
EQUIVARIANT COHOMOLOGY

MARTINA LANINI AND TINA KANSTRUP

1. Quick intro

Let G be a topological group (i.e. a group which is also a topological space and whose
operations are continuous maps) and let X be a G-space (i.e. a topological space equipped
with a continuous G-action).
We want to study the cohomology of X, keeping track of the G-action. A �rst guess

would be of de�ning HG(X) as the cohomology of the quotient X/G. This is in general
not a good idea, since even if we start with X a non-singular space, X/G will be in general
singular, unless G acts freely on X. In the following for any X and G we will then construct
a universal space X' on which G acts freely and whose cohomology is "as close to X as
possible". We de�ne the equivariant cohomology to be the usual cohomology of X ′/G.

2. Classifying spaces

In this section we introduce the central part in de�ning X ′ and we calculate a few
examples. First we'll look at one of the easiest situations where G acts freely.

De�nition 2.1 (Principal bundle). Let G be a topological group. A principal G bundle is
a triple (E,B, p) where E is a G-space, B is a topological space and p is a continuous map

p : E → B

such that there exist a countable open covering {Ui}i∈I of B and homeomorphisms

φUi : Ui ×G
∼→ p−1(Ui)

satisfying that for all u ∈ Ui and all g, h ∈ G.
(i) p ◦ φUi(u, g) = u.
(ii) φUi(u, gh) = gφUi(u, h).

Such {φUi , Ui}i∈I is called a trivialization and E is called the total space.

Example 2.2. Let G be a Lie group and H a closed Lie subgroup. Then G/H exists and
the quotient map G→ G/H is a principal H bundle.

We want the thing we're going to add to X to have as simple cohomology as possible.
This happens when the space is contractible.

De�nition 2.3 (Universal bundle). A principal bundle is universal if the total space is
contractible.
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Remark 2.4. This is not the original de�nition of universal bundle, but rather the applica-
tion of a Theorem by Dold. For us this is the most convenient de�nition.

Luckily, it turns out that universal bundles for topological groups always exist.

Theorem 2.5 (Milnor). Every topological group has a universal principal bundle.

The basic examples we'll present in this talk are the cases G = C×, G = S1 (the circle),
G = GLn and what happens for a closed subgroup H ⊂ G. Together they construct
universal principal bundles for any closed subgroup of GLn. Thus, we obtain a concrete
construction for all the cases we're interested in.

Example 2.6. (1) G trivial. In this case pt→ pt is a universal principal G bundle.
(2) G = C×. Consider the C× action on Cn given by c · (x1, . . . , xn) = (cx1, . . . cxn).

Restricting to Cn \ {0} the quotient map

Cn\{0} → CPn−1

is a principal C× bundle. A space is contractible if all it's homotopy groups are
trivial. We have πk(Cn\{0} = 0 for k < n but πn(Cn\{0}) 6= 0. To �x this problem
we need to pass to a limit. Observe that the following map is C×-equivariant:

Cn \ {0} → Cn+1 \ {0}, (x0, . . . , xn−1) 7→ [x0, . . . , xn−1]

and therefore we have an inclusion of principal C×-bundles for any n:

Cn \ {0} ↪→ Cn+1 \ {0}
↓ ↓

CPn−1 ↪→ CPn
,

so that we can consider the inductive limit and obtain a principal C×-bundle:

lim Cn \ {0} = C∞ \ {0} → lim CPn = CP∞.

Taking this limit kills the higher homotopy groups so we get a universal principal
C× bundle.

(3) G = S1. Restricting the quotient from the previous example to vectors of length 1
we get a principal S1 bundle

S2n+1 → CPn.

Sn is a deformation retraction of Cn\{0} so it has the same homotopy type. Thus,
passing to the limit we get a universal S1 bundle

S∞ → CP∞.

(4) G = GLn. Let Mmax
N,n denote the space of N × n matrices of maximal rank and

GrN,n Grassmann variety of n dimensional linear subspaces in CN . Clearly GLn

acts on Mmax
N,n and the map

Mmax
N,n → GrN,n
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sending a matrix to the span of it's columns is a principal GLn bundle. The com-
plement of Mmax

N,n in MN,n is a Zariski closed subset of codimension N − n+ 1 over
C:
MN,n \Mmax

N,n = {M ∈MN,n | detA = 0 for any n× n-minor A of M}
and detA = 0 is a closed condition. Since one can always move around a subspace
of real codimension 2 this implies that Mmax

N,n is (N − n)-connected. Passing to the
limit we obtain a universal principal GLn bundle

Mmax
∞,n → Gr∞,n.

