HOPF ALGEBRAS

1. ALGEBRAS AND COALGEBRAS
1.1. Algebras. We start by formulating a familiar definition in a possibly unfa-
miliar way:
Definition. A k-algebra is a k-vector space with two linear maps

m: AR A—A and u:k— A

satisfying the following conditions hold. These respectively encode associativity
and the unit element:

(a) the diagram
meid
ARARA—=ARA

id@ml lm

A9 A—"—> A
is commutative;
and (b) the diagram
AR A
=N
k® A m ARk
A

(where s denotes scalar multiplication) is commutative.
We get 14 as u(1y) via the second diagram.
1.2. Coalgebras. To define these, we reverse the arrows in (7.1):

Definition. A k-coalgebra is a k-vector space, C, with two k-linear maps, A (co-

multiplication or coproduct) and € (counit), with
A:C—-C®C and ¢:C —k,

such that the following conditions, respectively called the coassociativity and the

counit axioms, hold:
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a) the diagram

A®id
CepCC<~—0xC

s | TA

Col<—7 C
commutes;
b) the diagram
CeC
S
ko C A Cek

commutes, where 1 ® _ is the map z — 1 ® x.
1.3. Morphisms.

Definition. Let A and B be k-algebras. A linear map 6 : A — B is a k-algebra
homomorphism if the diagrams

44— . p
and

commute.

Definition. Let C and D be k-coalgebras. A linear map f : C' — D is a k-coalgebra

morphism if the diagrams

and
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commute.

1.4. Example. Let V be a k-vector space with basis B. Then V is a coalgebra if
we set

A(V) = vv YweRB

e(V) = 1 YweB

(extended linearly). V is called the (group-like) coalgebra on the set B.

2. BIALGEBRAS

2.1. The definition.

Definition. A bialgebra A is a k-vector space, A = (4, m,u, A, ) where (A, m,u)
is an algebra; and (4, A, ¢) is a coalgebra; and such that either (and hence both)
of the following two conditions hold:-

(1) A and ¢ are algebra homomorphisms; and

(2) m and u are coalgebra homomorphisms.

Notes. 1. If A and B are two k-algebras then so is A® B if we define (a®b)(c®d) =
ac ® db. Expressed as a diagram this is:

i dQTRid ma®m
AeBoAeB > ApAeBe B> Ao B
where 7: B® A — A® B is the flip: 7(b®a) = a®b. The unit usgp of A® B is
given by

uAQuB

E2k®k — A® B .
Similarly, if C' and D are coalgebras then so is C ® D with Acgp given by

AcRA i dRTRid
CeoD—>C2CeDeD—=CeDoC®D

and counit

ec®ep

C®D—kek>2k.
In particular this applies when A = B and when C' = D.
2. (1) & (2) in the definition follows by drawing the diagrams to express the

conditions that A and e are algebra morphisms; we find the diagrams are the same
as the ones to give (2); see Exercises 2.4(1).

3. A morphism of bialgebras f : A — B is a linear map which is both an algebra

and a coalgebra homomorphism.
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2.2. Test Lemmas.

Lemma 1. Suppose that A is an algebra and we have algebra homomorphisms
A:A—- AR A ande: A— k. If A is generated as an algebra by a set B, to prove
that A is a bialgebra we only need to check the diagrams in 1.2 with input from B.

Proof. All the maps in the diagrams are algebra homomorphisms given our hy-
pothesis. So commutativity in general follows at once from commutativity on the

generators. (Il

If f: A— B is a bialgebra homomorphism, then kerf is called a biideal: this
means that kerf is an ideal and a coideal (ie the kernel of a coalgebra homomor-
phism). See Ex1.5(3) where we check that I C A is a coideal if e(I) = 0 and
AY)CCRI+IRC.

Lemma 2. When I is a biideal of a bialgebra A, then the operatins on A induce a
structure of bialgebra on A/J.

2.3. Examples of bialgebras. Here are the first few examples. We will add to
this list once we have defined Hopf algebras.

(1) Group algebras: Let G be any group and let kG be the group algebra. It
is a bialgebra if we define A : kG — kG ® kG by A(g) = g® g for g € G, and
e(g) =1 for g € G; see Exercise 2.4(2).

(2) Tensor algebras: Let V be a vector space and form T'(V'), the tensor
algebra, so

(V) =P
n>0
multiplication of tensors is given by juxtaposition, extended linearly. Then T'(V)

is a bialgebra if we define
AV)=v@1+10veT(V)T(V)
and ¢(V)=0forve V.
Proof. T(V) is the free k-algebra on generators {v; : i € I}, a basis of V. So A and
¢ extend uniquely to algebra homomorphisms, to T'(V') and to k respectively. So

we can apply Lemma (2.2)(1) and see that we only need to check commutativity of

the diagrams in 1.2 for input {v;} a basis element. This is easy. O

(3) Enveloping algebras of Lie algebras: A Lie algebra g is a vector space

over a field k with an operation
[, ]:gxg—g
which is bilinear, antisymmetric and satifies the Jacobi identity, namely for all

x,Y,Z2 €9,
[z, [y, 2] = [[z, 9], 2] + [y, [z, 2]].
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For example, if A is any associative k-algebra then A is a Lie algebra if we define
[a,b] = ab — ba

for all a,b € A. In particular, when A = M, (k), we write this as gl(n, k).
The universal enveloping algebra of the Lie algebra g is the factor algebra of the
tensor algebra T'(g) by the ideal

I(g) =< [z,y] —2y +yx:z,y € g >

There is a bijective correspondence between left U(g)-modules and representations

of the Lie algebra g, where the latter are - by definition - Lie algebra homomorphisms
p:g— End(V)

for k-vector spaces V.

Special case (A): Let n>1, g=>"" | ®kz; with [z;,2;] =0 for all 4, j. Then
U(g) = k[xh .. 7$n]7
the commutative polynomial algebra.

Special case (B): Let n > 2, and let sl(n, k) be the space of all n x n matrices of
trace 0. This is a Lie algebra called the special linear Lie algebra.

