
EXERCISE TWO: CATEGORY O FOR S2

The idea of this excersise is simply to try and better understand category O
when W = S2. In this case, W = 〈s〉 with s2 = 1. We write e0 and e1 for
the trivial and sign idempotents respectively in CS2. Recall that the defining
relations for Hc(S2) are sx = −xs, sy = −ys and

[y, x] = 1− 2cs.

Exercise 1. (1) For each c, describe the simple modules L(λ) as quotients
of ∆(λ). For which values of c is category O semi-simple?

(2) For each c, describe the partial ordering on Irr(W ) coming from the
highest weight structure on O.

(3) (Harder) Calculate the projective covers P (λ) (hint: Use BGG reci-
procity to calculate the rank of P (λ) as a (free) C[x]-module).

Recall that a finite dimensional C-algebra A is said to be basic if the di-
mension of all simple A-modules is one. Every basic algebra can be described
as a quiver with relations. One way to reconstruct A from A-mod is via the
isomorphism

A = EndA

 ⊕
λ∈Irr(A)

P (λ)

 ,

where Irr(A) is the set of isomorphis classes of simple A-modules and P (λ) is
the projective cover of λ.

Exercise 2. Construct a basic A in terms of a quiver with relations such that
A-mod ' O. Hint: use BGG-resprocity to calculate the dimension of A.

Assume now that W is any complex reflection group. Recall that c is said to
be aspherical if there exists some non-zero M ∈ Hc(W )-mod such that e·M = 0.
As in Lie theory, we have a “Generalized Duflo Theorem”:

Theorem 3 ([1], Generalized Duflo Theorem). Let J be a primitive ideal in
Hc(W ). Then there exists some λ ∈ Irr(W ) such that

J = AnnHc(W )(L(λ)).

Exercise 4. (1) Using Ginzburg’s version of the Generalized Duflo Theorem
and arguments as in the proof of Corollary 1.17 of lecture one, show
that c is aspherical if and only if there exists a simple module L(λ) in
category O such that e · L(λ) = 0.

(2) Calculate the aspherical values for W = S2.
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