(5) Let G be a Lie group and H a closed Lie subgroup. If p : EG → BG is a universal
principal bundle for G then

EG → EG/H

is a universal bundle for H (since EG is contractible by assumption).

3. Equivariant cohomology

Let p : E → B be a principal G bundle and X a G-space. Attaching a copy of E to X
we get that the diagonal G action on X ×E is free and the quotient exists. The projection

X × E → (X × E)/G =: X ×G E

is a �bration with �ber X.

De�nition 3.1 (Equivariant cohomology). Let G be a topological group and X a G space.
Choose a universal pricipal bundle p : EG → BG. The equivariant cohomology ring with
coe�cients in the �eld k is de�ned as

H•G(X, k) := H•(X ×G EG, k).

It seems that the de�nition depends on the choice of universal bundle but in fact it does
not.

Proposition 3.2. The de�nition of the equivariant cohomology ring is independent of the
choice of universal bundle.

Proof. Let E′G → B′G be another universal bundle. Then the projections

(X × EG × E′G)/G→ X ×G EG, (X × EG × E′G)/G→ X ×G E
′
G

are �brations with contractible �bers E′G and EG respectively. Hence the exact homotopic
sequence

. . .→ πn(E
′
G) = 0→ πn((X × EG × E′G)/G)→ πn((X × EG)/G)→ πn−1(E

′
G) = 0→ . . .

induces isomorphism of all homotopy groups πn((X × EG × E′G)/G) ∼= πn((X × EG)/G)
and so, by Whitehead's Theorem, (X × EG × E′G)/G and (X × EG)/G are homotopic
equivalent and have same cohomology: H•((X × EG)/G, k) ∼= H•((X × EG × E′G)/G, k).
In the same way, one shows that H•((X ×E′G)/G, k) ∼= H•((X ×EG ×E′G)/G, k), so that
H•((X × EG)/G, k) ∼= H•((X × E′G)/G, k). �
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The following proposition shows that in all the cases we'll be interested in to compute
any homogeneous component of H•G(X) it su�ces to use �nite approximations. Thus, we
don't need to bother with limits.

Proposition 3.3. Let n be a positive integer and En
G → Bn

G a principal G bundle is n-
connected (i.e. any continues map from a sphere of dimension at most n to En

G is homotopic
to the constant map). Then

Hm
G (X, k) = Hm(X ×G E

n
G, k)

for any compact topological G manifold X of dimension at most n, and for any integer
m ≤ n.

Proof. See chapter IV, Theorem 13.1 in [Hus]. �

Now we calculate a few examples. In particular we check that equivariant cohomol-
ogy behaves the way it should. Namely, that when the quotient exist we should have
H•(X/G) ' H•G(X) and in the case where G is trivial it should reduce to ordinary coho-
mology.

Example 3.4. (1) X = pt. In this case

H•G(pt, k) = H•(EG/G, k) = H•(BG, k).

In the special case where G is a compact torus. I.e. G ' (S1)m. Then (S∞)m →
(CP∞)m is a universal bundle so

H•G(pt, k) = H•((CP∞)m, k) ' k[x1, . . . , xm]

where all xi sits in degree 2.

This example shows that unlike for ordinary cohomology a manifold can have
non-zero equivariant cohomology of degree higher than its dimension.

(2) If G acts trivially, then (X ×EG)/G ' X ×BG. By the Künneth isomorphism and
the previous example

H•G(X, k) ' H(BG)⊗H•(X, k) ' H•G(pt, k)⊗H•(X, k).
In particular, H•G(X) is a free H•G(pt) module. If G is trivial the map pt→ pt is a
universal principal bundle so in that case

H•G(X, k) = H•(X, k).

