G/H) given by

u(f)(h) = fayhS(fi2))

for f € C.(G) and h € C.(G/H). Under the isomorphism dy : C|[G/H] —
C.(G/H) defined above, this action identifies with the left action of C.(G) on
C[G/H] given by

v(f)(@) = (f2), S(x3)))@2)(fray 2(1))-
It is straightforward to check that this induces a nondegenerate *-homomorphism
v:Co(Q) — L(I*(G/H)).
The G-C*-algebra Cyo(G/H) becomes a D(G)-C*-algebra with the adjoint coaction
Co(G/H) - M(C}(G) ® Cy(G/H)) given by

W) =W (e N
where we view Co(G/H) as a C*-subalgebra of C,(G) C L(I*(G)).

Lemma 3.8. The left regular action of C{(G) and the action v : Cyo(G) —
L(1*(G/H)) turn I*>(G/H) into a D(G)-Hilbert space such that the x-representation
A\:Co(G/H) — L(I*(G/H)) is covariant.
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Proof. The coaction § : I?(G/H) — M(Co(G)®1?(G/H)) corresponding to the left
action of Cf (G) on I?(G/H) is given by A on C.(G/H) C I>(G/H). Using this fact
it is straightforward to check the Yetter-Drinfeld compatibility condition and that
A : Co(G/H) — L(I*(G/H)) is covariant. O
Let H be a Hilbert space with scalar product ( , ) and let S(H) C H be a
dense linear subspace. We may view the scalar product on S(H) as a bilinear
map (, ) : S(H) x S(H) — C where S(H) is the conjugate of S(#). That is,
S(H) = S(H) is the vector space equipped with the same addition but with the
complex conjugate scalar multiplication. We let F(H) = S(H) ® S(H) be the *-
algebra with multiplication

(1 O Y1) (22 ©y2) = 21 (Y1, T2) © Y2

and x-operation

(zOY) =you.
Note that, by slight abuse of notation, F(#) depends on S(H) and not only H.
We may view F(H) as a space of kernels for certain compact operators on H, more
precisely, there is an injective x-homomorphism ¢ : F(H) — K(H) given by

Uz ©y)(E) = ={y, &)

We apply these constructions to the homogeneous space associated to a discrete
quantum group G and a quantum subgroup H C G. In the Hilbert space [?(G/H)
we have the dense linear subspace C[G/H|. Let v : C[G/H] — C[G/H] be the
linear map given by v(x) = S(z)*. It is easy to check that 7 is a well-defined linear
isomorphism.

We may therefore identify the algebra F(I*(G/H)) with C[G/H]| ® C[G/H]. The
actions of C[G] and C.(G@) on K(I*(G/H)) induced from the Yetter-Drinfeld struc-
ture of 12(G/H) preserve F(I2(G/H)), and correspond to the diagonal actions on
C[G/H] @ C[G/H].

The operators in F(I?(G/H)) of the form A(x) with 2 € C[G/H] form a subalgebra,
and A(C[G/H]) C F(I*(G/H)) is closed under the the actions of C[G] and C.(G).
It is easy to check that the closure of A(C[G/H]) inside K(I*(G/H)) identifies with
Co(G/H).

In a similar way we may consider operator kernels defining operators between
I>(G/K) and I1*(G/H) if H and K are two different quantum subgroups of G.
Later we will need in particular the following fact.

Lemma 3.9. Let G be a discrete quantum group and let H C G be a quantum
subgroup. Consider the vector space

L =A(C[G))(C[H] © C[H])
inside C|G] ® C[G]. If 7 : C[G] — C[G/H] denotes the canonical projection, then
the closure K of the x-algebra

( L (id @T)(L)>
(roid)(L) (ro7)(L)

inside K(I*(G) @ I>(G/H)) is D(G)-equivariantly Morita equivalent to Co(G/H).

Proof. Tt is easy to check that K is indeed closed under multiplication and tak-
ing adjoints. Let p € M(K) be the projection onto I2(G/H). This projection is
invariant under the action of the Drinfeld double in the sense that v(p) = 1 ® p
if v: K - M(C{(D(G)) ® K) denotes the coaction of Cf(D(G)) induced from
I2(G)®1?(G/H). Moreover, by our above remarks we know that pKp is isomorphic
to Co(G/H). Hence the claim follows from the fact that pKp is a full corner in K,
that is [KpK] = K. O
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4. DIVISIBLE QUANTUM SUBGROUPS

In this section we discuss a certain class of quantum subgroups of discrete quan-

tum groups which we call divisible. We will later make use of divisibility in some
arguments.
Let G be a discrete quantum group and let H C G be a quantum subgroup. In the
same way as we defined the C*-algebra Cy(G/H) in section 3, we may construct the
homogeneous space Co(H\G) corresponding to left translations of H on G. That
is, on the algebraic level we set

CH\G) ={f € C(G) | (r©id)A(f) =10 f}
where m : C(G) — C(H) is the canonical projection map, and Co(H\G) is the
completion of
C.H\G)= P  paC(H\G)
acler(H)\Irr(G)
inside L(I2(G)). Here Irr(H)\Irr(G) is the quotient of Irr(G) with respect to the

equivalence relation given by r ~ s iff s ® T contains an element ¢t € lrr(H), and
Pa € Cp(G) denotes the projection determined by the coset a.

Definition 4.1. Let G be a discrete quantum group and let H C G be a quantum
subgroup. We say that H C G is divisible if there exists an H-equivariant *-
isomorphism

with respect to the restricted coaction on the left hand side and the coaction given
by comultiplication on Co(H) on the right hand side.

Roughly speaking, the property of divisibility corresponds to the existence of a
section H\G — G of the canonical quotient map. It is clear that every inclusion
H C G of classical discrete groups is divisible.

Recall from section 3 that the canonical projection C[G] — C[G/H] is a coalgebra
homomorphism in a natural way. We define

C[H\G] = C &¢n) C[G]

and note that C[H\G]* identifies with C(H\G). The coalgebra C[G] is equipped
with the antilinear involution p(z) = S~1(x)*. This formula also determines invo-
lutions on C[G/H] and C[H\G]. We will say that a coalgebra homomorphism is
involutive if it commutes with these involutions.

The following lemma shows that divisibility is quite a strong property in the quan-
tum case, and that it is symmetric with respect to taking left or right quotients.

Lemma 4.2. Let G be a discrete quantum group and let H C G be a quantum

subgroup. Then the following conditions are equivalent.

a) H C G is divisible.

b) There exists an involutive isomorphism C[G] = C[H| ® C|G\H] of coalgebras
and left C[H]-modules.

¢) For each o € lrr(H)\Irr(G) there exists a corepresentation | = l(a) € « such
that s ® 1 is irreducible for all s € lrr(H).

d) For each o € Irr(G)/Irr(H) there exists a corepresentation r = r(a) € « such
that r ® s is irreducible for all s € lrr(H).

e) There exists an involutive isomorphism C[G] = C|G/H] ® C[H] of coalgebras
and right C[H]-modules.

f) There exists a right Co(H )-colinear *-isomorphism

Co(G) = Co(G/H) ® Co(H)
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with respect to the restricted coaction on the left hand side and the coaction
given by comultiplication on Co(H) on the right hand side.

Proof. a) = b) Let o : Co(G) — Co(H) ® Co(H\G) be an H-equivariant x-
isomorphism. Then every matrix block in Cy(G) is mapped to finitely many ma-
trix blocks inside Co(H) ® Co(H\G). It follows that there exists an isomorphism
0. : C[H] ® C[H\G] — C[G] which induces ¢ by dualizing in the sense that

for all x € C[H],y € C[H\G] and f € Cy(G). Using nondegeneracy of the canonical
pairings we see that o, is a left C[H]-linear involutive coalgebra homomorphism.

b) = a) If o : C[H] ® C[H\G] — CIG] is a C[H]-linear involutive coalgebra iso-
morphism, then dualizing yields a C[H]-linear unital *-isomorphism & : C(G) =
M(C(@)) - M(C.(H) ® C.(H\G)). Since both sides are direct products of

~

matrix algebras the map & restricts to a Cy(H)-colinear *-isomorphism Cy(G) =
Co(H) ® Co(H\G).

b) = ¢) Assume we are given an involutive C[H]-linear coalgebra isomorphism
C[G] = C[H] ® C[H\G]. Let a € lrr(H\Irr(G) and ly,...,lx € lrr(G) be the
corepresentations corresponding to the simple coalgebras in C1 ® C[H\G],. Then
the simple coalgebras in C[G], are of the form C[G]sgi, with s € Irr(H). Since
« is generated by a single corepresentation we must have ¥ = 1 and may set
l(a) =1 €lrr(G).