Special case (C): s((2, k) is 3-dimensional, with usual basis
<(ao)r=(a)e= (0 4)
Check: [h,e] = 2e, [h, f] = —=2f,[e, f] = h, so
I(sl(2,k)) =< he—e(h+2),hf—f(h—2),ef — fe—h>.
It’s easy to check that U(sl(2, k)) has k-basis
{e'h? f* i, 4,t > 0}.
This is a special case of the

Theorem (Poincaré-Birkhoft-Witt). If g is a Lie algebra with k-basis {z1,...,z,}
then U(g) has k-basis {x' 2% - - aln 1 t; > 0}.
Fact. U(g) is a bialgebra for all Lie algebras g, with

Alx)=2z1+10X

and
e(x)=0
for all x € g.
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Proof. We know U(g) = T(g)/I(g), and T'(g) is a bialgebra with the same defini-
tions of A and €. So we only need to check (thanks to Lemma 2.2(2)) that I(g) is
a biideal, that is

At)eT(g) @ 1(g) + 1(g) @ T(g)

for all t € I(g) and that £(t) = 0 for all ¢t € I(g). Because the maps are algebra
homomorphisms, we only need to do the check for ¢ a generator of I(g). It’s easy
to do this. 0

(4) Opposite algebras and coalgebras: If A is any k-algebra, the opposite
algebra of A, denoted A°P, is the same vector space as A but with new multiplication

a-b=ba

for all a,b € A. Similarly, if C is a coalgebra, the opposite coalgebra, C°°P, is the

same k-vector space as C, but with
Ageop :=T 0 Ag,

where 7 = is the flip. If B is a bialgebra, then it’s easy to check that B°P, BP
and B°P°P are all bialgebras.

Definition. A co- or bialgebra A is called cocommutative if AP = A, that is, if
A =T10oA.
So all the bialgebras so far introduced are cocommutative.
2.4. Sweedler notation. Let C be a coalgebra. For ¢ € C, we write
A(e) = ch ® cs.
Consider associativity: expressed using the above, it says
(id® A)o Ale) = (id ® A) (ch @cQ) =31 ®en ®en
should equal

chl ® c12 ® ca.

So, we write both of the above simply as
(1) ch ® ¢y ® c3.
Applying coassociativity to (1), we find that the three expressions
Z A(er) ® ca R cs, ch ® A(eg) ® c3 and ch ® co @ A(cs3)
are all equal in C @ C ® C ® C. We write this as
ch ® o ®ce3 ®ey.
We use A,,_1 to denote the iterated application of A as above, so

Apo1: C — C®7,



HOPF ALGEBRAS 7

Using Sweedler notation, the second axiom in (1.2) says that for all ¢ € C,

c= Za(cl)cQ = 2615(62).

And C is cocommutative < A(c) = ca ® ¢q for all c € C.

3. HOPF ALGEBRAS

3.1. Definition. Let A = (A, m,u, A, ¢) be a bialgebra. Then a linear endomor-
phism S from A to A is an antipode for A if the diagram

id®ST uoaT S®idT
A

A®A<TA*>A®A

commutes. In Sweedler notation, this says that for all a € A,

(2) ea) = ZalS(ag) = ZS(al)ag.
A Hopf algebra is a bialgebra with an antipode. Morphisms of Hopf algebras are

just bialgebra maps “preserving the antipode” (Exercise 3.5(3)).

Example: Let G be any group, k any field. Then kG is a Hopf algebra if we define

S(g) =g~
for all g € G. Since S is linear, it’s enough to check (2) on G: it says that
-1 _ -1

l=c(g)=99 =9 g

forall g € G.

3.2. Convolution product. Let A = (A, m,u) be an algebra and C = (C, A, ¢)

be a coalgebra, over k. Then we can define a product on
Homy(C, A)
called the convolution product, %, by: for f,g € Hom(C, A) and ¢ € C
(3) (f*x9)(c) =2 f(c1)g(c2).
Proposition. With the above notation (Homy(C, A),*,uoc¢€) is an algebra.

Proof. Associativity of * follows from associativity of the coproduct:

((fxg)xh)(c) = Zf(er)g(cz)h(cs)
(f * (g h))(c).
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And uoe is a left identity element, because for f € Hom(C, A) and ¢ € C

(uoe)x f)(e) = Xe(cr)f(c2)
= (f*(gxh))(c)
= f(o).
Similarly it’s a right identity. (]
Applying the above when C = A is a bialgebra we get that (Endg(A), x,uo¢) is
an algebra. Comparing Definition 3.1 with (3) we get the first part of

Corollary. (1) Suppose A is a bialgebra. An antipode S for A is an inverse
forid |4 in (Endg(A),*,uo0¢).
(2) If a bialgebra does have an antipode then that antipode is uniquely deter-
maned.
Proof. (2) Uniqueness of inverses. O
Corollary. If C = (C, A,¢€) is any k-coalgebra, then
Cc* = Homk(C, k)
is an algebra, with
(f *g)(c) = Xf(c1)g(c)a.
So C* is commutative if and only if C is cocommutative.

Remark. We might expect that given an algebra A = (A, m,u) we can dually get
a coalgebra structure on A*. Indeed we might define, for f,g € A*

e(f) = f(1a) (= u"(f))

and
A(f)e A" A*

given by

A(f)(z®@y)) = f(zy).
But notice that this gives us A(f) € (A® A)* and if dimzA = oo then A* ® A* &
(A ® A)*. However, everything works if dimyA < oo, and it can be repaired in
general, as we’ll discuss later.

3.3. Properties of the antipode.

Theorem. Let H = (H,m,A,u,e,S) be a Hopf algebra. Then S is a bialgebra
homomorphism from H to H°PP. That is, for all x,y € H

(4) S(z,y) = Sy)S(z),  S(1)=1
and

(5) (S®S)oA =05, goS =g



HOPF ALGEBRAS 9
that is, AS(x2) ® S(x1) = X(Sx)1(ST)s.
Proof. Note that H ® H is a coalgebra by 2.1, Note (1) with

(6) Aper(r®y) =311 @y1) ® (2 @ y2).

So by proposition 3.2, Homy(H ® H, H) is an algebra. Define maps v and p in
Homy(H ® H, H) by

prey) = S(y)s(z)
plr@y) = S(xy).
We shall show that u = p by proving that
(7) PEM =M% =1UO0E
where m is multiplication in H. This will do it! Well, take x,y € H. Then

So((z @ y))m((z ©y)2)
= Yp(x1 @ y1)m(za Q@ y2)

prm(z@y)

= X(71y1)72Y2
= YS((zy)1)(zy)2 since A is an algebra homomorphism
= uoe(r®y),

noting that ¢ on H ® H is just € ® €. Similarly

(mxp)(zey) = Em((zy))u((z©y)2)
= Xz1y15(y2)S(z2) by (6) and definition of u
= Zz1(3y15(y2)) S (w2)
= B5((zy)1)(zy)2
= wuoe(x®y).

This proves (7). If we apply corollary 3.2 (1) to id* S = uoe, giving in particular,
S(1) = 1.
(5) is proved similarly - Exercise 3.5 (1). O

Definition. A map of rings § : R — S which satisfies 0(rt) = 6(¢)0(r) for all

r,t € R is called an anti-homomorphism.
Analogous to lemma 1 we now have

Corollary. Let A = k < B > be a bialgebra. Let S : A — A°P be an algebra
homomorphism. To check that S is an antipode for A, it’s enough to check (2) for
a € B.

