
EXERCISE ONE (+ SOLUTIONS): THE DUNKL EMBEDDING

In this exercise, the idea is to construct the Dunkl embedding for rational
Cherednik algebras and use this embedding to give elementary proofs, both of
the PBW theorem and of the fact that the spherical subalgebra is commutative
when t = 0. Therefore we let (W, h) be a complex reflection group and Ht,c(W )
the associated rational Cherednik algebra. Let Dt(h) be the algebra generated
by h and h∗, satisfying the relations

[x, x′] = [y, y′] = 0, ∀ x, x′ ∈ h∗, y, y′ ∈ h

and
[y, x] = t(y, x), ∀ x ∈ h∗, y ∈ h.

When t 6= 0, Dt(h) is isomorphic to D(h), the ring of differential operators on
h. But when t = 0, the algebra Dt(h) = C[h× h∗] is commutative.

For each s ∈ S define λs ∈ C× by s(αs) = λsαs. For each y ∈ h, the Dunkl
operator

Dy = y −
∑
s∈S

2c(s)

1− λs
(y, αs)

αs
(1− s)

is an element in Dt(hreg) oW .

Exercise 1. (1) Show that the Dunkl operators act on C[h]. Hint: it’s
strongly recommended that you do the example W = Z2 first, where

Dy = y − c

x
(1− s).

(2) Using the fact that

s(x) = x− (α∨s , x)

2
(1− λs)αs, ∀ x ∈ h∗,

show that x 7→ x, w 7→ w and y 7→ Dy defines a morphism Ht,c(W ) →
Dt(hreg) oW i.e. show that the commutation relation

[Dy, x] = t(y, x)−
∑
s∈S

c(s)(y, αs)(α
∨
s , x)s

holds for all x ∈ h∗ and y ∈ h. Hint: as above, try the case Z2 first.
(3) Using the fact that the PBW theorem holds for Dt(hreg) o W , show

that the Dunkl embedding is indeed an embedding and hence the PBW
theorem holds for Ht,c(W ). Conclude that C[h] is a faithful Ht,c(W )-
module.

(4) By considering its image under the Dunkl embedding, show that the
spherical subalgebra eHt,c(W )e is commutative when t = 0.

(5) Show that the element δ :=
∏

s∈S αs ∈ C[h] is a W -semi-invariant.

Therefore there exists some r such that δr ∈ C[h]W . Show that, after
localizing at δ, the Dunkl embedding becomes an isomorphism

Ht,c(W )[δ−1]
∼−→ Dt(hreg) oW.
1
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(6) (Harder) The ring D(hreg)W is simple. Using this fact, together with
the fact that eH1,c(W )e is an integral domain (why?), show that the
centre of eH1,c(W )e equals C.

(7) Assume now that W is a finite Coxeter group. Then there exists a
W -equivariant inner product (−,−) on h. Show that the rule x 7→ x̃ =
(x,−), y 7→ ỹ = (y,−) and w 7→ w defines an automorphism of Ht,c(W ),
swapping C[h] and C[h∗].

(8) Show that C[h]W and C[h∗]W are central subalgebras of H0,c(W ) (hint:
first use the Dunkl embedding to show that C[h]W is central, then use
the automorphism defined in (7)).

Solution 2. (1) This is a direct calculation using the fact that αs divides
f − s(f) for all f ∈ C[h].

(2) Again, this is a direct calculation.
(3) It is clear from the defining relations that every element in Ht,c(W )

can be expressed as a linear combination of elements f · w · g, where
f ∈ C[h] and g ∈ C[h∗] are monomials and w ∈ W . Therefore we need
to show that these elements are linearly independent. One can define
an order filtration on Dt(hreg) oW by placing C[hreg] oW in degree
zero and y’s in degree one. The PBW theorem for Dt(hreg) o W is
then the statement that the associated graded algebra with respect to
this filtration is C[hreg × h∗] ×W . One can define a similar filtration
F• on Ht,c(W ) by placing C[h] o W in degree zero and h in degree
one. The Dunkl embedding is filtration preserving and if h ∈ Ht,c(W )
has degree d say then its image in Dt(hreg) o W will have degree d
too. This implies that the associated graded map is just the embedding
C[h × h∗] oW ↪→ C[hreg × h∗] oW . In particular, the PBW theorem
holds for Ht,c(W ).

(4) At t = 0, Dt(hreg) oW = C[hreg × h∗] oW . Therefore the image of
eH0,c(W )e is contained in eC[hreg × h∗] oWe ' C[hreg × h∗]W . This is
a commutative ring.

(5) Let w ∈ W and s ∈ S. Then wsw−1 ∈ S is again a reflection. This
implies that there is some non-zero scalar β such that w(αs) = βαwsw−1 .
Thus, w(δ) = γδ for some non-zero scalar γ. This implies that δ is
a semi-invariant. Now the claim that, after localizing at δ, the Dunkl
embedding becomes an isomorphism is clear from the definition of Dunkl
operators because it becomes possible to express the generators y in
terms of the Dy.

(6) (Harder) Firstly, eH1,c(W )e is an integral domain because it is a filtered
ring whose associated graded is C[hreg×h∗]W . Since C[hreg×h∗]W is an
integral domain, so too is eH1,c(W )e. Now choose z ∈ Z(eH1,c(W )e).
The Dunkl embedding defines an isomorphism

eH1,c(W )e[(eδr)−1]
∼−→ eD(hreg) oWe ' D(hreg)W .

Therefore the image of z in eH1,c(W )e[(eδr)−1] is either a unit or zero.
If it is a unit then α(eδr)a · z = 1 in eH1,c(W )e, for some α ∈ C× and
a ∈ N. But eδr is not a unit in eH1,c(W )e (since the symbol of eδr
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in C[h × h∗]W is not a unit). Therefore a = 0 and z ∈ C×. On the
other hand if (eδr)a · z = 0 for some a then the fact that eH1,c(W )e is
a domain implies that z = 0.

(7) Since the isomorphism h∗
∼→ h, x 7→ x̃ = (x,−) is W -equivariant, the

only thing to check is that the commutation relation

[y, x] = tx(y)−
∑
s∈S

c(s)αs(y)x(α∨s )s, ∀ y ∈ h, x ∈ h∗.

This follows from the following trivial observations

x(y) = ỹ(x̃) = (x, ỹ) = (y, x̃);

possibly after some rescaling, we have (αs, αs) = (α∨s , α
∨
s ) = 2 and

α̃s = α∨s , α̃∨s = αs.
(8) Just follow the hint.


