
PERVERSE SHEAVES: PART I

Let X be an algebraic variety (not necessarily smooth). Let Db(X) be the bounded
derived category of Mod(CX), the category of left CX -Modules, which is in turn a full
subcategory of Sh(X), the category of sheaves on X. Let Db

c(X) be the full subcategory of
Db(X) consisting of objects F ∈ Db(X) such that Hj(F ) ∈ Sh(X) is constructable for all
j ∈ Z (with respect to some stratification). Remark that Db(X) is a triangulated category.

The aim of this note is to find an abelian subcategory Perv(X) of Db
c(X), the category of

perverse sheaves. For this purpose, we shall define a perverse t-structure (D≤0(X),D≥0(X))
and realize

(0.1) Perv(X) := D≤0(X) ∩D≥0(X).

1. Preliminaries

In this section, we recall the notion of a triangulated category and the basic operations
in derived categories of sheaves.

1.1. Triangulated category. A triangulated category is an additive category D together
with an automorphism [1] : D −→ D and a set of distinguished triangles

X −→ Y −→ Z −→ X[1]

satisfying various properties [HTT, Proposition B.3.3]. Here we write [1](X) as X[1] for
simplicity. We mention the following facts:

(1) X → Y → Z → X[1] is distinguished if and only if Y → Z → X[1]→ Y [1] is so.
(2) any morphism X → Y can be completed to a distinguished triangle X → Y →

Z → X[1].
(3) In the distinguished triangle X → Y → Z → X[1], the morphism X → Y is an

isomorphism if and only if Z ∼= 0.
(4) Let X → Y → Z → X[1] be distinguished. Then for any W ∈ D we have the

following exact sequences of abelian groups:

HomD(W,X) −→ HomD(W,Y ) −→ HomD(W,Z),(1.2)

HomD(Z,W ) −→ HomD(Y,W ) −→ HomD(X,W ).(1.3)

In other words, HomD(W, ·) and HomD(·,W ) are cohomological functors [HTT,
Definition B.3.8] from D to the abelian category Ab.

For n ∈ Z, define [n] := [1]n. Write X[n] := [n](X) when X ∈ D.
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1.2. Derived category of sheaves. Let X,Y be algebraic varieties. Let f : X −→ Y be
a morphism. (Throughout this note, we are often in the situation that f is an embedding
of a locally closed subvariety.)

There are four functors relating Db(X) and Db(Y ), namely:

f−1 : Db
c(Y ) −→ Db

c(X), Rf∗ : Db
c(X) −→ Db

c(Y );

Rf! : Db
c(X) −→ Db

c(Y ), f ! : Db
c(Y ) −→ Db

c(X).

Moreover, (f−1, Rf∗) and (Rf!, f
!) are adjoint pairs.

Remark 1.1. Let us recall several properties of these functors.
(a) Initially, we can define functors f−1 : Sh(Y ) −→ Sh(X), f∗ : Sh(X) −→ Sh(Y ) and

f! : Sh(X) −→ Sh(Y ) in the corresponding abelian categories. Here (f−1, f∗) is adjoint
and f−1 is exact. Moreover, f! is a subfunctor of f∗. It follows that both f∗ and f! are
left exact. When passing to derived categories, we obtain Rf−1 = f−1, Rf∗, Rf! as functors
between Db(X) and Db(Y ). In our case, these functors restrict to the subcategories Db

c.
(b) If f is an embedding of a locally closed subvariety, then f! is exact and Rf! = f!.
(c) If f is an embedding of an open subvariety, then f−1 = f !. From the construction of

derived functors, we get natural transformation f! −→ Rf∗. For F ∈ Db
c(X), the morphism

f!F −→ Rf∗F are in general not isomorphic, and it will give rise to the intersection complex.
(d) If f is an embedding of a closed subvariety, then f! = f∗ is exact and f! = Rf! = f∗ =

Rf∗ as functors Db
c(X) −→ Db

c(Y ).

Before defining dual objects, recall that the bifunctor HomSh(X) : Sh(X) × Sh(X) −→
Sh(X) gives rise to RHomDb(X) : Db(X)×Db(X) −→ Db(X).

Definition 1.2. Let X be an algebraic variety. Let f : X −→ pt be the canonical morphism.
Define the dualizing complex of X as ωX := f !(Cpt) ∈ Db(X). For M ∈ Db(X), define the
Verdier dual of M as DX(M) := RHomDb(X)(M,ωX).

Remark 1.3. [HTT, Theorem 4.5.8] Under our assumption on f : X −→ Y , we have
ωX ∈ Db

c(X) and DX(Db
c(X)) ⊆ Db

c(X). Moreover, we have natural isomorphisms of
functors

f !DY
∼= DXf

−1 : Db
c(Y ) −→ Db

c(X),

Rf∗DX
∼= DYRf! : Db

c(X) −→ Db
c(Y ),

DXDX
∼= IdDb

c(X) : Db
c(X) −→ Db

c(X).

