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In this part of the talk, we first compute some Lusztig sheaves for given quivers
and dimension vectors, deduce some immediate results about the Hall category
of some quivers, and then relate the Grothendieck group of Hall category to the
positive part of the quantum enveloping algebra.

1. Examples

In this section, we try to present a method to compute the Lusztig sheaf Lα1,··· ,αn
for a given dimension vector α = α1 + · · ·+ αn for the quiver of A2 type. We start
with an easier case, the quiver A1.

1.1. The quiver A1. Consider the quiver Q = •. For any dimension n, there is
only one representation kn, so En = {0}, Gn = GL(n, k). There is a unique simple
perverse sheaf 1n = Ql|En for each n, which is Gn-equivariant. We have only one
partition of the dimension n into simple dimensions, namely n = 1 + · · · + 1 and
E1,··· ,1 is by definition nothing but the variety of complete flags, whose dimension
is n(n− 1)/2. So q : E1,··· ,1 → En is the projection to a point.

By definition, Pn consists of simple summands of semisimples complex

L1,··· ,1 = q!(Ql|E1,··· ,1)[dimE1,··· ,1 + ndimE1]

= q!(Ql|E1,··· ,1)[
n(n− 1)

2
]

=
⊕
i

Hi(E1,··· ,1,Ql)[
n(n− 1)

2
− i] = (1n)⊕[n]v !

Here the notation 1
⊕[n]v !
n =

⊕
i 1
⊕ri
n [i] if the v-factorial [n]v! =

∑
i∈Z riv

i. So

PQ = {1n}n∈N , HQ =
⊔
n

Db
Gn(En)ss.

It is easy to compute

∆(1n) =

n∑
l=0

1l�1n−l[−l(n−l)] , {1n,1n} =
∑
j

dimHj
GL(n,k)(pt)v

j =

n∏
j=1

1

1− v2j
.

Finally note that all elements in PQ are self-dual.

1.2. The quiver A2. Now take Q = • //// • . Denote by ε1, ε2 the simple di-
mension vectors corresponding to the simple representations S1 and S2. Besides S1

and S2, there is another indecomposable representation I = k
id //// k of dimen-

sion ε1 + ε2. For a general dimension α = d1ε1 + d2ε2,

Eα = Hom(kd1 , kd2) , Gα = GL(d1, k)×GL(d2, k).
1
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The Gα-orbit of the representation I⊕r ⊕ S⊕d1−r1 ⊕ S⊕d2−r2 in Eα is determined
by the rank r ≤ inf(d1, d2) of a linear map. So we denote the orbit Oαr . Then
Eα =

⊔
rOαr and Oαr =

⊔
s≤rOαs .

Lemma 1. Any local system on Oαr is trivial.

Sketch of proof. The stabilizer of Oαr is isomorphic to Aut(I⊕r⊕S⊕d1−r1 ⊕S⊕d2−r2 ).
Any connected component of the stabilizer is stable under multiplication by k∗ so
its closure contains 0 ∈ End(I⊕r⊕S⊕d1−r1 ⊕S⊕d2−r2 ). So the stabilizer is connected.
Then any Gα-equivariant local system on Oαr is trivial. �

We can easily deduce the following corollary.

Corollary 1. Any simple Gα-equivariant perverse sheaf on Eα is of the form
IC(Oαr ) for some r.

In fact the lemma above is true for any quiver with any dimension vector α while
the corollary only holds for those quivers with finite Gα-orbits, namely the finite
type quivers.

Example 1. Take α = ε1 + ε2. We have Eε1+ε2 = Hom(k, k) = k. The two orbits
are O0 = 0 and O1 = k \ {0}. There are two partitions of α yielding Lε1,ε2 and
Lε2,ε1 .

Eε1,ε2 = {y,W ⊂ Vε1+ε2 |dimW = ε2, y(W ) ⊂W} ∼= Eε1+ε2 ,

and thus qε1,ε2 is the identity k → k.

Lε1,ε2 = Ql|Eε1,ε2 [1] = 1ε1+ε2 = IC(O1).

On the other hand,

Eε2,ε1 = {y,W ⊂ Vε1+ε2 |dimW = ε1, y(W ) ⊂W} ∼= {pt},

Lε1,ε2 = Ql{0} = IC(O0).