¢) = b) If I(a) € Irr(G) is a representative of o € lrr(H)\Irr(G), then the simple
corepresentations of C[G] are of the form s ® [(«) with s € lrr(H). The multiplica-
tion map p induces a left C[H]-linear isomorphism

P cCHoCC)m =C6]
a€clrr(H)\Irr(G)

of coalgebras. Using p(zy) = S(zy)* = S(x)*S(y)* = p(x)p(y) we see that p is
involutive. The claim follows by observing that the canonical map

@D  ClGliw — CH\G]
aclrr(H)\Irr(G)

is an involutive isomorphism of coalgebras.

¢) < d) The conjugation of corepresentations induces a canonical bijection between
lrr(H)\Irr(G) and Irr(G)/Ire(H). If I = I(a) is as in ¢) we may set (@) = [ and vice
versa.

Finally, the proof of d) < €) < f) is obtained in the same way as the equivalences
a) & b) & ¢) above. O
In order to illustrate definition 4.1 let us discuss some examples of quantum sub-
groups and homogeneous spaces. As a first example, let us consider the even part
H = FO.,(Q) of the free orthogonal quantum group G' = FO(Q) with QQ = +1.
By definition, C[H] is the Hopf *-subalgebra generated by products u;jug; of two
generators of C[G]. In other words, if

Irr(G) = {uk ‘ ke No}
is the usual parametrization of the irreducible corepresentations of FO(Q), then
lrr(H) corresponds to corepresentations with even index. Note that one recovers as
particular case the canonical morphisms SU,(2) — SO4(3) when @ € GL2(C).
Recall that the fusion rules of FO(Q) are given by
U @ UL = Up—g| D Ug—t]42 D -+ B Uky1—2 D U1, U = Uk

Hence in this case Irr(G)/Irr(H) consists of the two classes [1] = [up] and [u] = [uq].
Clearly C[G//H]p; = C is generated by 1 € C[G]. On the other hand, for r,s € [u]
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we have 7 ® s € Corep(H) so that (z,y) = e(z*y) for z,y € C[G/H]). As a
result we obtain C[G/H],) = Cuyy, with the coalgebra structure which makes w1,
a group-like element. In other words, we have

Co(G/H) = C.(G/H) = C®C,

and it follows immediately that H is not a divisible subgroup.

We consider next the case of a free product G = Gy * G of two arbitrary discrete
quantum groups Go,G1. It is known from [34] that the irreducible corepresen-
tations of G are obtained as alternating tensor products of nontrivial irreducible
corepresentations of Go and G;. We identify Irr(G) with the set of alternating words
lrr(Go) * Irr(G1). The fusion rules of G can be recursively derived from the ones of
Gy and G; as follows. If the word v ends in Irr(Gy) and w € Irr(G) starts in lrr(G1)
then v ® w is irreducible and corresponds to the concatenation vw. The same holds
with the roles of Gy and G4 reversed. If on the other hand v = v'r and w = sw’
with 7, s € Irr(G;), then

VR w @ Vitw' @ 67 (v @ w'),
eALCTr®s

where the sum runs over all irreducibles corepresentations ¢ C r ® s with multiplici-
ties, according to the fusion rules of G;. It follows in particular that each G; C G is a
divisible quantum subgroup, with the corepresentations r(«) for a € lrr(G)/lrr(G;)
corresponding to words not ending in G;, including the empty word.

We remark that one can construct a naive Bass-Serre tree Y from these fusion
rules. The set of edges is the disjoint union Y'(© = Irr(G)/Irr(Go) U Irr(G) /Irr(G4),
and the set of vertices is Y = Irr(G). The natural quotient maps 7; : Irr(G)
— Irr(G)/Irr(G;) are then interpreted as source and target maps, thus defining an
oriented graph Y. It is easy to check that this graph is a tree, and it coincides with
the Bass-Serre tree if G, G are classical groups. In the quantum case, the free
product G does not act on Y in a natural way, and we will work instead with a
quantum Bass-Serre tree in section 5. Still, the naive tree Y described above turns
out to be useful for K-theoretic computations, see in particular lemma 6.4 below.
Finally, let us consider free orthogonal and unitary quantum groups. It was shown
by Banica [5] that for any @ € GL,(C) such that QQ = +1 there is an injective
morphism ¢ : C[FU(Q)] — C[FO(Q) * Z] of Hopf-*-algebras given by ¢(u;;) = u;j2
where 2z € C[z,271] = C[Z] is the generator. That is, FU(Q) C FO(Q) *Z is a
quantum subgroup.

Proposition 4.3. Let Q € GL,(C) such that QQ = +1. Then the quantum
subgroup FU(Q) C FO(Q) = Z is divisible.

Proof. Let us write G = FO(Q) * Z and H = FU(Q) and identify lrr(H) C Irr(G).
Moreover denote by wu, for n € Ny the irreducible corepresentations of FO(Q), and
choose a generator z of Z. By definition, Irr(H) is generated inside lrr(G) by uiz
and z~'u;. We have to study how tensor products with the generators decompose
in Irr(G).

Let wz*u, 2! be an alternating word in Irr(G) with w possibly empty, k,l € Z and
n > 0. According to the fusion rules explained above we have

w2ku, 2t @ uz = w2Fu,2tug 2 if I #£0

wzkun Ruiz = wzkun,lz &) wzkunﬂz ifn>1

k+1 k

wzkul Rurz = wz D wz"usgz.



FREE QUANTUM GROUPS 19

Similarly we have
wunzk ® 2z uy = wunzkﬂm ifk#£1
Wupz @ 2 YU = wup_q1 ® W41 ifn>1
wuLz K 271u1 = w D wus

for k € Z,n > 0 and a possibly empty word w.

Let us describe Irr(H) inside Irr(G). Indexing irreducible corepresentations of
FO(Q) * Z by words in u,, z* with n € N*,k € Z*, as explained above, we claim
that the nontrivial irreducible corepresentations of FU(Q) correspond to the set W
of words of the form

Zleol—q, 21y, 22 - .unpz[ﬁpH

where p > 1, ¢; = +1 and n; € N* for all i are such that ¢;1; = —(—1)"i+¢; for all
0 <17 < p—1 where we use the notation

=1 [l=0.  [ly=0, [y=1L

Indeed, it is easy to check that u;z = 2= 2+ and 27ty = 20—y 200+ e W
Moreover one verifies that W is stable under tensoring on the left or right by uz
or z~'u; and taking subobjects according to the fusion rules above, and that all
words of W can be obtained in this way. For the rest of proof we only need the
inclusion Irr(H) C W.

Let a € Irr(G)/Irr(H) be given. According to lemma 4.2, it suffices to find r € «
such that r ® ¢ is irreducible for all ¢ € Irr(H). Let us pick an element r in « of
minimal length as a word in NxZ. If r has length 0 we have r = € and o = Corep(H),
in particular the irreducibility property is clear in this case. If r = w,, with n > 0,
then tensoring by (uz ® 27 1u)®™ = u®?™ € Corep(H) shows that we can assume
r = u;. Tensoring on the right by w;z shows that we can also take r = 2z, and the
irreducibility property is again satisfied.

Now assume that r is of length at least 2. If r ends by u, with n > 0, then we
can achieve n = 1 as above, and tensoring by w1z yields a word of strictly smaller
length in . Hence r must be of the form wu,z* with k € Z*,n € N*. In fact
k # 1, because otherwise we find again a strictly shorter word in « by tensoring
with 2~ tu. Now it is clear from the fusion rules and the description of Irr(H) above
that the tensor products r ® ¢ with ¢ € lrr(H) are irreducible. O

5. THE DIRAC AND DUAL DIRAC ELEMENTS

In this section we define the Bass-Serre quantum tree and the Dirac and dual
Dirac elements associated to a free product of discrete quantum groups. We shall
essentially follow Kasparov and Skandalis [14], in addition we take into account the
natural Yetter-Drinfeld structures in the quantum setting. In the sequel we assume
that the reader is familiar with equivariant K K-theory for quantum groups, our
notation will follow [21], [33].