When X is smooth of complex dimension dX , we have ωX = CX [2dX ].

2. t-structure

Let D be a triangulated category.

Definition 2.1. [HTT, Definition 8.1.1] Let D≤0,D≥0 be two full subcategory of D. For
n ∈ Z, let D≤n := D≤0[−n] and D≥n := D≥0[−n]. We say that (D≤0,D≥0) defines a
t-structure on D if

(T1) D≤−1 ⊆ D≤0,D≥1 ⊆ D≥0.
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(T2) For any X ∈ D≤0 and Y ∈ D≥1 we have HomD(X,Y ) = 0.
(T3) For any X ∈ D there exists a distinguished triangle X0 → X → X1 → X0[1] such

that X0 ∈ D≤0 and X≥11 .

Call the full subcategory C := D≤0 ∩D≥0 the heart of the t-structure.

2.1. Truncation functors. Let us be in the situation of (T3) above. Then, for any Z ∈
D≤0, we have the following long exact sequence in Ab:

HomD(Z,X1[−1])→ HomD(Z,X0)→ HomD(Z,X)→ HomD(Z,X1).

By assumption, X1 ∈ D≥1 and X1[−1] ∈ D≥1[−1] ⊆ D≥1. Hence the first and the fourth
terms vanish. It follows that the functor HomD(·, X) : D≤0 −→ Ab is represented by X0.

Similar argument shows that the functor HomD(X, ·) : D≥1 −→ Ab is represented by X1.
Hence the X0, X1 in (T3) are unique up to canonical isomorphism. And we get functors
τ≤0 : D −→ D≤0 and τ≥1 : D −→ D≥1.

For n ∈ Z, set τ≤n := [−n]τ≤0[n] : D −→ D≤n and τ≥n := [1−n]τ≥1[n−1] : D −→ D≥n.
Now the following adjoint property is clear.

Proposition 2.2. Let n ∈ Z. Let ι : D≤n −→ D and ι′ : D≥n −→ D be the inclusions.
Then (ι, τ≤n) and (τ≥n, ι) are adjoint pairs.

One can think of τ≤n (resp. τ≥n) as analogue of kernel (resp. cokernel) operation
in abelian categories, or as analogue of the usual truncation operators in the category of
complexes of abelian groups. Denote τ<n := τ≤n−1 and τ>n := τ≥n+1.

Remark 2.3. The truncation functors have the following properties.
(1) For any X ∈ D there is a distinguished triangle τ≤n(X) → X → τ>n(X) →

(τ≤nX)[1].
(2) X ∈ D≤n if and only if τ>n(X) ∼= 0 if and only if τ≤n(X) → X is an isomorphism.

Similar statement holds for X ∈ D≥n.
(3) Let X ′ → X → X ′′ → X ′[1] be a distinguished triangle. If X ′, X ′′ ∈ D≤0 (resp. D≥0,

resp. C), then so is X.

(4) For a, b ∈ Z, τ≤bτ≤a ∼= τ≤min(a,b), τ≥bτ≥a ∼= τ≥max(a,b) and τ≥aτ≤b ∼= τ≤bτ≥a. If
a > b, then τ≥aτ≤b ∼= 0.

2.2. Heart is an abelian category. The main result of this section is the following

Theorem 2.4. [HTT, Theorem 8.1.9] The heart C is an abelian category. Moreover, any
exact sequence 0→ X → Y → Z → 0 in C gives rise to a distinguished triangle X → Y →
Z → X[1] in D.

The proof of this theorem is formal, using properties of a triangulated category and
the truncation functors τ . Let us explain the kernel and cokernel operations in C. Let
f : X → Y be a morphism in C (hence in D). Embed f into a distinguished triangle
X → Y → Z → X[1]. First, as Y ∈ D≤0 and X[1] ∈ D≤0[1] ⊆ D≤0 we conclude that
Z ∈ D≤0. Next, as Y ∈ D≥0 ⊆ D≥−1 and X[1] ∈ D≥0[1] = D≥−1 we conclude that
Z ∈ D≥−1. Now we have

Ker(f) ∼= τ≥0(Z), Coker(f) ∼= τ≤0(Z[−1]).
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2.3. Cohomological functors. Using Remark 2.3 (4), we have τ≤nτ≥n(X) ∈ D≥n∩D≤n.
Now define Hn : D −→ C as follows:

H0 := τ≤0τ≥0, Hn := [n]τ≤0τ≥0.

Theorem 2.5. If X → Y → Z → X[1] is a distinguished triangle in D, then H0(X) →
H0(Y )→ H0(Z) is an exact sequence in C.