Example 2. Take α = ε1 + 2ε2. Then Eα = Hom(k, k2) = k2and O0 = 0,
O1 = k2 \ {0}. There are three possible partitions of the dimension α: Lε1,ε2,ε1 ,
Lε1,ε1,ε2 and Lε2,ε1,ε1 . The corresponding flag varieties are

Eε1,ε2,ε1 = {y,W2 ⊂W1 ⊂ Vα|dimW2 = ε1, dimW1/W2 = ε2, y(Wi) ⊂Wi}
Eε1,ε1,ε2 = {y,W2 ⊂W1 ⊂ Vα|dimW2 = ε2, dimW1/W2 = ε1, y(Wi) ⊂Wi}
Eε2,ε1,ε1 = {y,W2 ⊂W1 ⊂ Vα|dimW2 = ε1, dimW1/W2 = ε1, y(Wi) ⊂Wi}

Now we have the following table of fibers of the map q over the orbits

qε1,ε2,ε1 qε1,ε1,ε2 qε2,ε1,ε1
O0 P1 P1 P1

O1 {pt} P1 ∅
And we deduce the following tables of the dimensions of the cohomology spaces of
the Lusztig sheaves, where we only write the nonzero ones

H−2(Lε1,ε2,ε1) H0(Lε1,ε2,ε1) H−3(Lε1,ε1,ε2)
O0 1 1 1
O1 1 0 1

H−1(Lε1,ε1,ε2) H−1(Lε2,ε1,ε1) H1(Lε2,ε1,ε1)
O0 1 1 1
O1 1 0 0
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So

Lε1,ε2,ε1 'IC(O0)⊕ IC(O1)

Lε1,ε1,ε2 'IC(O1)[−1]⊕ IC(O1)[1]

Lε2,ε1,ε1 'IC(O0)[−1]⊕ IC(O0)[1]

Next we determine PQ and HQ. For a dimension vector α = (d1, d2), set d =

inf(d1, d2). There are d+ 1 simple perverse sheaves IC(O0) = Ql{0}, IC(O1), · · · ,
IC(Od) = 1Eα in Db(Mα

Q). Since suppL(d1−r)ε2,d1ε1,rε2 = Or, IC(Or) appears in
L(d1−r)ε2,d1ε1,rε2 , so all the intersection cohomology complexes belong to Pα. In
conclusion we have

PQ =
⊔
α

{IC(Oαr )|r ≤ inf(α1, α2)} , HQ =
⊔
α

Db
Gα(Eα)ss.

and also note that all the perverse sheaves in Pα are self-dual.
To conclude this section, given the remark after the previous corollary and a

similar argument as above, we can prove the following theorem.

Theorem 1. Let Q be a finite type quiver. Then

PQ =
⊔
α

{IC(O)|O is a Gα-orbit in Eα} , HQ =
⊔
α

Db
Gα(Eα)ss.

In particular, any perverse sheaf in PQ is self-dual.

2. Relation to quantum groups

In this section we identify the Grothendieck group of the Hall category HQ with
the positive part of Uq(g), where g is the Kac-Moody algebra associated to the
underlying diagram of Q.

2.1. The Grothendieck group of Hall category. Denote by KQ = ⊕αKα the
Grothendieck group of HQ. The class of an object P in HQ is denoted by bP. We
equip KQ with a Z[v, v−1]-module structure by vnbP = bP[n]. By construction,

Kγ =
⊕

P∈Pγ ,n∈Z
ZbP[n] =

⊕
P∈Pγ

Z[v, v−1]bP.

The induction and restriction functors

mα,β : Hα ×Hβ → Hα+β , ∆α,β : Hα+β → Hα ×Hβ

are bi-additive so they give rise to bilinear maps

mα,β : Kα ×Kβ → Kα+β , ∆α,β : Kα+β → Kα ×Kβ

and also to graded bilinear operations

m : KQ ×KQ → KQ , ∆ : KQ → KQ ×KQ
By the results in Part I, m and ∆ endow KQ with the structure of a (co)associative
(co)algebra. We can also define an ring involution u 7→ ū on KQ defined by v̄ = v−1

and bP = bDP. We can see that since all simple perverse sheaves in PQ are self-

dual, for all P ∈ PQ, bP = bP. Furthermore, the non-degenerate pairing {, } :
KQ × KQ → Z((v)) defined by {bP1 ,bP2} = {P1,P2} is a Hopf pairing, namely