Let Gy and G7 be discrete quantum groups and let G = Gy * GG; be their free
product. We write 7; : C[G] — C[G/G,] for the canonical projections. On the level
of Hilbert spaces, we define an associated tree for G by

P(X) =X or(x®)
where
PXOY=12(G/Go) @ 2(G/Gy),  BXWD)=12a).
Heuristically, this Hilbert space can be viewed as the space of [2-summable functions

on the simplices of the quantum tree X associated to the free product G. However,
we point out that X itself has no meaning here, it is only the Hilbert space 1?(X)
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with further structure which will be used in the sequel. Observe that [?(X) contains
a natural dense linear subspace S(I?(X)) = C[X] given by

ClX]= (C[X(O)] =) (C[X(l)] = C[G/Go] ® C[G/G1] @ C[G].

We will work with compact operators on [?(X) obtained from kernels in C[X]®C[X]
as explained in section 3.
Let

E = {(to,t1) € R?|tg +t; = 1}
be the one-dimensional affine space and let
Al = {(to,t1) € B|ty > 0,t; >0} C E

be the standard 1-simplex. As in [14] we denote by ¢ : E — Al the projection to
the nearest point. For a subset f C {0,1} define

Fy={(to,t1) € AM|t; =0for j € {0,1}\ f}.

Note that Fyo 1) = Al and Fy = (. Moreover define the open set Qf C E as the
interior in E of ¢~ (Ff). Observe that Q0,13 = £ and Qy = (). For the one-element
subset {j} C {0,1} we shall abbreviate Q;; = ;.

Let Cl; be the one-dimensional Clifford algebra and write

C.(U)=Cy(U)®ClL
if U C F is an open subset. Our first aim is to define a graded C*-algebra
Ax C C(E)RK(I*(X)) = Co(B,R(*(X)))&C

where O, (E) carries the grading induced from the Clifford algebra, ® denotes the
graded tensor product and K(12(X)) is the algebra K(I2(X)) of compact operators
on [2(X) with the grading obtained by viewing [?(X) = >(X©) @ 12(XM) as a
graded Hilbert space. In the case of classical groups, the algebra Ay is defined
by specifying support conditions in terms of matrix elements for K(/2(X)). In the
quantum case we have to proceed more indirectly, we shall assemble Ax by putting
together the pieces corresponding to the different regions Q¢ for f C {0,1}.
Firstly, let us consider Q413 = E. Here we take the linear subspace

Cr(B) © A(C[G]) € Cr(B) © FI*(X)).

As explained in section 3, the closure of this space inside C,(E)QK(12(X)) is iso-
morphic to C, (F)®Cy(G). Heuristically, this contribution correponds to the matrix
elements for o,n € XV such that o = 7.

Consider next the regions {2¢;, = Q; for j = 0, 1. Heuristically, we have a contribu-
tion coming from all simplices which intersect in the vertices corresponding to the
homogeneous space G/G;. For a pair of simplices in X (1) this leads to the space

C:(2;) © A(CIGN(CIG;] © ClG;))
inside C,(E) @ F(I?(X™)). For a pair of one simplex in X(*) and one simplex in
X () we have
Cr(25) © (73 ©1d)A(C[G])
inside C(E,F(1?(X),12(X™)) and symmetrically
Cr(Q) © (ido7;) A(C[G])
inside C(E,F(12(XM),12(X()). Finally, there is a contribution coming from a

pair of vertices in X(©) which gives

Cr () © (1 © 7;)A(C[G])
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inside Co(E,F(12(X©)).
We let Ax be the closure of the sum of the above subspaces inside C, (E)&K(I2(X)).
It is straightforward to check that Ax becomes a D(G)-C*-algebra in a natural way.

Definition 5.1. Let Gy, Gy be discrete quantum groups and let G = Gy x G their
free product. The Dirac element D € KKD(G)(AX,(C) is the composition of the
canonical inclusion Ax — Cr(E)QK(12(X)) with the Bott periodicity isomorphism
and the equivariant Morita equivalence K(12(X)) ~p C.

Note that 12(X) is a graded D(G)-Hilbert space, so that K(I2(X)) is in fact
D(G)-equivariantly Morita equivalent to C.
The D(G)-C*-algebra Ax is K KP(&)_equivalent to an ungraded D(G)-C*-algebra.
More precisely, let Bx C Co(E) ® K(I>(X)) be the ungraded C*-algebra defined
by the same procedure as above, but replacing C,(U) by Cy(U) in all steps. Then
P = Cy(R) ® Bx = LBy is isomorphic to Ay in KKP(@ . Indeed, the grading
on K(I2(X)) is even and hence C,(E)@K(I12(X)) is isomorphic to Co(F) @ Cly ®
K(I2(X)), where Cl; ® K(I?(X)) carries the standard odd grading, see corollary
14.5.3 in [9]. This isomorphism identifies Ax with Cl; ® Bx. Since Cl; is KK-
equivalent to Cp(R) this yields the claim.
In order to analyze the structure of P it is useful to consider the projection P —
YC(AY, Co(@)) obtained from restriction of functions in By to Al € E. We otain
an extension

0—>Ilg® ] —>=P —=NC(AY, Cy(G)) —=0

of D(G)-C*-algebras, where I; C P is the ideal corresponding to the open sets ;.
One checks easily that this extension has a D(G)-equivariant completely positive
splitting. Moreover, it follows from lemma 3.9 that I; is KK D(G)_equivalent to
CO(G/GJ) for j = 0, 1.
Next we shall define the y-element for G, compare [13], [30], using some standard
constructions for free products, see for instance the first section of [32]. If H is
a quantum group let us write C[H \ {e}] for the subspace of C[H] spanned by
the matrix coefficients of all nontrivial corepresentations of H. Similarly, we write
I2(H\{e}) C I?(H) for the orthogonal complement of C1. That is, we have a direct
sum decomposition

P(H)=Cla*(H\ {e})
of the Hilbert space (?(H). With this notation, the underlying vector space of the
Hopf algebra C[G] for the free product G = Gy * G; decomposes as

ce=Clte @ ClGi\{o- oCG,\{e]]

(i1,eeeyin)EIL,
where
I, = {(i1,...,in) € {0,1}"]ig # i1 for all k}.
Similarly, we obtain an orthogonal decomposition

e =Cla@P P EGi,\{eh)@ @G, \{e})
n=1 (ilv---ﬂln)eln
of the Hilbert space I*(G). Let us write C[G'\ {e}](;) C C[G \ {e}] for the subspace
corresponding to tuples (i1,...,4,) € I, such that i,, # j, and similarly write
(G \ {e})(j) € 1*(G\ {e}) for the corresponding closed subspace. Note that we
have

Cla\{e}] = C[G\ {e}](y) © ClGy]
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and an analogous isomorphism for the Hilbert spaces. For j = 0,1 consider the
linear map T} : C[G \ {e}];y — C[G/G}] given by Tj(x) = x © 1 where we recall
that C[G/G,] = C[G] O¢|q,) C. Note that

cig/Gl=cio @  CGi,\{}]o- oC[Gi, \{e}]

n=1 1 ig)el§)

where

I9) = {(i1,...,ipn) € {0,1}"[if, # i1 for all k and i, # j}.
The map T is a linear isomorphism onto the space C[G/G; \ {eG,}]. By the latter
we mean the direct sum of all summands in the above decomposition of C[G/H]
except for the subspace C1 which represents the identity coset. Using analogous
notation, this map extends to a unitary 1?(G)(;) — I*(G/G; \ {eG,}) which we
denote again by T}.
We define a bounded operator V' : 12(G) — I2(G/Gy) @ 12(G/Gy) for j = 0,1 by
Vi =T on I(G\ {e})) for k= 0,1 and V(1) =1 € I>(G/G:1_;). That is, V'
differs from V;* only on the one-dimensional subspace C1 C I?(G) corresponding the
trivial corepresentation. The operator V" is an isometry with cokernel im(Vj*)L =
Cl C I?(G/Gj), and we define the Julg-Valette operator V; to be the adjoint of
V. Geometrically, the operator V* maps an edge to the endpoint furthest from
the base point given by the identity coset in G/G;.
Now consider the odd operator I'; € L(I(X)) given by

0 V=
Jp— J
b (vj 0)

with respect to the canonical decomposition 12(X) = I2(X ) @12(X ™). It is clear
by construction that I'; € L(I?(X)) is self-adjoint and satisfies 1 — ' € K(I*(X)).
Let us write A : [2(X) — M (Cy(D(G))®12(X)) for the action of the Drinfeld double
D(G) on I2(X) and ady : K(I?(X)) — M(C5(D(GQ)) ® K(I?(X)) for the associated
adjoint coaction, compare [21]. The operator I'; almost commutes with the coaction
A on [?(X) in the following sense.