Proof. Exercise (3.5)(2). O
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3.4. More examples of Hopf algebras. 1. The tensor algebra T (V') Define
A, as in 2.3 (2). Define an antihomomorphism

S:T(V) — T(V)

v —u.
For v € V, e(v) = 0 while
YviS(we)=v-1+1-(—v)=v—v=0=¢(v).

Same for £.5(v1)ve. So T(V) is a Hopf algebra.
2. Let g be a Lie algebra and recall that U(g) := T'(g)/I(g) as in 2.3 (3). For
x,y € g, we see that

S([z,y] —zy+yr) = —[z,y] - (—y)(—z) + (—2)(~y)
= —([z,y] +yxr—2y) € I(g).

So S induces an antiautomorphism of U(g) satisfying definition 3.1. So U(g) is a
Hopf algebra.

3. A finite dimensional noncommutative, non cocommutative Hopf
Algebra. Assume chark # 2. Let < g > be a cyclic group of order 2. Take
R = k[z]/ < 2* > and let g € Autg_qy(R) by g(z) = —2. Form H = Rx < g >,
the skew group ring. So gr = —xg. So:

(i) dimg H = 4, with basis {1, g,z,zg}.

(ii) H is the factor of the free algebra F = k < §,2 > by the ideal < g% — 1,22, §& +
zg>=1.

(iii) H is a bialgebra with

Alg) = gy, e(g) =1,
Alz) = z20@1+g®u, e(g) =0.

Proof. (iii): Freeness of F allows us to define
A:F > H®H, and E:F —k

by lifting the definitions of A and e. Check routinely that A(I) = 0 = &(I), so the
maps factor through H. The diagrams in Definition 1.2 are easy to check. (I

(iv) H is a Hopf algebra, if we define
S(g)=g,  S@)=—gz and  S(zg) =S5(9)S(x) = g(—gz) = —x.

Proof. Define S : F — H° by lifting our proposed definitions for S(g), S(z) to
S(9), S(). Check that S(I) = 0, so we get antihomomorphism H — H as we
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want. Finally
mo(S®id)oAlxr) = mo(S®id)(r®1+g®x)
= m(-gz®1l+g®u)
= —gr—+gx
=0
= £(0).

Notes. (1) S has order 4 in this example.
(2) Taft generalised Example 3 to give an infinite series H,, of Hopf algebras
of dimension n?, (n > 2) in 1971. See Exercise (3.5)(7).

3.5. Further properties of the antipode. In general, the antipode S is not
bijective, for a Hopf algebra H - there are examples due to Takeuchi (1971). But
there are positive cases:

(a) If dimpH < oo, then S is bijective [Larson and Sweedler, 1971];

(a") [Larson, 1976] In fact, if dimyH < oo then S has finite order (but there

does not exist a global bound on possible orders (see Exercises(3.6)(7)));
(b) If H is commutative or cocommutative, then S? = idy;
(c) [Skryabin, 2006] If H is noetherian and is either semiprime or satisfies a

polynomial identity then S is bijective.
Conjecture (Skryabin). If H is noetherian then S is bijective.
We'll prove (b):
Theorem. Let H be a Hopf algebra. Then the following are equivalent:
(i) S? = id;
(ii) for allx € H,>  S(zo)x1 = e(x)1p;
(i1i) for allx € H,> x2S(x1) = e(z)1p.

Proof. (i) = (i): Suppose (ii). It’s enough to prove that S? is right convolution
inverse to S, by Corollary 3.2A(i). Let € H. Then

S*S%@) = Y S(21)S%(x2) = S (Z S(xg)xl) by Theorem 3.3(1)
Se(x)ly) =e(x)ly by Theorem 3.3(2).

So 52 = idH.
(i) = (ii): Suppose S? =idy. Let z € H. Then

Z S(wa)z; = S? (Z S(xg):m) =S (Z S(x1)52(m2)) 3.3(1)
S (Z S(xl)xg) = S(e(x)1) by definition of antipode
= ¢e(z)ly by 3.3(2).
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(i) & (iil) Similar. O
Corollary (A). If H is commutative or cocommutative, then S = idg.
Corollary (B). Let H = (H,m,u,A,¢e,S) be a Hopf algebra. Then
(i) HOPP = (H,myp, u, AP, £, S) is another Hopf algebra;
(i) S: H— HP°P is a Hopf algebra morphism;
(iii) Suppose S is bijective. Then HP = (H,mgp,u,N,e,S™) and HP =

(H,m,u, A e, S™1) are isomorphic Hopf algebras, the isomorphism being

given by S.

Proof. (i) In (2.3)(4) we saw that H°P°P is a bialgebra. 3.1(1) translated into
statements about H°PP ensures that .S is an antipode for H°P°P.
(ii) From Theorem 3.3.
(iii) We know that H°P and H°°P are bialgebras, isomorphic via S thanks to The-
orem 3.3.

For a € HP (writing - for mep, x for m),

Zal . Sil(ag) = ZSil(ag) X aj.

Applying S to the right hand side, we get
> S(ar) x az,
which is e(a)1 4 by 3.1(1). So
Zal -8 Hag) = e(a)la.
Similarly,

ZS‘l(al) sag = e(a)lA.

For H°°P, the argument is similar. (]

3.6. The Hopf dual. Our aim here is to obtain a dual result to Corollary B of
(3.2). The key definition is:

Definition. Let A be any k-algebra. The finite dual or restricted dual of A is
A°={fe A" : f(I)=0 for some I < A with dimy(A/I) < co}.
In Chapter 5 we’ll prove:

Theorem. Let A= (A, m,u) be a k-algebra.
(i) A° is a coalgebra with coproduct m* = A. That is, for f € A%, x,y € A,

A(f)(z®@y) = f(zy).
The counit of A° is e = u* - that is,

e(f) = f(1a).
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(ii) If B = (B, m,u,A,¢) is a bialgebra, then so is B°,
B° = (B A", ", m", u");
(so e.g. A*:B°®B°— B°: f®g+— f-g, where
frg(x)= Zf(ffl)g(@)-

(#i) If additionally B is a Hopf algebra with antipode S, then B° is a Hopf
algebra with antipode S* (so S*(f) = fo S).

Of course, if B is commutative, then B° is cocommutative and if B is cocom-

mutative, then B° is commutative. Are the converses of these statements true?
Example. Let k be any field and G any finite group. Then
(kG)* = kG° = Homy (kG, k).
We can take as k-basis for kG° the dual basis {p, : g € G}, so
pg(h) =dg1, g,h, € G.