{m(a, b), c} = {a⊗ b,∆(c)} for a, b, c ∈ KQ. And {b1εi ,b1εj } =
δi,j
1−v2 . Besides, the
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Z[v, v−1]-basis {bP|P ∈ PQ} of KQ satisfies some positivity conditions, namely for
P1, P2 in PQ,

m(bP1 ,bP2) ∈
⊕

Q∈PQ

N[v, v−1]bQ;

∆(bP1
) ∈

⊕
Q1,Q2∈PQ

N[v, v−1]bQ1
⊗ bQ2

;

{bP1
,bP2
} ∈ N((v))

We can extend KQ by adding an extra ”Cartan” piece. Let

K = Z[v, v−1][K0(Q)] =
⊕
α∈ZI

Z[v, v−1]kα

and set K̃Q = KQ ⊗K. The algebra structure is extended by kαkβ = kα+β and

kαuγk
−1
α = v−(α,γ)uγ for uγ ∈ Kγ . And the coalgebra structure ∆̃ : K̃Q → K̃Q⊗K̃Q

is defined by

∆̃(kα) = kα ⊗ kα,(1)

∆̃(uγ) =
∑

α+β=γ

∆α,β(uγ) · (kβ ⊗ 1),(2)

∆̃(uγkα) = ∆̃(uγ) · ∆̃(kα).(3)

Here the product on K̃Q ⊗ K̃Q is simply (a ⊗ b) · (c ⊗ d) = ac ⊗ bd. K̃Q is still a

(co)associative (co)algebra. Also, we extend the involution u 7→ ū by kα = k−α,
and extend the pairing {, } by {bPkα,bQkβ} = {bP,bQ}v−(α,β), which is still a
Hopf pairing.

2.2. Relation to quantum group. Let g = n− ⊕ h ⊕ n+ be the Kac-Moody
algebra associated to the Dynkin diagram underlying the quiver Q and b+ = h⊕n+
be the positive Borel subalgebra. The quantized enveloping algebra Uq(b+) with

generators K±1i and Ei for i ∈ I is a Hopf algebra with a unique homogeneous Hopf
pairing (, ), called Drinfeld’s pairing. The integral form UZ

q (b+) is by definition the

Z[v, v−1]-submodule of Uq(b+) generated by K±1i , E
(n)
i = Eni /[n]! for i ∈ I, which

is stable under the coproduct. The following is one of the main results of this part
of the talk.

Theorem 2 (Lusztig). Set q = v−1. The assignment

E
(n)
i 7→ b1nεi , Ki 7→ ki

extends to an isomorphism of (co)algebras Φ : UZ
q (b+)

∼−→ K̃Q, which restricts to

an isomorphism Φ : UZ
q (n+)

∼−→ KQ. Moreover Φ maps the Drinfeld’s pairing (, )
to the geometric pairing {, }.

Finally B = {Φ−1(bP)|P ∈ PQ} forms a Z[v, v−1]-basis of UZ
ν(b+), which is the

canonical basis. This basis is independent of the choice of orientation of Q. And
whatever properties the basis {bP|P ∈ PQ} has translates into properties of B, such
as the positivity, being preserved by involution, and so on.
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2.3. Further remarks. We will cover this part if time permits in the talk. 1.
We see something about Hall algebras in the exercises. The Hall category HQ
introduced in this talk is a categorification of the Hall algebras of the category
RepQ. The Hall algebras are defined over finite fields Fq and we need an algebraic

closed field. That is why we work over Fq.
2. The Hall algebras can be identified with the space of equivariant constructible

functions on the moduli space of representations of the quiver Q. Mapping Ei ∈
UZ
q (n+) to [Si] in the Hall algebra, or equivalently a function which is constant on

the orbit of Si and zero elsewhere, also identifies the positive part of the quantum
enveloping algebra with the Hall algebra.

3. In this note, we do the decategorification using K-theory. Another way to do
this is the Grothendieck’s sheaf-to-function correspondence, or the trace map.
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