Lemma 5.2. With the notation as above, we have
(CH(D(G) @ 1)1 @ T; —ada(T;)) € CH(D(G)) @ K(I*(X))
for7=0,1.

Proof. The coaction A corresponds to coactions «a : I2(X) — M(Cy(G) ® I?(X))
and v : [2(X) — M(C}(G) ® [*(X)) satisfying the Yetter-Drinfeld compatibility
condition, see section 2. To check the assertion it suffices to show that I'; almost
commutes with « and v separately. The coaction a corresponds to the canonical
unital *-representation of Cf (G) = Cf (Go) = C¢(G1) on [*(X). This in turn corre-
sponds to a pair of unital *-representations of Cf (Gp) and Cf(G1) on I2(X). It is
easy to see that I'; commutes with the action of C¢(G;). Since I'g and I'y only differ
by a finite rank operator, it follows that I'; commutes with the action of Cf(G1—;)
up to compact operators. This yields the claim for a.. It is straightforward to check
that I'; commutes strictly with the *-representation of Co(G) on I?(X) induced by
v, and this yields the claim for v. [l
We conclude that the operator I'; together with the action of C on 12(X) by scalar
multiplication defines a class v € K KP(%)(C, C). Note that this class is independent
of j since I'1 — T'y is a finite rank operator.

Lemma 5.3. We have vy =1 in KKP(©)(C,C).
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Proof. Let us use the operator I'y to represent . Then v — 1 is represented by the
graded Hilbert space

H=Ho®dH, =X >(XV)aC),

the action of C by scalar multiplication and the self-adjoint odd unitary Fy given
as follows. We decompose H into the direct sum K @ K+ where

K=Ko®dK;=(Cl1aCl)a(Cl1eC)CHodH1

and C1 denotes the subspaces corresponding to the trivial corepresentation inside
12(G/Gy),1?(G/G1) and I*(G), respectively. The operator Fy preserves the de-
composition H = K @ K+, it agrees with I'y on I, and on K it interchanges
1 €1?(G/Go) with 1 € C and 1 € I2(G/Gy) with 1 € I?(G).

As in lemma 5.2 we study the D(G)-action on H in terms of the corresponding
s-representations of Cf(Go), Cf(G1) and Cy(G). It is obvious that Fy commutes
with the actions of Cf(Gy) and Cy(G). Performing a symmetric construction with
I'y instead of I'g, we obtain an operator F} which commutes with the actions of
C#(Gh) and Cy(G). Moreover Fy = Fiu where u is the self-adjoint unitary which
is equal to the identity on K1, interchanges 1 € I2(G/Gy) with 1 € I2(G/G1) and
fixes 1 € I2(G) and 1 € C. If we conjugate the action of Cf(G1) by u and leave the
action of Cf (Gy) fixed, we thus obtain an action of Cf (G) which commutes strictly
with Fy. Choosing a path of unitaries in L(/Cp) connecting u and id on Ky yields
a homotopy between our cycle and a degenerate cycle. This shows v — 1 = 0 as
claimed. d
Our next aim is to define the dual-Dirac element € K KP(%)(C, Ax). For a given
A € E consider the operator

_ o drn=AN)
) = Sl = AL 173)

in L(Cr(F)) = M(C-(E)) where ¢ denotes Clifford multiplication. By construction,
the function 1 — % is supported on the ball Bi/3(\) around A. The operator 3\
represents the Bott element in KK (C,C,(FE)), we view it as an element [85] in
KKP@)(C,C,(E)) by considering the trivial action of D(G) on all ingredients of
the corresponding cycle. Note that the class [5,] is independent of .

Let us fix b = (1/2,1/2) € E and write 8 = (5. Since the action on Cr(E) is
trivial, we obtain an element 7o (g)(7) € KKP(@(C,(E),C;(E)) by tensoring v
with C;(F) in the standard way. The Kasparov product

v @c (8] = 8] ©c, (&) 7o, (5)(7)

is an element in K KP(©)(C, C,(E)) which can be represented easily using the Julg-
Valette operator I'g from above. More precisely, the underlying Hilbert C;(E)-
module is C, (E)®I?(X), the action of C is by scalar multiplication, and the operator
is given by

Fy = p&1+ ((1- 5281 (18Ty),
see proposition 18.10.1 in [9]. Using equivariant Morita invariance, we obtain a
corresponding element in K KP(@)(C, O, (E)®K(1?(X))) with underlying Hilbert
module C,(E)®K(I2(X)), the tautological left action of C, and the operator given
by the same formula as Fj.
Let xp,z1 € F be the points

z0=(3/2,-1/2), @1 =(-1/2,3/2),

and let p; € M(Co(G)) C L(I*(G)) for j = 0,1 be the projection onto I*(G\ {e}) ).
Note that pg,p1 € M(Cy(G)) are central elements. For t € [0,1] we define 3! €
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L(Cr(E)P(X)) = M(C(E)®K(*(X))) by

Bt = Btzo+(17t)b®(p0 @ id ®0)
+ Brar+(1—0p@((p1 + (1 ® 1)) & 0 B id)

where we use the decomposition (?(X) = I2(G) ®1*(G/Go) ®1*(G/G1),and 1®1 €
F(I2(Q)) C K(I*(Q@)) is the orthogonal projection onto C1 C I2(G). In addition, we
define F; € L(C,(E)®I%(X)) for t € [0,1] by

Fy= 3"+ (1 - (8%)"*(1&T),

for t = 0 this is of course compatible with our notation above. It is straightforward
to check that (3%)? commutes with 1T, and this implies F; = F}*. Moreover one
verifies 1 — F? € K(Cr(E)®I?(X)) for all t € [0, 1] using that 1 — (3 is contained in
C.(E) for all A € E and 1 —T'2 € K(I?(X)). As in the proof of lemma 5.2 we see
that Fy is almost invariant under the action of D(G), that is

(CH(D(G)) ® (1 ® Fy — adA(F)) € C(D(G)) @ K(Cr(E)&I*(X))

for all t € [0, 1], where we write again A for the coaction on C(E)®1?(X) obtained
from the coaction on ?(X).
Let us now define the dual Dirac element 7.

Proposition 5.4. The operator Fy is contained in the multiplier algebra M(Ax)
inside L(Cy (E)®1%(X)) and defines an element n € K KP(&)(C, Ax) in a canonical
way.

Proof. Note that the canonical inclusion Ax — L(C,(E)®I*(X)) is nondegenerate,
so that M(Ax) is indeed naturally a subalgebra of L(C, (E)®I?(X)).

To check that F} is a multiplier of Ay, it is convenient to write the operator in ma-
trix form with respect to the decomposition (?(X) = I12(G/Go) ®1*(G/G1) ®1*(G).
In a similar way one can represent the different linear subspaces of C (E)QK(12(X))
in the definition of Ax. This reduces the argument to a number of straightforward
verifications, the crucial point being that 1 — ﬁgj is supported on §2; for j = 0, 1.
Since this is completely analogous to the classical case treated in [14] we omit these
verifications here.