Then
Apg) = Z Pu D puw where u,w € G,

uw=g

and for f,h € kG° and = € G,

(fh)(x) = f(z)h(z).
So we find that pgpn = dgnpy and as a k-algebra, kG is the direct sum of |G|

copies of k.

4. MODULES AND COMODULES

4.1. To dualise it, we quickly recall the definition of a left module M over a k-
algebra A: it’s a k-vector space with a k-linear map A : A ® M — M such that

id®A
ARAOM —= A M

m®id l lA

A M M

A

and

commute, where s is scalar multiplication.
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4.2. Comodules. Let C be a coalgebra. A right comodule M over C'is a k-vector
space M and a linear map p: M — M ® C' such that

M " s MecC

P\L iidM®A

MeC——MeCxC
p®id

and
M—Mec
e iid@g
M
commute.

Left comodules are defined analogously.

A morphism of right comodules f : M — N over C' is a linear map such that

M——N

cominutes.
4.3. Duality.

Proposition. (i) Let M be a right comodule for the coalgebra C. Then M is a left
module for C*.

(ii) Let A be an algebra and M a left A-module. Then M is a right A°-comodule
(in the sense that A — A°* and part (1) coupled with restriction retrieves M) <
for allm € M, dimi(Am) < 0.

Proof. (i) Let p: M — M ® C be the comodule map, so
p(m) = Zmo ® mi,

where m € M,mg € M,mq € C. Let f € C* and define
fem=> (f;mi)mo,

where we write (f,m1) for f(mq).
Thus, if g, f € C* and m € M, we have

g-(f-m)=g- (Z(f, m1>mo) = (f,ma) (g, m1)mo;
whereas, using 4.2(1),

(g f)-m= {g*frmi)mo=> (g, m1)(f, ma)ymo.
And e-m =>"e(my)mo = m by 4.2(2).
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(i) <=: Suppose M is a left A-module such that dimy(Am) < oo, for all m € M.
For m € M, choose a k-basis m,mo, ..., m, for Am. Define f; € A*fori=1,...,n

by the rule
a-m= Zfi(a)mi.
i=1

The kernel I of the algebra homomorphism A — Endy(Am) has finite codimension
in A, and f(I)=0foralli=1,...,n. So f; € A° for all i.
Define a right coaction p: M — M ® A° by

(8) Mm=§)m®ﬁ

One checks that (8) is independent of the choices made and makes M into a right
A°-comodule. To see this, note that for any left A-module M , we have a well-
defined linear map

p: M — Homy (A, M);
where p(m)(a) :== a-m. And

M ® A° C Homy (A, M),

via (m®a°)(a) = (a°, a)rn. The condition that dimjA-m < oo for all m € M simply

ensures that im p C M ® A°, so p in (8) is the same as j and is thus well-defined.
=-: This follows from what we’ve done, because if M is a right A°-comodule via

p(m) => mg ®my, then A -m is spanned by the {mq}. O

Definition. An A-module M with dimpAm < oo for all m € M is called rational.

4.4. Examples of modules and comodules. (1) If C is any coalgebra, then C
is a right (or left) comodule, using A.

(2) Let G be a group, C' = kG. A k-vector space, M is a right kG-module if and
only if M is a G-graded vector space. (Exercise 4.6 (2)).

(3) Let C be a coalgebra, so C' is a right C-comodule by (1). Proposition 4.3(1)
tells us that C' is a left C*-module with, for f € C*, ¢ € C,

f —cCc= E<fa C?>Cl-
This is often called the left hit action of C* on C. The right hit action is
e+ f=3%(f,cr)eca.

These are (respectively) the transposes of right and left multiplication in C*, (Ex-
ercise 4.6(3)).

(4) Analogously to (3), if A is any k-algebra, we can define a left action of A
on A*, which is the transpose of right multiplication on A. That is, for a € A and
f € A* a— fis defined for b € A by

(a = f,b) = (f,ba).
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Similarly for f < a.
Suppose f € A°. Then by Theorem 3.6 (still to be proved), A° is a coalgebra,
so A f makes sense for f and
<a4f7b> = <f17ba>
B(f1,b)(f2,a).

Soa — f=3(f2a)f1.
4.5. Tensor products and hom spaces. (1) Tensor products of modules:
Let A be a bialgebra, and let V' and W be left A-modules. Then V ® W is a left
A-module via

a.(v@w) = Z 10 ® asw.
If X is a third module for A, then coassociativity ensures that

VeaW)eX2Ve (WaeX).

Also we have the trivial left A-module, k (given by a.v = e(a)v for a € A and
v € k), and
Veokx2xVEeV.

as left A-modules.

If A is cocommutative then obviously
VeoW=2WweV

as left A-modules, with the isomorphism given by the flip 7: v @ w — w ® v. But

if A is not cocommutative, this will fail in general.

Example. Let A = (kG)* where G is any non-abelian finite group. By (3.7)

D
D kg

(kG)" =
geG
= ko 0k
(|G| copies of k), as k-algebras, with
9) Apg= > pu®py
U, uv=g

A has exactly |G| simple modules {V, =k : g € G} where for g,h € G and v €V

PRV = Og p0.
Now take g, h € G, and form
Vg @ Vi;
using (9) we see that
Vo @ Vi =2 Vg

so if gh # hg then
Ve@ Vi 2V, @ V.
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(2) Homomorphisms of modules: Let H be a Hopf algebra and let V' and
W be left H-modules. Then
Homy, (V, W)

is a left H-module with action

(h-£)(©) =Y hf((Sh2)v)
for h € H, f € Homy(V,W) (Exercise 4.6 (6)). An important case is when W is
the trivial module k, which yields a left H-module structure on V*, namely

h.f = f(S(h)).
(3) Tensor products of comodules: If B is a bialgebra and V and W are right
B-comodules, then V ® W is a right comodule via

v®w+—>2vo®wo®v1w1.

Check that this works. If B is commutative then V@ W =2 W ® V as comodules,
via the flip map (Ex 4.6(7)).

5. THE HOPF DUAL

5.1. In Chapter 5 we prove Theorem 3.6, which said
(i) (A,m,u) an algebra = (A°,m*, e = u*) is a coalgebra;
(ii) B a bialgebra, = B° is a bialgebra
(iii) H a Hopf algebra = H° is a Hopf algebra.
The key step is (i) and here we need to show that if f € A° then

m*f e A°® A°
where

m*f(x ®y) = f(zy)
for z,y € A. For this we need

Lemma 3. Let (A, m,u) be a k-algebra, f € A*. Then the following are equivalent:
(a) f(I) =0 for some I <, A, dimy(A/I) < oo;

(b) f(I) =0 for some I <y A, dimy(A/I) < oo;

(c) f(I) =0 for some I 9 A, dimy(A/I) < oo;

(d) dimy (A — f) < oo;

(e) dimg(f — A) < oo;

(f) dimg (A — f — A) < oo;

(g) m*f e A* @ A*.

