
EXERCISE ONE: THE DUNKL EMBEDDING

In this exercise, the idea is to construct the Dunkl embedding for rational
Cherednik algebras and use this embedding to give elementary proofs, both of
the PBW theorem and of the fact that the spherical subalgebra is commutative
when t = 0. Therefore we let (W, h) be a complex reflection group and Ht,c(W )
the associated rational Cherednik algebra. Let Dt(h) be the algebra generated
by h and h∗, satisfying the relations

[x, x′] = [y, y′] = 0, ∀ x, x′ ∈ h∗, y, y′ ∈ h

and

[y, x] = t(y, x), ∀ x ∈ h∗, y ∈ h.

When t 6= 0, Dt(h) is isomorphic to D(h), the ring of differential operators on
h. But when t = 0, the algebra Dt(h) = C[h× h∗] is commutative.

For each s ∈ S define λs ∈ C× by s(αs) = λsαs. For each y ∈ h, the Dunkl
operator

Dy = y −
∑
s∈S

2c(s)

1− λs
(y, αs)

αs
(1− s)

is an element in Dt(hreg) oW .

Exercise 1. (1) Show that the Dunkl operators act on C[h]. It’s strongly
recommended that you do the example W = Z2 first, where

Dy = y − c

x
(1− s).

Here is a hint for the general case: if u is a linear functional on h then
u divides a polynomial f if and only if f(v) = 0 for all v ∈ h such that
u(v) = 0.

(2) Using the fact that

s(x) = x− (α∨s , x)

2
(1− λs)αs, ∀ x ∈ h∗,

show that x 7→ x, w 7→ w and y 7→ Dy defines a morphism Ht,c(W ) →
Dt(hreg) oW i.e. show that the commutation relation

[Dy, x] = t(y, x)−
∑
s∈S

c(s)(y, αs)(α
∨
s , x)s

holds for all x ∈ h∗ and y ∈ h. Hint: as above, try the case Z2 first.
(3) Using the fact that the PBW theorem holds for Dt(hreg) o W , show

that the Dunkl embedding is indeed an embedding and hence the PBW
theorem holds for Ht,c(W ). Conclude that C[h] is a faithful Ht,c(W )-
module.

(4) By considering its image under the Dunkl embedding, show that the
spherical subalgebra eHt,c(W )e is commutative when t = 0.

1



2 EXERCISE ONE: THE DUNKL EMBEDDING

(5) Show that the element δ :=
∏

s∈S αs ∈ C[h] is a W -semi-invariant.

Therefore there exists some r such that δr ∈ C[h]W . Show that, after
localizing at δ, the Dunkl embedding becomes an isomorphism

Ht,c(W )[δ−1]
∼−→ Dt(hreg) oW.

(6) (Harder) The ring D(hreg)W is simple. Using this fact, together with
the fact that eH1,c(W )e is an integral domain (why?), show that the
centre of eH1,c(W )e equals C.

(7) Assume now that W is a finite Coxeter group. Then there exists a
W -equivariant inner product (−,−) on h. Show that the rule x 7→ x̃ =
(x,−), y 7→ ỹ = (y,−) and w 7→ w defines an automorphism of Ht,c(W ),
swapping C[h] and C[h∗].

(8) Show that C[h]W and C[h∗]W are central subalgebras of H0,c(W ) (hint:
first use the Dunkl embedding to show that C[h]W is central, then use
the automorphism defined in (7)).