We obtain the element n € K KP()(C, Ax) by considering Ax as a Hilbert module
over itself together with the operator F; € L(Ax) = M(Ax) and the left action of
C by scalar multiplication. We have already seen above that F} is self-adjoint. To
check the remaining properties of a Kasparov module, observe that

K(C-(EYQI*(X)NM(Ax) C Ax = K(Ax)

since Ax acts nondegenerately on C,(E)&I[?(X). Hence our previous considerations
about the operators F; € L(C,(E)®I?(X)) show that 1 — F? € K(Ax) and that
Fy € L(Ax) is almost invariant under the action of D(G). O
Let us compute the product n ® 4, D.

Theorem 5.5. Let D € KKP(@)(Ax,C) and n € KKP©(C, Ax) be the Dirac
and dual Dirac elements defined above. Then

N &QAx D =id
in KKP@)(C,C).
Proof. Let i : Ax — C,(E)QK(I2(X)) be the canonical embedding and denote by

[i] € KKP(@)(Ax,C.(F)) the corresponding class. Almost by construction, the
operators F; € L(C,(E)®I%(X)) for t € [0, 1] define a homotopy between n ® 4 [i]
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and v ®c [8]. Hence if [3] € KKP@)(C.(E),C) denotes the inverse of the Bott
element, then we obtain

N@ax D =134y [(]®c, () [6] =7 ®¢ 18] @c.(m) 18] = 18] ®c. (&) [B] = id
using lemma 5.3 and Bott periodicity. O

6. THE BAUM-CONNES CONJECTURE AND DISCRETE QUANTUM GROUPS

In this section we first recall some elements of the categorical approach to the

Baum-Connes conjecture developed by Meyer and Nest [19], [20], [18]. In partic-
ular, we discuss the formulation of an analogue of the Baum-Connes conjecture
for a certain class of discrete quantum groups proposed in [18]. Using the results
obtained in section 5 and [33] we will then show that free quantum groups satisfy
this conjecture.
Let G be a discrete quantum group. The equivariant Kasparov category K K¢ has
as objects all separable G-C*-algebras, and K K%(A, B) as the set of morphisms
between two objects A and B. Composition of morphisms is given by the Kas-
parov product. The category K K¢ is triangulated with translation automorphism
Y : KK¢ — KKY given by the suspension XA = Cy(R, A) of a G-C*-algebra A.
Every G-equivariant *-homomorphism f : A — B induces a diagram of the form

SB o A—1-B

where C'y denotes the mapping cone of f. Such diagrams are called mapping cone
triangles. By definition, an exact triangle is a diagram in K K¢ of the form ¥Q —
K — FE — @ which is isomorphic to a mapping cone triangle.

Associated with the inclusion of the trivial quantum subgroup E C G we have the
obvious restriction functor res§ : KKY — KK¥ = KK and an induction functor
ind% : KK — KKC. Explicitly, ind%(A4) = Cy(G) ® A for A € KK with coaction
given by comultiplication on the copy of Cy(G).

We consider the following full subcategories of K K&,

TCo={Ac KK resG(A)=0€ KK}
TZo = {indG(A)|A e KK},

and refer to their objects as trivially contractible and trivially induced G-C*-
algebras, respectively. If there is no risk of confusion we will write 7C and TZ
instead of TCq and TZg.

The subcategory TC is localising, and we denote by (TZ) the localising subcategory
generated by 7Z. It follows from theorem 3.21 in [18] that the pair of localising
subcategories ((TZ),7C) in K K% is complementary. That is, K K (P, N) = 0 for
all P € (TZ) and N € TC, and every object A € KK fits into an exact triangle

YN A A N

with A € (TZ) and N € TC. Such a triangle is uniquely determined up to isomor-
phism and depends functorially on A. We will call the morphism A — A a Dirac
element for A.

The localisation ILF of a homological functor F on KK& at TC is given by

LF(A) = F(A)
where A — A is a Dirac element for A. By construction, there is an obvious map
pa :LF(A) — F(A) for every A € KKC.

In the sequel we write G X A and G X, A for the full and reduced crossed products
of a G-C*-algebra A.
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Definition 6.1. Let G be a discrete quantum group and consider the functor
F(A) = K.(G x, A) on KK%. We say that G satisfies the TI-Baum-Connes
property with coefficients in A if the assembly map

wa:LE(A) — F(A)

is an isomorphism. We say that G satisfies the TZ-strong Baum-Connes property
if (TT) = KKC.

Clearly the TZ-strong Baum-Connes property implies the 7 Z-Baum-Connes
property with coefficients in A for every G-C*-algebra A. We refer to [19] for
the comparison of definition 6.1 with the usual formulation of the Baum-Connes
conjecture in the case that G is a torsion-free discrete group. The TZ-strong Baum-
Connes property is equivalent to the assertion that G has a y-element and v = 1
in this case.

In order to obtain the correct formulation of the Baum-Connes conjecture for an
arbitrary discrete group G one has to replace the category 7Z by the full subcat-
egory CI C KKC of compactly induced G-C*-algebras. Our results below show
that for a free quantum group G the category TZ is already sufficient to generate
KK, Tt is natural to expect that all free quantum groups are torsion-free in the
sense of [18]. For free orthogonal quantum groups this is verified in [33], but we
have not checked the general case.

Let us briefly discuss some facts from [20], [18] that will be needed in the sequel.
We write J for the homological ideal in K K consisting of all f € K K%(A, B) such
that res$(f) = 0 € KK (A, B). By definition, J is the kernel of the exact functor
resg : KK¢ — KK. The ideal J is compatible with countable direct sums and
has enough projective objects. The J-projective objects in K K< are precisely the
retracts of compactly induced G-C*-algebras.

A chain complex

e — n+1 Cn
in KKC is J-exact if

e KK (A, Co) S KEK(A, )~ KK (A, Gy ) —— -

is exact for every A € KK.
A J-projective resolution of A € KK is a chain complex

dnt1 d da dy
Py P, —>P, e Py B

of J-projective objects in K K¢, augmented by a map Py — A such that the
augmented chain complex is J-exact.
Recall that we will denote by G the dual compact quantum group of the discrete

quantum group G determined by C'(G) = C}(G)%P. Note that this amounts to
switching the comultiplication in the conventions of Kustermans and Vaes [17].

By definition, the representation ring of G is the ring R(G) = KK%(C,C) with
multiplication given by Kasparov product. Note that R(G) has an additive basis
indexed by the irreducible corepresentations of G. For every B € KK© there is a

natural R(G)-module structure on
K(B)~ K(Kg ® B) =~ KK%(C,G x, B)

induced by Kasparov product.
Let us next record a basic result on induction and restriction for discrete quantum
groups.
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Proposition 6.2. Let G be a discrete quantum group and let H C G be a quantum
subgroup. Then

KK%(ind§(A), B) = KK (A, res$(B))
for every H-C*-algebra A and every G-C*-algebra B.

Proof. We describe the unit and counit of this adjunction, using the explicit de-
scription of the induced algebra ind% (A) from section 3. We have an H-equivariant
«-homomorphism 74 : A — ind% (A) given by na(a) = a(a) € M(Co(H) ® A) C
M(Co(G) ® A). This defines the unit 74 : A — res$ ind$ (A) of the adjunction.
The counit k3 : ind% resG (B) = Co(G/H) X B — B of the adjunction is induced
from the embedding Co(G/H) C K(I1*(G/H)) followed by the D(G)-equivariant
Morita equivalence between K(I?(G/H)) and C. One checks that

ind(na) Kind(A)
—

ind% (A) ind% res ind$ (4) —> ind%(A)

is equal to the identity in KK for any H-C*-algebra A, using that 2 € indg (A4)
is mapped to pjq ® z € K(I*(G/H)) @ ind% (A) under these maps.

Similarly the composition

res$ (B) ntress) res% ind$ res§ (B) Bt res$ (B)

is the identity in KK for every G-C*-algebra B since the minimal projection
pjq € K(I*(G/H)) is H-invariant and invariant under the adjoint coaction. This
yields the claim. O
Finally, we need a description of the crossed product of homogeneous spaces for
divisible quantum subgroups with respect to the conjugation coaction. Recall that
the conjugation coaction v : Co(G) — M(C}(G) ® Cy(Q)) is given by ~v(f) =
W*(1® f)W where W = SW*E € M(CH(G) @ Co(Q)).