Proof. (Sketch) Recall (a — f)(b) = f(ba), (f — a)(b) = f(ab) fora,b € A, f € A*.
(a)=-(d): Supppose (a), with (f,I) =0, I <, A. For all a € A,

(@ = f, 1) = (f,Ia) € (f.I) = 0.
Thus A — f C (A/I)* and so (d) holds.
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(d)=(a): Suppose dimg(A — f) < oco. Set I ={be A: (A — f by =0} If
a € Aandb e then
(A= fiba) = (aA—f,b)
C (A=fB=0
So I <, A. Since [ is the kernel of the restriction map from A to (4 — f)*,
dimg(A/I) < co. Since f(I) = 0 we are done.

(b)<(e) and (c)<(f) are similar. (¢c)=(a) and (c)=-(b) are trivial.

(b)=(c): Let f(I) =0, I <; A,dimy(A/I) < co. There is an algebra homomor-
phism p : A — End(A/I) whose kernel J has finite dimension since dimy Endy(A/T) <
00. And J={a€A:aACI} C{acA:al el} =1 Thus f(J)=0 and so (c)
holds. Similarly (a)=(c), so (a)-(f) are equivalent.

(d)=(g): Suppose (d) and fix a basis {g1,...,gn} for A — f. So, for a € A,

n
a—f=>Y hi(a)g,
i=1
where one checks easily that h; € A*, 1 < i <n. Now for b € A,

(m*fb@a) = (f,ba)
= (a—fb)

n

Z hi(a)g:(b).

Therefore

m*f:Zgi®hi € A*® A*.
i=1
(g)=(d): If (g) holds, there exist g;,h; € A* with m*f = Y"1 | g; ® h;. The
calculation just done shows that for all a € A,

n n
a—f=>Y hila)gi €Y kg
i=1 i=1
so dimy (4 — f) < o0. O
5.2. Proof of 3.6(i). Assume (A, m,u) is an algebra. We prove that
m*A° C A° ® A°.
This will prove that A° is a coalgebra. Let f € A° so there exists I < A with
dimy (A/I) < oo such that f(I) = 0. Then
IQA+ARI

is an ideal of A ® A and it has finite codimension, because it’s the kernel of the
algebra homomorphism 7 : A® A — A/I ® A/I. Now if « is any element of
I®A+ AR®I, then

m* f(a) =0.
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This shows that m*f € (A ® A)°. Indeed m* f factors through A/I ® A/I:

Az A my k.
\ 4

AJT® AT

Otherwise put, we can write m* f as >_._; g; ® h;, where g;,h; € A* and I C ker g;
and I C kerh,, for all i. Thus m*f € A° ® A°. Now coassociativity follows by

restriction of the commutative diagram

*
m

A — s (Aw A)

i (m®id)*
(AR A —S (A Ao A)*

i (id®@m)*

which is itself commutative because it’s the dual of associativity in A. And one

easily checks that ¢ = u* satisfies the counit property.
5.3. Proof of 3.6 (ii),(iii). Suppose first that
B = (B,m,u,A,¢)
is a bialgebra. By (3.2) Corollary B,
(B*, A% &™)
is an algebra. And
(10) (B°,m",u") is a coalgebra.
by Theorem 3.6(i), just proved. We claim:
(11) B° is a subalgebra of B*.
Well, take f,g € B°, so that Lemma 5.1 ensures
(12) dimg (B — f) < 00, dimg(B — g) < o0.
Now let z,y € B. Then fg € B* (convolution product), and
(r—=f9,y) = (fg,yz)
= > () g (y2)2)
= Z(f, y121){(g, y2x2) since A is an algebra hom,
2@1 = fiy)(z2 = g,92)

(13) = Z((Il = @2 = g),9).
So (12) and (13) imply that

dimy (B — fg) < dimp(B — f)(B = f) < o0,
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proving (11). Also, € € B°, since dimy(B/kere) = 1. So
(14) (B°, A%, €") is an algebra.

Now (ii) follows from (10) and (14) after we check the bialgebra commutative dia-
grams; these follow at once by dualizing the ones for B (Exercise 5.4(3)).
Suppose finally that S is an antipode for B = H. So S* : H* — H* exists; we
have to check that
S*H® C H°.
Well, let a € H and f € H*. Then, for b€ H,

(a—=8"f,b) = (S*f,ba)
f,5(ba))
f,5(a)5(b))
f=5(a), S(b))
S*(f = S5(a)), b).

)
b

(
(
=
(
(

Thus
H—S*f=S8"(f+~ SH) CS*(f — H);
soif f € H° Lemma 5.1 gives dimy(f «— H) < oo, and so Lemma 5.1 again ensures
S*fe H°.

Finally, S* is the convolution inverse for idyo, as follows easily by dualizing the

corresponding property for S and id|y (Exercise 5.4(4)).

6. PRIMER ON AFFINE ALGEBRAIC GEOMETRY

In order to discuss Hopf algebras arising as the coordinate rings of algebraic
groups, we need to recall some basic definitions and ideas from algebraic geometry.
We do this in this chapter. Throughout, £ will be an algebraically closed field.

6.1. Algebraic sets. For a positive integer n, the set k™ = {(a1,...,a,) : a; € k}
is called affine n-space, denoted A", or A™ for short. Elements of A™ are points,
the a; are coordinates.
The objects of study are the sets of zeros in A™ of collections of polynomials.
So, for
TCR, =k[X1,Xs,...,X,]

we write
Z(T)={acA": fla) =0V feT}.
Notice that if (T") is the ideal of R,, generated by T, then

Z(T) = Z((T)).
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By the Hilbert Basis Theorem, there is a finite set fi,..., f of polynomials in T
such that

i=1

SO

2(T) = Z({f1;-- s fr})-
Definition. An algebraic subset of A™ is a subset Y C A™ such that Y = Z(T) for

some set T' of polynomials in R,,.
The gymnastics of algebraic sets starts with
Lemma. (i) If Ty C Ty C R, then
Z(Ts) C Z(Ty).

(i) The union of two algebraic sets in A™ is an algebraic set.
(i4i) The intersection of any collection of algebraic subsets of A™ is an algebraic
set.

(iv) ¢ and A™ are algebraic sets.

Proof. (i) is obvious.
(ii) Let U = Z(Th), W = Z(T»). Then one checks that U UW = Z(T1T3),
where T1Ty = {fg: f € Th,g € Ta}.]
(iii) Let U; = Z(T;) for j € Z. Then

OUj = Z(LJJT]»).