(3) Assume that G acts freely on X. Then the quotient space exists and the quotient
map induces a �bration

π : X ×G EG → X/G

with �ber EG, which is contractible. Thus,

π∗ : H•(X/G)→ H•G(X)

is an isomorphism.
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(4) Let H be a closed subgroup of G. Using that EG → EG/H is a universal principal
bundle for H we get

H•G(G/H, k) = H•(G/H ×G EG, k) ' H•(EG/H, k) = H•H(pt, k).

4. Properties

Equivariant cohomology has the following list of elementary properties

(1) Pullback. Let f : X → Y be a G-equivariant continues map of G-spaces. Then
f × Id : X × EG → Y × EG is a morphism of G-spaces inducing a continues map

f ′ : X ×G EG → Y ×G EG

Thus, the pullback morphisms for ordinary cohomology induces pullback morphisms
for equivariant cohomology when the map is G-equivariant.

(2) H•G(pt)-module structure. Consider the G-equivariant morphism q : X → pt. This
gives a morphism

q∗ : H•G(pt)→ H•G(X).

Thus, all equivariant cohomology rings have a H•G(pt)-module structure.
(3) Induction. Let Y be a H-space. Then the quotient G×H Y exists and we obtain

H•G(G×H Y, k) = H•((G×H Y )×G EG, k)

' H•(Y ×H EG, k) = H•H(Y, k).

4.1. G-equivariant cohomology and T -equivariant cohomology. It turns out that
for a Lie group G, the equivariant cohomology HG(·) is completely determined by HK(·)
where K is a maximal torus. More precisely:

Proposition 4.1. Let G be a compact connected Lie group, K ⊆ G a maximal torus, with
normaliser N = NG(K) and W = N/K the Weyl group. Let X be a G-space (and hence
also a K-space)

(1) W acts on H•K(X) and there is an isomorphism

H•G(X) = H•K(X)W

and in particular H•K(pt) = RW , where R = HK(pt).
(2) The map R ∼= H•K(G/K) → H•(G/K) is surjective and induces an isomorphism

R/(RW
+ )→ H•(G/K).

(3) There is an isomorphism R ⊗RW H•G(X) ∼= H•K(X), so in particular H•K(G/K) ∼=
R⊗RW R

Remark 4.2. (compact VS reductive) The previous result is still true if we replace G by its
complexi�cation GC (which is a complex connected reductive group), the maximal (com-
pact) torus K by T (=the maximal torus of GC containing K) and G/K by GC/B, where
B is a Borel containing T . From the Iwasawa decomposition GC = GB and the fact that
G ∩ B = K, it follows that there is a homeomorphism G/K → GC/B. On the other
hand, for any T -space X, there is a homeomorphism between (T × Y )/K and (T/K)× Y
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given by (g, x) 7→ (g, g−1x). This, together with the induction formula and the fact that
(C)×)n/(S1)n ∼= (R+)n, which is contractible, leads to HK(·) ∼= HT (·).

Example 4.3. Let us apply Proposition 4.1 (iii) to the case G = SU(2) (i.e. GC = SL(2,C)).
In this case, the torus has dimension 1 and hence R = H•T (pt) = Q[α] (with α a degree 2
generator). The Weyl group is Sym2, acting (linearly) on R by sending α 7→ −α, so that
RW = Q[α2] and R = RW ⊕ αRW . The �ag variety is in this case isomorphic to P1 (on
which C× acts by t[x0 : x1] = [tx0 : t

−1x1]) and hence

HC×(P1) ∼= R⊗RW R ∼= R⊕ αR ∼= R⊕R〈−2〉.
By Proposition 4.1 (iii) we recover the usual cohomology of P1:

R/(RW
+ ) = Q[α]/(α2) ∼= H•(P1)

4.2. Localization theorem. Let T be an algebraic torus.

Theorem 4.4. (Borel-Atiyah-Segal, cf. [H, Chapter III,�2]) Let X be a T−space embedding
equivariantly into a �nite dimensional T -module. The inclusion XT ↪→ X induces an
injective HT (pt)-linear map

HT (X) ↪→ HT (X
T )

which is an isomorphism after inverting a �nite number of non�trivial characters.

References

[Hus] D. Husemoller: Fiber Bundles, third edition, Springer-Verlag, New York 1994.
[H] W. Y. Hsiang: Cohomology Theory of Topological Transformation Groups, Springer, New York 1975.