Lemma 6.3. Let G be a discrete quantum group and let H C G be a divisible
quantum subgroup. Then there exists a Cy(G)°P-colinear *-isomorphism

Co(G)*P %, Co(G/H) = Co(G)*P @ Co(G/H)
where the crossed product Co(G)P x, Co(G/H) for the conjugation coaction is

equipped with the dual coaction, and on Co(G)*P ® Co(G/H) we consider the co-
multiplication on the first tensor factor.

Proof. Since we assume H to be divisible we find a central projection p € M (Cy(G))
such that multiplication by p yields a s-isomorphism from Co(G/H) C Cy(G) to
pCo(G). Given an H-equivariant #-isomorphism Co(G) = Co(G/H) ® Cy(H), the
projection p corresponds to 1 ® ppg where € € Irr(H) is the trivial corepresentation.
Since p is central, the isomorphism Cy(G/H) = pCy(G) commutes with the conju-
gation coaction.

We obtain

Co(G)™P x, Co(G/H) = [(Co(G) @ YW*(1 @ Co(G)p)W]
W (Co(G) ® )W*(1® Co(Q)p)]
> | Co(

=

1%

Il

W1 ® Co(G))WE( @ Co(G)p)]
A“P(Co(G))(1 @ Co(G)p)]

= [Co(G) @ Co(G)p]

= Co(G)*P ® Co(G/H).

It is straightforward to check that these identifications are compatible with the dual
coaction on Cy(G)°P x, Cy(G/H) and comultiplication on the first tensor factor in
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Co(G)*°P @ Cy(G/H), respectively. O
Now let Gy and G; be discrete quantum groups and let G = Gy * G1. In section 5
we constructed the Dirac element D € K KP(@) (A, C) using the C*-algebra Ax of
the quantum tree associated to G. It was also shown that Ay is K KP(%)-equivalent
to a certain ungraded D(G)-C*-algebra P. By slight abuse of notation, we will view
D as an element in K KP(@) (P, C) in the sequel.

Lemma 6.4. Let Gy, Gy be discrete quantum groups and let G = G *x G be their
free product. The Dirac element D € KK (P,C) is invertible.

Proof. By the definition of P we have an extension
0——=Iodl —=P—=3C(AL,Co(G)) —=0

and using the K K-equivalences between I; and Cy(G/G;) for j = 0,1 we obtain
an exact sequence

0 —=Ki(P) ————— Ko(Co(G))

| :

0 <— Ko(P) =— Ko(Co(G/Go)) ® Ko(Co(G/Gh))

in K-theory.

Using lemma 3.9 it is easy to check that the morphisms in K K (Cy(G),Co(G/G;))
corresponding to the boundary map 0 are, up to a sign, induced from the inclusion
homomorphisms Cy(G) =2 Co(G/G;) ® Co(G,4) — Co(G/G;) @ K(I?(G;)). Here the
first isomorphism is the canonical identification corresponding to the free product
decomposition of G.

Let us write [r] for the class in Ko(Cy(G)) corresponding to the irreducible corepre-
sentation r € lrr(G) and [7;(r)] for the class associated to 7;(r) € Irr(G)/Irr(G;) in
Ko(Co(G/Gj)). Inspecting the definition of the boundary map yields the formula

_( dim(r) (r dim(r) (r
01) = (-~ g (), s 1)

where dim(7;(r)) is the size of the matrix block in Co(G/G;) associated to 7;(r).
In other words, the boundary map 9 coincides, up to rescaling by dimensions, with
the combinatorial boundary map of the classical Bass-Serre tree Y associated to G,
compare the discussion in section 4.

Using the above formula one checks that 0 is injective and that the cokernel of 0 is
a free abelian group of rank 1 generated by the class of ([79(€)],0). Geometrically
this corresponds to the fact that the classical Bass-Serre tree Y has no loops and
is connected, respectively.

As a consequence we obtain Ko(P) = Z and K;(P) = 0. Together with theorem 5.5
it follows that D induces an isomorphism in K-theory. According to the universal
coeflicient theorem this yields the claim. O
The previous lemma can be strengthened by taking into account the action of the
compact dual of G obtained by restriction from the coaction of the Drinfeld double
C(D(Q)). In the following lemma we use Baaj-Skandalis duality for S = Cy(G)<P
and § = C*(G). In other words, we work with K K5 = KKC” and KKS = KK,
respectively. For information on the Baaj-Skandalis duality isomorphism we refer
to [1], [2].

Lemma 6.5. Let G = Gy * Gy be a free product of discrete quantum groups and
set S = C*(G). Then the Dirac element D € KK°(P,C) is invertible.
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Proof. By Baaj-Skandalis duality the assertion is equivalent to saying that Sx, D &€
KK?®(Sx,P,Sx,C) is invertible where S = Cy(G)%P. According to theorem 5.5 it
suffices in fact to show that the map KK5(S x, P, S x,P) = KK%(Sx,P,S x,C)
induced by D is an isomorphism. We have an extension

0——= S, (I &) —= S x, P —= 8 x, BC(AL, Cy(G)) —= 0

of S-C*-algebras with equivariant completely positive splitting, and inserting this
extension into the first variable yields a 6-term exact sequence in K K. According
to lemma 6.3 we see that S x, [; and S x, SC(A!,Cy(G)) are S-equivariantly
isomorphic to algebras of the form S ® B where B € KK is in the bootstrap class.
Due to proposition 6.2 it therefore suffices to show that Sx,D € KK (Sx,P,Sx,C)
induces an isomorphism in K-theory.

Using lemma 6.3 we obtain a diagram

S, (Ip@I;) —= 8 x, P —= 8 x, BC(AL, Co(G)) —= (S x, (I & I1))

; : ;

S@UpdH) —=S@P——=S®EC(AY,Cy(G) ——=X2(S® (Ip ® 1))

in KK* such that the right hand square is commutative and the rows are exact
triangles. Since the category K K*® is triangulated there exists an invertible mor-
phism S x, P — S ® P in KK* completing the above diagram to a morphism of
exact triangles. In particular we obtain a diagram

Ko(S w: P) 25 Ko(S %, C)

iu lm

Ko(S©P) 222 Ko (S @ C)

where the lower horizontal arrow is an isomorphism according to lemma 6.4. To

check commutativity of this diagram recall that we have a natural R(G)-module
structure on the K-groups K (S x, B) for any B, where R(G) = KK (C,C) is the
representation ring of G. A generator of the R(G)-module Ko(S®P) is represented
by the projection p.®i(pr,(e),0) where p. € S and p () € Co(G/Go) are the projec-
tions corresponding to the trivial corepresentation and i : Co(G/Go) ®Co(G/G1) —
Iy ® Iy — P is the canonical morphism. Since p, () is invariant under the conjuga-
tion action of C.(G) one finds that the corresponding element pe X i(pr,(e),0) is a

generator of the R(G)-module K(S %, P). Under S X, D this element is mapped
to pe € Ko(S) = Ko(S x, C). Since all maps in the above diagram are R(G)-linear
this finishes the proof. O
We shall now show that the 7Z-strong Baum-Connes property is inherited by free

products, compare [22], [25].

Theorem 6.6. Let Gy and Gy be discrete quantum groups satisfying the T LZ-strong
Baum-Connes property and let G = Gy * Gy be their free product. Then G satisfies
the TZ-strong Baum-Connes property as well.

Proof. Let A € KK be an arbitrary G-algebra. Using theorem 3.6 in [21] we see
that the braided tensor product P X A is an extension of G-C*-algebras induced
from Gy, Gy and the trivial quantum subgroup. Therefore the 7T Z-strong Baum-
Connes property for Gy and G, implies that P X A is contained in (7Zg).