(iv) ¢ = 2(1),A" = Z({0}).

6.2. The Zariski topology. In view of the above lemma, we make the

Definition. Define the Zariski topology on A™ by taking the closed sets to be the

algebraic sets.

Example. Algebraic subsets of A': Ry = k[X] is a P.I.D., so every closed set in
Al is the set of zeros of a single polynomial f. Since k = k, f = ¢(X; —ay) -+ (X, —
an), a; € k. Thus the algebraic sets in A are ¢, Al and all finite subsets of Al.
Thus any two non-empty open sets have non-empty intersection. In particular A!

is not Hausdorff.

6.3. Ideals versus algebraic sets (I). We are aiming for a bijection between
closed subsets of A™ and ideals of R,,. But this fails since - for instance - the ideals
(X) and (X?) of k[X] = R both define the set {0}. To fix this, we make the

Definition. Anideal I of aring R is semiprime if whenever an ideal J of R satisfies
J? C 1, then J C I.



22 HOPF ALGEBRAS

Remarks. (i) If R is commutative, then I < R is semiprime < Vf € R, Vt >
1, ft el onlyif fel.
(ii) Radical is sometimes used rather than semiprime.

If I is any ideal of a commutative ring R, we define
VIi={geR:g'cI, some t>1}.

Then /T <1 R, with I C v/TI. Moreover, if R = R,, for some n > 1, Z(I) = Z(\/I).
For Z(\/I) C Z(I) and if a € Z(I) and g € VI, then
g'(a) = g(a)' =0,

for some ¢ > 1, and so g(a) = 0. Hence a € Z(\/1).
Now define, for a set Y of points in A", the subset

IYV)={feRn:fly)=0VyeY}
We have the following obvious facts:
Lemma. (i) Y CA"=TI(Y) <R, in fact Z(Y) is a semiprime ideal of Ry,
(using our discussion above);
(ii) If Y1 C Ya C A", then I(Ys) C Z(Y1):
(i) If U W C A", then ZUUW) =Z(U)UZ(W);
(i) If Y CA™, then Y C Z(Z(Y));
(v) If I < R™, then VT C Z(Z(I)).

Proof. Easy. O

6.4. Ideals versus algebraic sets (II). In fact, (v) of the lemma is an equality

and (iv) is also an equality if we restrict to closed sets Y. To see this, we need

Theorem (Hilbert’s Nullstellensatz). Let I < R,, for some n > 1. Suppose f €
Z(Z(I)). Then f € VI - that is, f* € I for some t > 1.

Corollary. Let n > 1. The correspondences

I(=)
{algebraic subsets of A"}~ {semiprime ideals of Ry}

Z(-)

are 1-1 and order reversing.

Proof. If I is a semiprime ideal, then

Z(Z(I)) = I by Lemma 6.3(v) and the Nullstellensatz.
Let Y be an algebraic subset of A™. By 6.3(iv),

(15) Y C Z(Z(Y)).



HOPF ALGEBRAS 23

But Y is algebraic, so Y = Z(J) for some ideal J of R,,. Then J C Z(Y'), so Lemma
6.1(i) implies

(16) Y=2(J)2ZZY)).

Thus (15) and (16) give equality. O

Corollary. Let n > 1. The mazimal ideals of R, correspond bijectively to the
points of A™. Namely,

-~

a=(ay,...,an) m, ={(X1—ay,...,Xn —an)

Proof. Clearly, every ideal of the form m, is maximal, since R,,/m, = k, a field.
Conversely, let m be any maximal ideal of R,. Apply the Nullstellensatz to m:
we get Z(Z(m)) = m. So Z(m) cannot be the empty set in A™ so there exists
a=(ay,as,...,a,) € Z(m). Therefore,

(X1 —a1,...,Xn—an) =Z(a) D2Z(Z(m)) = m.
Since m is a maximal ideal, we conclude m = m,,. O

Otherwise put, this says in particular that each point of A™ is closed.

Corollary. Let I << R,,, some n > 1. Then I is semiprime < I is the intersection

of the maximal ideals in which it is contained.

Proof. < Easy - Exercise (6. )(5).

= Let I < R,,, I semiprime, and set

J = ﬂ {m < R, : m maximal, ] Cm} = ﬂ{ma :a € Z(I)} by Corollary 2.
But J = Z(Z(I)), which equals I by Corollary 1. So J = I. O

Example. The algebraic subsets of Ac?: Here Ry = C[X, Y], which is a U.F.D.
We have:

semiprime ideals of C[X,Y] «— algebraic subsets of A%
{0} — AZ
{ finite intersections of maximal ideals, }

¢ — Ha,a9,..., 04}
ni:l mai ’ 7 ’

CX,)Y] «— ¢
<f>f=1l fi

£ irreducibl finite Us of irreducible curves,
i irreducible, —

Yiu---UY,
fi not an associate of f; for i # j ! "

There are also, of course, the algebraic sets we get by taking the union of finitely
many curves with a finite set of points. Two typical examples of (unions of) curves

in AZ are shown overleaf.
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1. f=XY
<H-1Y>
(1.0) |/
P09 |« algebraic set
2. f=Y2-X3

—0.0

/

YL x?

6.5. Irreducible components versus prime ideals. Comparing the two exam-
ples above: both are connected, but Z(XY) appears to have two “components”,

(X2 —Y?3) only one. To make this precise, we need the

Definition. A non-empty subset Y of a topological space X is irreducible if, when-
ever

Y=Y1UY;
with Y; closed in YV, i = 1,2, then Y =Y; or Y = Ys. [i.e. “Y can’t be expressed

as the union of 2 proper closed subsets”]

Examples. (i) A! is irreducible since every proper closed subset is finite.
(ii) Any non-empty open subset of an irreducible space is irreducible and dense
(Exercise (6.11)(6))

A Zorn’s lemma argument shows that any topological space is the union of its
maximal irreducible subspaces (which are always closed by Ex (6.11)(7)). To make

this union finite, we need:-

Definition. A topological space X is noetherian if it has ACC on open sets (equiv-
alently, DCC on closed sets).
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Example. A™ with the Zariski topology is noetherian, since DCC for closed subsets
of A™ is equivalent to ACC for (semiprime) ideals of R,, = k[X1,...,X,] which we
get from Hilbert’s basis theorem. Of course the same then applies to all algebraic
sets.

Proposition. A noetherian topological space X has only finitely many mazximal

irreducible subspaces. These are closed and their union in X.

Proof. Let A be the collection of finite unions of closed irreducible subsets of X.
Soe.g. o€ A

Suppose X ¢ A. Then use the noetherian property to find a closed subset Y of
X, minimal among closed sets not in A. Clearly, Y is neither ¢ nor irreducible. So
Y = Y1 UYs where Y7, Ys are proper closed subsets. Minimality of Y forces each
Y; to be in A, but then Y € A, a contradiction.

