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Previous talk: L8 Sheaves and their cohomology. Sheaves and their cohomology. Constructible
sheaves and operations on sheaves. The cohomology of constructible sheaves, [1,8].

This talk: L9 The derived category of constructible sheaves. Derived functors. Derived and
triangulated categories. The case of constructible sheaves, [1,8].

Next talk: L10 Perverse sheaves.

0 Introduction

Section 1 is a review of derived categories. We assume the audience is familiar with abelian categories
and chain complexes of abelian categories. The focus of Section 2 is the derived category D(X) of
sheaves on a topological space and the 6 operations of Grothendieck on the category D(X). Finally,
Section 3 introduces the derived category of constructible complexes, Db

c(X). The upshot will be
that the category Db

c(X) is closed under the 6 operations.

1 Review of derived categories

There is a lot of potential material for this section; it will be a challenge to keep it brief.

• Abelian category. Examples to keep in mind: modules for a ring and modules for a sheaf of
algebras on a topolgical space, especially the constant sheaf associated to a commutative ring.

• Category of complexes C(A), graded homomorphisms Hom•(A•, B•), cone construction.

• Chain homotopy equivalence, the homotopy category K(A), distinguished triangles, and the
definition of triangulated categories. Note: the definition of a triangulated category will take
some time to write out, at the expense of explaining conecpts in later sections.

• Derived category D(A). Motivation: many natural functors on sheaves are not exact in
general. However, exactness is preserved on certain subcategories, i.e. the subcategory of
injective objects. Idea: approximate a general object by a complex of injectives.

• Enough injectives and derived functors. Example of RHom, Ext. Mention Yoneda product
on the self-Ext groups.

2 Derived category of sheaves

The focus of this section is the derived category D(X) of sheaves of C-vector spaces on a topological
spaceX. We introduce the so-called “6 functor formalism” of Grothendieck on D(X). The formalism

1



consists of functors Rf∗, f
−1, Rf!, and f ! associated to a (reasonable) map f : X → Y , an internal

homomorphism functor RHom, and a tensor product
L
⊗.

• Let X be a topological space, CX the constant sheaf on X associated to the ring C. Let
CX -mod be the abelian category of sheaves1 of CX -modules on X.

• The internal homomorphism object Hom(A,B) in CX -mod and its right derived functors
RHom(A,B).

• Derived pushforward Rf∗. If F is a sheaf, then Rf∗ is the sheaf associated to the presheaf
V 7→ H i(f−1(V ),F). Stalks are computed using homology of preimages of neighborhoods.

• Example: let f be the inclusion of C \ {0} into C. Compute the fiber over 0 of R∗f(C).

• Inverse image functor f−1 (which is exact on the abelian level), adjunctions (Proposition
2.3.10).

• Direct image with compact supports f! and Rf!. Stalks are computed using compact homology
of preimages of neighborhoods.

• Proper base change theorem. Exercise 2.3.28 in Dimca for a nice example of why the theorem
does not hold with direct pushforward.

• If f : X → Y has finite homological dimension (i.e. Rkf! = 0 for k >> 0), then the functor Rf!,
when restricted to the bounded below derived categories, has a right adjoint f !. Adjunction
properties.

• Derived tensor products A
L
⊗ B (using the fact that there are enough flat modules).

3 Derived category of constructible sheaves

• Definition of Db
c(X) and the full subcategory of objects F such that each cohomology sheaf

Hi(F) is constructible. (The notion of a constructible sheaf was defined in the previous talk.)

• Theorem: Db
c(X) is closed under Grothendieck’s 6 operations.

• Local systems are relatively simple types of sheaves, but they are not preserved by the functors
Rf∗, Rf!, f

∗, f ! in general. However, constructible sheaves are preserved by these functors (for
reasonable maps f). In fact, Db

c(X) is the smallest subcategory of Db(X) containing local
systems and closed under the 6 operations.

Extra items:

• Definition of hypercohomology (Definition 2.1.4 in Dimca).

• RHom and Ext.

• Verdier duality. Theorem: Db
c(X) is closed under Verdier duality, and D2 = Id on Db

c(X). .

• Adjunction triangle.
1Much of the theory holds if C is replaced by an arbitrary commutative ring.
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