It remains to prove that DA € K K% (PKA, A) is an isomorphism. Due to theorem
5.5 it is enough to show that the map KK“(PX A,PX A) - KK“(P X A, A)
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induced by D X A is an isomorphism.
By construction of P we have an extension

of G-C*-algebras with equivariant completely positive splitting. Using the six-term
exact sequence in K K-theory and proposition 6.2 we may thus reduce the problem
to showing that the maps K K% (B,PRA) - KK% (B, A) and KK (B,PKRA) —
KK(B, A) are isomorphisms for all B in KK% and KK, respectively. Since Gj
satisfies the TZ-strong Baum-Connes property, every B € KK is contained in
(TZg,). Hence it is in fact enough to show that KK(B,P X A) — KK(B,A) is
an isomorphism for all B € KK, or equivalently that DX A € KK(PX A, A) is
invertible. However, this follows from lemma 6.5 and the functorial properties of
the braided tensor product, compare [21]. O

Lemma 6.7. Let G be a discrete quantum group satisfying the TZ-strong Baum-
Connes property. If H C G is a divisible quantum subgroup, then H satisfies the
TZ-strong Baum-Connes property as well.

Proof. Let A € KK be given. Since G satisfies the TZ-strong Baum-Connes
property we have indg(A) € (TZg) in KK, The category TZ¢g is generated
by G-C*-algebras of the form Cy(G) ® B for B € KK with coaction given by
the comultiplication of Cy(G). Since by assumption H C G is divisible we have
Co(G) = Co(H)®Co(H\G) as H-C*-algebras. This implies res$ ((TZg)) C (TZw)
and in particular res§ ind$(A) € (TZy) in KK, Using the explicit descrip-
tion of induced C*-algebras in section 3 we see that the H-C*-algebra A is a
retract of res% ind%(A). That is, there are morphisms A — res§ ind%(A) and
res? ind%(A) — A which compose to the identity on A. Since (TZy) is closed
under retracts this shows A € (TZy) and yields the claim. O
We are now ready to prove the main results of this paper.

Theorem 6.8. Letn > 1 and Q € GL,,(C). Then the free unitary quantum group
FU(Q) satisfies the TZ-strong Baum-Connes property.

Proof. We consider first the case @ € GLy(C), and without loss of generality we
may assume that @ is positive. Then @ can be written in the form

Q:r(g qol)

for some positive real number r and ¢ € (0, 1], and FU(Q) is isomorphic to FU(P)

where s
_ 0 q
(e )

satisfies PP = —1. We remark that the free orthogonal quantum group FO(P) is
isomorphic to the dual of SU,(2).

It is well-known that Z satisfies the TZ-strong Baum-Connes property [12], and
according to [33] the same is true for FO(P). Hence due to theorem 6.6 the free
product FO(P) * Z satisfies the TZ-strong Baum-Connes property as well. Using
proposition 4.3 and lemma 6.7 we conclude that FU(P) satisfies the 7Z-strong
Baum-Connes property. This yields the assertion for @ € GLy(C).

Now let @ € GL,(C) be arbitrary. According to corollary 6.3 in [8] the dual
of FU(Q) is monoidally equivalent to the dual of FU(R) for a suitable matrix
R € GLy(C). Hence the claim follows from the invariance of the 7Z-strong Baum-
Connes property under monoidal equivalence, see theorem 8.6 in [33]. O
Combining this with theorem 6.6 and the results in [33] we obtain the following
theorem.
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Theorem 6.9. Let G be a free quantum group of the form
G=FU(Py)*---xFU(P,) * FO(Q1) * - -- *x FO(Q;)

for matrices P; € GLy,,(C) with m; > 1 for all i and matrices Q; € G Ly, (C) with
n; > 2 such that Q;Q; = 1 for all j. Then G satisfies the TI-strong Baum-
Connes property.

7. K-THEORY FOR FREE QUANTUM GROUPS

In this section we discuss the main applications of our results. We shall establish
an analogue of the Pimsner-Voiculescu exact sequence for free quantum groups
and compute their K-theory. In addition we discuss some consequences concerning
idempotents in reduced C*-algebras of free quantum groups and the y-element
studied in [31].

Let G be a discrete quantum group and let B be a G-C*-algebra. For s € Irr(G)
we define s, € KK (B, B) as the composition

B~ ¢(G)s©B-=~B

where the first arrow is obtained by composing the coaction 5 : B — M (Cy(G)® B)
with the projection onto the matrix block corresponding to § inside Cy(G). The
second arrow is induced by the Morita equivalence C(G)s = L(Hz) ~as C. In this
way we obtain a ring homomorphism R(G) — KK (B, B), where we recall that
R(G) = KK (C,C) denotes the representation ring of the dual compact quantum
group G. In particular, the representation ring acts on the K-theory of B, and this
action on K (B) agrees with the action defined in section 6.

We shall now formulate the Pimsner-Voiculescu exact sequence for free quantum
groups.

Theorem 7.1. Let G be a free quantum group of the form
G=FU(P,) *---xFU(P,) *FO(Q1) * - -- *x FO(Q;)

for matrices P; € G Ly, (C) with m; > 1 for all i and matrices Q; € GLy;(C) with
nj > 2 such that Q;Q; = £1 for all j.
Then G is K-amenable, and therefore the natural map

K.(GxfA) = K.(Gx, A)

is an isomorphism for every G-C*-algebra A. Moreover there is an exact sequence

@32? Ko(A) —— Ko(A) —— Ko(G ¢ A)

| |

Ki(G xg A) <—=— K1 (A) <= @ K1 (A)

Jj=1

for the K-theory of the crossed product. Here o is the map
k 1
o =P ((w) —mi) & (@W)e — ms) © Pvj)e —ny
i=1 j=1
where we write u; and v; for the fundamental corepresentations of FU(P;) and
FO(Q;), respectively. In addition ¢ : A — G x¢ A denotes the canonical inclusion.

Proof. Since full and reduced crossed products agree for trivially induced actions,
theorem 6.9 implies that G xs A — G X, A induces an isomorphism in K K for every
G-C*-algebra A, compare [33]. This means that G is K-amenable.

Consider the homological ideal J in KK given by the kernel of the restriction



32 ROLAND VERGNIOUX AND CHRISTIAN VOIGT

functor resg : KK — KK. We shall now construct a J-projective resolution of
length 1 for every G-C*-algebra A. A

Note first that the representation ring R(G) = KK (C,C) can be identified with
the free algebra Z{uy, @y, . . ., ug, Ug, v1, - . ., v;) generated by the fundamental corep-
resentations u; of FU(P;), thelr conjugates and the fundamental corepresentations
vj of FO(Q;). We may also view R(G) as the tensor algebra TV over

k l
V = P(Zu; & ;) & P Zo;.
i=1 j=1

Note that for B = Co(G) the R(G)-module structure on K(B) = R(G) is given by
multiplication, and for B = C this module structure is induced from the homomor-
phism € : TV — Z given by e(u;) = m; = €(u;) and €(v;) = n;.

For r € Irr(G) we define an element T, € K KP(&)(Cy(G), Co(G)) by

Co(G) —2> Co(G) & C(G), —=— Co(G)

where the first arrow is given by composition of the comultiplication of Cy(G) with
the projection onto the matrix block C(G), = K(#,) corresponding to r. The
second morphism is given by the canonical D(G)-equivariant Morita equivalence
between Cy(G) @ K(H,) = K(Cy(G) ® H,) and Cy(G). It is straightforward to
check that the induced map T, : Ko(Co(G)) — Ko(Co(G)) identifies with right
multiplication with 7 under the identification Ko(Co(G)) = R(G).

Let us consider the diagram

5

0 Py Py C 0

in KKP(©) where
2k+1

=P (@),  PR=Co(G)

and the morphisms are defined as follows. The arrow A : Cy(G) — K¢ ~ C is given
by the regular representation. Moreover
k l
5=@(Tui —my;id) & (T — m; id) @@ —n;id)
i=1 j=1
where T, for r € Irr(G) are the morphisms defined above.
By applying K-theory to the above diagram we obtain the sequence of T'V-modules

d

0—=TVRV TV <=7 0

where € is the augmentation homomorphism from above, and d is given by
d(1®ui)=u7—mi, d(1®uﬁ)=uz—mz, d(1®1}j):11j—nj

on the canonical T'V-basis of TV ®V'. It is easy to write down a Z-linear contracting
homotopy for this complex. Moreover this homotopy can be lifted to K K*° where
S = C7(G) since the conjugation coaction is diagonal with respect to the canonical
direct sum decomposition of Cy(G), and each matrix block C(G), for r € Irr(G) is
S-equivariantly Morita equivalent to C.