Write

X=XUXoU...UX,,

X irreducible closed subspaces. Let Y be any maximal closed irreducible subspace.
Then

Y = U(Y N Xi),

so Y =Y N X; for some i, since Y is irreducible. That is, Y C X;, and then Y
maximal forces Y = Xj. ([l

The maximal irreducible subspaces of the noetherian space X are called irre-
ducible components.

How do we recognise the irreducible algebraic sets algebraically?

Definition. An ideal P of a ring R is prime if and only if, for all ideals A and B
of R, ABCP=ACPorBCP.

So if R is commutative then P is prime if and only if R/P is an integral domain.

Thus P prime = P semiprime.

Lemma. An algebraic subset Y in A™ is irreducible if and only if Z(Y') is a prime
ideal of Ry,.

Proof. =: Suppose Y is irreducible, and let f, g € R, with fg € Z(Y). Soify €Y,
fly) =0or g(y) = 0. Hence

Y={nZ(f)ul nzy)

is a union of closed sets. So Y irreducible forces Y to equal one of these sets, and
SO
Y C Z(f)
say. That is, f € Z(Y).
<: Suppose Y = AUB, A, B proper closed subsets of Y. Thus there exist f,g € R,
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with f € Z(A), f ¢ Z(Y) and g € Z(B), g ¢ Z(Y). Hence Z(Y') is not a prime ideal
of R,. ([l

Notice that the above lemma and proposition translate to the ring theoretic
statement:
If I is any semiprime ideal of R,,, then there are finitely many prime ideals of

R,, which are minimal with respect to containing I, say Pi, P, ..., P;, and then
I=PNPkPN---NPk

e.g. I =(XY)<k[X,Y], then

Note that m = (X,Y") is the only maximal ideal containing both P; and Ps.
In fact, this statement is valid in any (not necessarily commutative) noetherian
ring.

We can now state

Definition. An an affine algebraic variety is an irreducible algebraic subset of A™

for some n.

6.6. Morphisms. Since our category consists of objects defined by polynomial
equations, we naturally define the morphism in the category to be polynomial
maps. For brevity and simplicity we adopt here a “naive” approach - but really the
theory can and should be developed in a way which avoids specific embeddings of
varieties in the ambient space A™ - See e.g. [Hartshorne] or [Humphreys].

Definition (A). Let X C A" be an affine algebraic set. The (affine) coordinate ring
of X (or ring of regular functions on X) is the factor algebra O(X) := R,,/Z(X)
of R,,.

Remarks. (i) O(X) is the image of R,, under the restriction map from A™ to X.
(ii) If we give k the Zariski topology then O(X) consists of continuous maps from
X to k. (Exercise (6.11)(11)).

Definition (B). Let X C A" Y C A™ be algebraic sets. A morphism
p: X —-Y

is a map given by

P(x) = (Y1(x), ¥2(x); - .., ¥m(x))
for x € X, where ¢; € O(X) fori=1,...,m.
Remarks. (i) Morphisms X — A! are the same as polynomial functions on X.

(ii) A morphism ¢ : X — Y is continuous for the Zariski topologies on X and Y
(Exercise (6.11)(12)).
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If ¢ : X — Y is a morphism of algebraic sets, we define its comorphism ¢* :
O(Y) — O(X) given by
¢ (f)=1fo0
for f € O(Y). We record the key facts:

Lemma. (i) ¢*(f) € O(X) for f € O(Y);

(i) ¢* is a k-algebra homomorphism;

(i) (id)* = id;

(iv) (¢ o)* =p* o ¢™ if ¢ is a morphism of algebraic sets from Z to X;

(v) Every k-algebra homomorphism form O(Y) to O(X) arises as the comorphism
of a morphism from X to Y.

Proof. (i) By definition, ¢*(f) = f o X : X — k where f is the restriction to Y of
feklYi,...,Yy] So

¢"(f)(x) = f(¥1(x), h2(x), - .., Y (X))

which is in O(X) as required.
(ii) Check the definitions. (Exercise (6.11)(13))
(i), (iv) Clear
(v) Suppose that 6 : O(Y) — O(X) is a k-algebra homomorphism. Let 7 :
E[Y1,...,Y,] = O(Y) be the canonical epimorphism given by restriction of maps
from A™. So

OY) = kg, .- ym),
where V; = 7(Y;), i = i,...,m. Now 0 lifts to a homomorphism form k[Y7,..., Y]
to O(X):

k[Y1,...,Y,]

where 6 : Y; — 6(y;). Define §(Y;)(= 0(y;)) =t 1; € O(X) for j =1,...,m. Set
T: X = A" i x— (Y1(x),. .., U (x)).

Since

T kY., Y] — O(X)

Yy Yot =,
we see that
" =10,

so that im7 C Y and taking 7: X — Y we get 7" = 6 as required. |

The proof of (v) shows that we can recover any morphism ¢ : X — Y from

knowledge of its comorphism ¢*. So in effect we have proved
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Theorem. The functor X — O(X) defines a contravariant equivalence of cate-

gories.

{ algebraic sets /k } { affine semiprime commutative }
>

and their morphisms k-algebras and algebra homomorphisms

6.7. Product varieties. Suppose that X and Y are algebraic sets, say X C A™
and Y C A™. Then the cartesian product X X Y is again an algebraic set: first
A" x A™ = A" and X x Y is a closed subset of A"T™. For if X = Z({f; €
E[Ty,...,T,]}) and Y = Z({g; € k[Un,...,Un]}) then X xY = Z({fi} U{g,}),
where we think of f; and g; as in k[T1,...,T,,Us,...,Uy]. You should convince
yourself that

O(X xY)=20(X)®,0(Y). (1)

6.8. Principal open subsets. Let X be an affine variety, and let 0 # f € O(X).
The principal open subset of X defined by f is

Xyp={z€X: f(z) #0}.
Clearly, Xy is open in X. Notice two important facts:

e Every non-empty open subset of X is a finite union of principal open sets.
This follows from Hilbert’s basis theorem. So the principal open sets form
a basis for the Zariski topology on X;

e X is itself an affine algebraic variety. For, let R be the subalgebra of the
quotient field of O(X) generated by O(X) and f~'; i.e. R = O(X)[f1].
Since

REOX)[Y]/<Yf—-1>,
R is an affine commutative domain, so it is O(Y") for some affine variety Y.
In fact, Y = Xy, because the space of maximal ideals of R is homeomorphic

to X via the map
Y - Xy :m—mnO(X).