As a corollary, given a distinguished triangle X → Y → Z → X[1] in D, we get a long
exact sequence in C:

· · · → Hn−1(Z)→ Hn(X)→ Hn(Y )→ Hn(Z)→ Hn+1(X)→ · · · .

2.4. t-exactness. Let Di be a triangulated category with a t-structure (i = 1,2). Let
F : D1 → D2 be a functor of triangulated category. In general, F does not respect the
t-structures.

We say that F is left (resp. right) t-exact if F (D≥01 ) ⊆ D
≥0
2 (resp. F (D≤01 ) ⊆ D

≤0
2 ). F

is t-exact if it is both left and right t-exact.

Proposition 2.6. Let F : D1 → D2 and G : D2 → D1 be functors of triangulated categories
such that (F,G) is adjoint. Then F is right t-exact if and only if G is left t-exact.

3. Perverse sheaves

In this section, we shall introduce t-structure on Db
c(X) and discuss t-exactness properties

of the derived functors f−1, f !, Rf!, Rf∗.

Definition 3.1. We define full subcategories D≤0(X) and D≥0(X) of Db
c(X) as follows.

For F ∈ Db
c(X) we have F ∈ D≤0(X) if and only if dim suppHj(F ) ≤ −j for any j ∈ Z.

F ∈ D≤0(X) if and only if dim suppHj(DXF ) ≤ −j for any j ∈ Z.

By definition, we see that DX(D≤0(X)) = D≥0(X).

Example 1. Let X be an algebraic variety of (complex) dimension dX . Then clearly
CX [dX ] ∈ D≤0(X). Suppose furthermore that X is smooth. Then ωX

∼= CX [2dX ] and

DX(CX [dX ]) = RHomDb(X)(CX [dX ],CX [2dX ]) = RHomDb(X)(C,C[dX ]) = C[dX ].

This says that DX(CX [dX ]) ∈ D≤0(X). Hence CX [dX ] ∈ Perv(X) and CX [dX ] is self dual.

The above works if we replace CX by a local system L on X. In particular, L[dX ] ∈
Perv(X) if X is smooth.

Theorem 3.2. (D≤0(X),D≥0(X)) is a t-structure on the triangulated category Db
c(X).

The following result [HTT, Proposition 8.1.40] will be needed.

Proposition 3.3. Let f : X −→ Y be an embedding of a locally closed subvariety. Then
the functor f−1 : Db

c(Y ) → Db
c(X) is right t-exact and the functor f ! : Db

c(Y ) → Db
c(X) is

left t-exact.
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3.1. Induction from closed subvariety. Let Z be a closed subvariety of an algebraic
variety X. Let i : Z → X be the embedding. Then Ri∗ = Ri! = i∗ = i! as functors
Db

c(Z) → Db
c(X). From the adjoint pair (i−1, Ri∗) and the right t-exactness of i−1 follows

the left t-exactness of Ri∗. From the adjoint pair (Ri!, f
!) and the left t-exactness of f !

follows the right t-exactness of Ri!. It follows that i∗ = i! is t-exact and it restricts to a
functor

i∗ = i! : Perv(Z) −→ Perv(X)

of abelian categories. Again from adjointness we see that the above functor is exact.
This says that for any perverse sheaf F ∈ Perv(Z) ⊆ Db

c(Z) on Z, i∗F = Ri∗F is a
perverse sheaf on X.

3.2. Induction from open subvariety. Let U be an open subvariety of an algebraic
variety X. Let j : U → X be the embedding. Then we see that the functor Rj∗ : Db

c(U)→
Db

c(X) is left t-exact and the functor Rj! : Db
c(U) → Db

c(X) is right t-exact. Moreover,
j! = j−1 and Rj! = j!.

Let F ∈ Perv(U). Consider the canonical morphism j!F → Rj∗F in Db
c(X) as in Remark

1.1 (c). Denote by j!∗F ∈ Perv(X) the image of the following morphism in Perv(X):

τ≥0(j!F ) ∼= H0(j!F ) −→ H0(Rj∗F ) ∼= τ≤0(Rj∗F ).

In this way, we get a functor j!∗ : Perv(U) −→ Perv(X). j!∗(F ) is called the minimal
extension of F .

Proposition 3.4. There exists natural isomorphism DXj!∗ ∼= j!∗DU .

Since U is smooth, L[dU ] = L[dX ] is a perverse sheaf for any local system L ∈ Sh(U).
We get therefore a perverse sheaf j!∗(L[dX ]) on X. Moreover,

DX(j!∗(L[dX ])) ∼= j!∗DU (L[dX ]) ∼= jL∗(L
∨[dX ])

where L∨ := HomSh(U)(L,CU ) is the dual local system.
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