Now let A be a G-C*-algebra. Then taking braided tensor products yields a se-

quence

5®1d /\IE1d

in KK which is split exact in KK. Taking into account that Co(G) K A =
Co(G) ® A is J-projective and CX A =2 A, we conclude that the above sequence
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defines a J-projective resolution of A. We have thus shown that every object of
K K¢ has a projective resolution of length 1. Moreover K K¢(A, B) = 0 for every
A € KK and all J-contractible objects B. Indeed, this relation holds for A € TZ
due to proposition 6.2, and hence for all objects in KK% = (TZ) according to
theorem 6.9.

Consider the homological functor F' defined on K K% with values in abelian groups
given by F(A) = K(G x¢ A). According to theorem 4.4 in [20] we obtain a short
exact sequence

0 ——LoFi(4A) — K. (Gxf A) —= L F,_1(A) ——=0

for all n. Moreover we have

LoF,(A) = coker(F,(0) : K. (A) = K.(A))

Ly F.(A) = ker(Fi(0) : K.(A) = K.(A)).
It is easy to check that F,(d) identifies with the map o. We can thus splice the
above short exact sequences together to obtain the desired six-term exact sequence.
Finally, it is straightforward to identify the map K.(A) — K.(G x A) in this
sequence with the map induced by the inclusion. O

Using theorem 7.1 we may compute the K-groups of free quantum groups. Let us
first explicitly state the result in the unitary case.

Theorem 7.2. Let n > 1 and Q € GL,(C). Then the natural homomorphism
CH(FU(Q)) = CHFU(Q)) induces an isomorphism in K-theory and

Ko(CEFUQ) =2,  K:\(CHFU(Q)) = Z& L.

These groups are generated by the class of 1 in the even case and the classes of u
and u in the odd case.

Proof. Let us abbreviate G = FU(Q). According to theorem 7.1 the natural map
K.(C{ (@) = K.(C}(Q)) is an isomorphism. To compute these groups we consider
the projective resolution constructed in the proof of theorem 7.1. The resulting long
exact sequence in K-theory takes the form

Z —— Ko(C}(G)) —=0

27 <—— K\(C¢(G) =—

o

which yields

Ky(C{ (@) =72, K(C{H@R)=Za L.
Indeed, the Hopf-C*-algebra Cf(G) has a counit, and therefore the upper left hor-
izontal map in the above diagram is an isomorphism. We conclude in particular
that the even K-group Ko(Cf(G)) is generated by the class of 1.
It remains to determine the generators of K:(C{(G)) = Ki(C{(FU(Q))). As-

sume first QQ = +1 and consider the automorphism 7 of C{(G) determined by
7(u) = QuQ . Note that

7(QUQ™Y) = QrMQ ™ = QQuQ Q™' =
so that 7 is a well-defined *-homomorphism such that 72 = id. Moreover 7 is com-
patible with the comultiplication.
Using 7 we obtain for any G-C*-algebra A a new G-C*-algebra A7 by consider-
ing A = AT with the coaction o (z) = (# ® id)a(x), where 7 is the automor-
phism of Cy(G) dual to 7. This automorphism can be viewed as an equivariant
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s-homomorphism 7 : Co(G) — Co(G)?. On the level of K-theory we obtain a
commutative diagram

0—K1(CH(G) —=Z®Z —7Z—— Ko(C}(G)) —=0

0——K1(CH(G) ——=Z®Z —7Z—— Ko(C}(G)) ——=0

where o(k,l) = (I,k) is the flip map. It follows in particular that the elements in
Z & 7 corresponding to u and u are obtained from each other by applying o, that
is,

[u] = (p,q), [l = (g:p)
for some p, q € Z.
Note that C; (FU(Q)) = Cf (FU(|Q|)) where |Q| = (Q*Q)'/? is the absolute value of
Q. Using this identification we obtain a *-homomorphism p : Cf (FU(Q)) — C{(Z)
by choosing a suitable corner of the generating matrix. More precisely, if u is the
generating matrix of Cf (FU(|Q|)) then we may set p(u11) = 2z and p(u;;) = &5
else. On the level of Ky the map p sends [u] to 1 € Z = K1(Cf(Z)) and [u] to —1.
Under the canonical projection Cf(FU(Q)) — C#(FO(Q)) the classes [u] and [u]
are both mapped to 1 € Z = K1 (C{(FO(Q))).
Consider the *-homomorphism p & 7 : Cf(FU(Q)) — CF(Z) & CF(FO(Q)). The
map induced by p & 7 on the level of K1 may be written as a matrix

A= (Cc‘ Z) € M(Z).

R Y

then our above argument shows

If we set

AU = M.

In particular det(U) = p? — ¢®> = (p+ q)(p — q) divides 2 = det(M). We conclude
that det(U) = £1 or det(U) = £2. The latter is impossible since either p 4+ ¢ and
p — ¢ are both divisible by two, or none of the factors is. Hence det(U) = +1,
and this implies that v and @ generate K7 (C{(FU(Q)). This yields the claim for @
satisfying QQ = +1, and hence our assertion holds for all quantum groups FU(Q)
with Q € GLy(C).

Now let @ € GL,(C) be an arbitrary matrix. Without loss of generality we
may assume that @ is positive. Then we find P € GLy,(C) satisfying PP € R
such that @) is contained as a matrix block inside P, and an associated surjec-
tive s-homomorphism « : Cf(P) — Cf(Q). Similarly we find a *-homomorphism
B: C{FU(Q)) — Cf(FU(R)) where R € M3(C) is a matrix block contained in Q).
By our above results we know that K (C{ (FU(P)) and K;(C{(FU(R))) are gener-
ated by the fundamental unitaries and their conjugates. Moreover, on the level of
K these generators are preserved under the composition S,a,. Hence B,a, = id,
and we conclude that both a,. and 8, are invertible. It follows that K;(Cf(Q)) is
generated by the fundamental unitary and its conjugate as well. O
Combining theorem 7.2 with the results in [33] yields the following theorem.

Theorem 7.3. Let G be a free quantum group of the form
G=FU(P,) *---xFU(P,) *FO(Q1) * - -- *x FO(Q;)

for matrices P; € G Ly, (C) with m; > 1 for all i and Q; € GL,,(C) with n; > 2
for all j such that Q;Q; = £1.
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Then the K -theory K.(Cf(G)) = K.(CF(G)) of G is given by
Ko(CF (@) =2Z,  Ki(CF Q) =2*aZ,

and these groups are generated by the class of 1 in the even case and the canonical
unitaries in the odd case.

Proof. We may either proceed as in theorem 7.2, or apply the K-theory exact
sequence for free products, using induction on the number of factors in G. The case
of a single factor is treated in theorem 7.2 and [33], respectively. For the induction
step we observe

Ko(Cf (H) x G (K) = (Ko(Cr (H)) ® Ko(C (K))/(([1], =[1]))

and
K1(Cf (H) x CF (K)) = K1(Cf (H)) & K1 (CF (K))

for arbitrary discrete quantum groups H and K, see [10]. The claim on the gener-
ators follows from these identifications and the above mentioned results. U
We shall write FU(n) = FU(1,) and FO(n) = FO(1,) if 1, € GL,(C) is the
identity matrix. As a consequence of theorem 7.3 we obtain the following result
concerning idempotents in the reduced group C*-algebras of free quantum groups.
The proof is the same as in the classical case of free groups, see also [33].

Corollary 7.4. Let G be a free quantum group of the form
G =FU(my) % -« FU(mg) * FO(ny) * - - - x FO(n;)

for some integers m;,n; with n; > 2 for all j. Then C;(G) does not contain
nontrivial idempotents.

In [31] an analogue of the Julg-Valette element for free quantum groups is con-
structed. Our results imply that this element is homotopic to the identity, see the
argument in [33].

Corollary 7.5. Let G be a free quantum group of the form
G=FU(P) *---*xFU(P,) *FO(Q1) % --- x FO(Q))

for matrices P; € GLy,,(C) and Q; € GLy,;(C) with n; > 2 for all j such that
Q;Q; = £1. Then the Julg-Valette element for G is equal to 1 in KK%(C,C).
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