7. ALGEBRAIC GROUPS AND COMMUTATIVE HOPF ALGEBRAS

7.1. Algebraic groups. Let G be an algebraic set which also has the structure

of a group. That is, we have maps
m:GxG—G:(z,y)— xy,

and
1

7T:G—->G:x—a .

Definition. (i) If G x G is made into an algebraic set as in (6.7) and m and
7 are morphisms of algebraic sets, then G is an algebraic group over k.

(ii) A morphism of algebraic groups is a morphism of algebraic sets which is

also a group homomorphism.
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Examples (i) The additive group G,(k) is k = A with the usual addition in k.
Som(z,y) =z +y, 7(x) = —=x.

(ii) The multiplicative group G, (k) is just the open subset k \ {0} of Al, with
the multiplication from k. So by (6.8),

O(Gm(k)) = k[ X, X 2 Ek[X,Y]/ < XY =1>.

In fact, it can be shown that (i) and (ii) are the only irreducible one-dimensional
algebraic groups over k, but this is nontrivial [Humphreys, Theorem (20.5)].

(i) The special linear groups: For n > 1, SL, (k) = {A € M, (k) : det(4) = 1}
is an algebraic group. For, M, (k) is clearly a variety, namely A"z, so its coordinate
ring is

OMp(k)) =k[Xi; : 1 <14,j <nl.
Then SL, (k) is the closed subset of M, (k) defined as the zeros of the single poly-
nomial
det(X;;) — 1.
The formulae for matrix multiplication and inversion now make it clear that S L, (k)
is an algebraic group.

(iv) The general linear groups: Let n > 1, GL, (k) = {A € M, (k) : det(A) # 0}

is a principal open subset in M, (k) and hence by (6.8) has coordinate ring

O(GLn(K)) O(M;, (k))[det(X ;) ']

= k[X” 01 S ’L,] é TlHdet(X”)il]

(v) Any closed subgroup of an algebraic group is an algebraic group. This is clear,
and it means that e.g.

T(n,k) = {upper triangular matrices in GL, (k)};
U(n,k) = {strictly upper triangular matrices in GL,,(k)};
D(n,k) = {diagonal matrices in GL,(k)}

are all algebraic groups.

(vi) All finite groups are algebraic (over any algebraically closed field k). This is
clear because every finite group has a faithful k—linear representation - the regular
representation, for instance; and finite subsets of algebraic sets are algebraic, as we

have seen in Chapter 6.

7.2. Hopf algebras. Let G be an algebraic group over k. It’s almost obvious that
O(G) is a Hopf algebra if we transpose the multiplication and inverse operations
from G to O(G). That is, recalling (6.7)(1), we define

A:OG)— O0(G)®0O(G) =2 0(G x G)
by defining A(f) to be the function from G x G to k given by
AN ((z,y) = f(zy),
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for z,y € G; and € : O(G) — k is given by f — f(lg). Finally, let S : O(G) —
O(G) be given by

(Sf)(x) = f(z™).

It is a routine exercise to check that all the Hopf algebra axioms are satisfied.
Conversely, if O(X) is the coordinate ring of an algebraic set X and O(X) is a
Hopf algebra, then X is in fact an algebraic group.
For, recall that we can and should think of X as the set Maxspec(O(X)) of
maximal ideals of O(X), made into a topological space with the Zariski topology.

Now every such maximal ideal m, determines a homomorphism of k-algebras
ey, OX) =k f— f+m,.
['m calling the map ev,, to stand for “evaluation at z”, since under our corre-
spondence
X «—— MaxspecO(X),
we have
z—m, ={g € O0(X):g(r) =0},

and so f +m, is just f(x).]
Conversely, if 7 : O(X) — k is a k-algebra homomorphism, 7 is determined by its
kernel, a maximal ideal. Thus X identifies with the set of k-algebra homomorphisms

from O(X) to k, and this is a group: namely, if a,b are k-algebra homomorphisms,
define

ab:= (a®b) o A,
so € : O(X) — k is an identity element for this multiplication; and
ati=ao8

yields an inverse for a.
Moreover, it’s easy to see that these operations are continuous maps for the
Zariski topology, so that X is an algebraic group as claimed.

Summing up, we have, as a specialisation of Theorem 6.6

Theorem. The functor G — O(G) defines a contravariant equivalence of categories

Hopf k — algebras and

affine algebraic groups over k
and their morphisms

affine commutative semiprime
}

Hopf algebra morphisms
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7.3. Examples. We should note what the Hopf maps are for some of our examples
in (7.1).
(i) Go(k) =k, so O = k[X] with X (a) = a for a € k. Thus

and

AX)=X1+1X.
Finally, S(X)(a) = X(—a) = —a, so that
S(X) = —X.

(ii) Gy (k) = £\ 0 C Al so, noting (6.8), O = k[X, X 1]. And

while
A(X)(a ®b) = X (ab) = ab,
so that
AX) = X @ X.
Finally $(X)(a) = X(a=1) = a=' = (X(a))~! = X~(a), so that
S(X)=Xx""
(iif), (iv) First, O(M,(k)) is a bialgebra, with
(Xij) = Xij(In) = bij,
and
A(Xij)((A, B)) = (ij)"" entry of AB,

so that

n
A(Xij) = Zsz ® ij.
k=1

Notice that this is not cocommutative. For GL, (k) and SL,(k) the antipode is

given by the formula for matrix inverse:

(SXi;)(A) = Xij(A_l) = (ij)th entry of A~%.
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7.4. Supplements to Theorem (7.2). 1. The restriction to affine k—algebras
in the theorem is not very important: every commutative Hopf algebra is a union of
affine Hopf algebras [Waterhouse, Theorem (3.3)]. Expressed group-theoretically,
this says:

every affine algebraic group scheme over k is the

inwverse limit of algebraic affine group schemes.

2. The key example in (7.3) is GL, (k). Indeed,

every affine algebraic group scheme over k is a
closed subgroup of GL, (k) for some k.
This is [Waterhouse, Theorem (3.4)].

3. In characteristic 0, the adjective “semiprime” can be removed from Theorem
(7.2):

Theorem. (Cartier) let k be a field of characteristic 0, and let H be a commutative
Hopf k—algebra. Then H is semiprime; (that is, H has mo non-zero nilpotent

elements).

For a proof, see [Waterhouse, Theorem 11.4].

Note that this is false in positive characteristic: for example let k have charac-
teristic P > 0, let G be any non-trivial finite p—group, and let H be the group
algebra kG. If 1 # 2 € G with 2P = 1, then (zx — 1)? =0 in H.

4. In fact, we can extend Theorem (7.2) to all commutative Hopf algebras in
arbitrary characteristic by replacing “group” by “affine group scheme” - for the

details, see e.g. [Waterhouse)].



