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History

* [Airault, McKean, Moser (1976)]: The Korteweg–de Vries
(KdV) equation has rational solutions with poles moving as
particles of a Calogero–Moser (CM) system of type A;

* [Chudnovsky, Chudnovsky (1977)], [Krichever (1978)]: for the
Kadomtsev–Petviashvili (KP) equation (and CM systems);

* [Wilson (1998)]: for KP hierarchy (and CM systems).
* [Olshanetsky, Perelomov (1976)]: CM systems for all root

systems (in rational case: for the reflection groups, that is for
finite Coxeter groups); classical series: types A and B.

* Our result: There is a generalization of the KP hierarchy that
admits rational solutions whose pole dynamics is governed by
the CM system for the generalized symmetric group
G = (Z/mZ) o Sn = Sn n (Z/mZ)n.
m = 1: type A, m = 2: type B,
m > 3: complex reflection group case
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ll

,,

CM systems� _

��
Adelic Grassmanniansee

[Canning, Holland]
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oo [Wilson] // CM spaces

Right ideals of the
Weyl algebra A1(C)
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[Berest, Wilson]
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KP equation

Kadomtsev–Petviashvili (KP) equation:

3∂2yu = ∂x

(
4∂tu + 6u∂xu − ∂3xu

)
, u = u(x , y , t).

The rational solutions [Chudnovsky, Chudnovsky], [Krichever]:

u =
n∑

i=1

2

(x − xi )2
,

where xi (t, y) are coordinate solutions of the n-particle
classical Calogero–Moser (CM) system:

∂ypi = {H2, pi}, ∂tpi = {H3, pi},
∂yxi = {H2, xi}, ∂txi = {H3, xi}

where H2 =
n∑

i=1
p2i − 2

∑
i<j

1
(xi−xj )2

, H3 =
n∑

i=1
p3i + . . .,

{H2,H3} = 0.
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KP hierarchy

Consider the algebra A generated by f (x), ∂ = ∂x , ∂−1:

∂N f (x) =
∞∑
j=0

(
N

j

)
f (j)(x)∂N−j , N ∈ Z;

A =
{
F =

N∑
j=−∞

fj(x)∂j | N ∈ Z
}

; denote F+ =
N∑
j>0

fj(x)∂j .

KP hierarchy:

∂

∂tk
L =

[
(Lk)+, L

]
, L = ∂ +

∞∑
j=1

uj∂
−j ,

where uj = uj(x , t2, t3, t4, . . .).

KP equation: u = −2u1, t2 = y , t3 = t.
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Calogero–Moser space

Calogero–Moser space:

Cn = {(X ,Y ) ∈ Matn×n(C)2 | rank
(
[X ,Y ]− 1) = 1}/GLn

= {(X ,Y , v ,w) | [X ,Y ] = 1− vw}/GLn,

where X ,Y ∈ Matn×n(C), v ∈ Cn, w ∈ (Cn)∗.

Dynamics on Cn: X (t) = X −
∞∑
k=2

ktkY
k−1, Y (t) = Y ,

v(t) = v , w(t) = w , where t = (t2, t3, t4, . . .).

It gives a solution of KP hierarchy [Wilson]:

L = M∂M−1, M = 1− w(X (t)− x)−1(Y − ∂)−1v ,

where (Y − ∂)−1 = −
∑∞

j=0 Y
j∂−j−1.
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Calogero–Moser system

Generic point of Cn:

Xij = xiδij , Yij = piδij − (1− δij)(xi − xj)
−1, vi = wi = 1.

Dynamics on Cn in these coordinates:(
g(t)X (t)g(t)−1

)
ij

= xi (t)δij ,(
g(t)Yg(t)−1

)
ij

= pi (t)δij − (1− δij)(xi (t)− xj(t))−1,

where g(t) ∈ GLn.

These gives the solutions of the rational classical CM system:

∂tkpi = {Hk , pi}, ∂tkxi = {Hk , xi}, k = 2, 3, 4, . . . ,

where Hk = Hk(p, x) = trY (p, x)k =
∑

i p
k
i + . . .,

{Hk ,H`} = 0.
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Cherednik algebra for cyclic group

Cyclic group: Γ = Z/mZ = {1, σ, . . . , σm−1}.
This is a complex reflection group of rank 1: σ acts on C1 as
multiplication by µ = e2πi/m.

The (rational) Cherednik algebra for Γ is Hλ = 〈x , y , σ〉 over

σxσ−1 = µ−1x , σyσ−1 = µy , xy − yx = λ

(and σm = 1), where λ ∈ CΓ.

The algebra Hλ parametrized by λ0, . . . , λm−1, where

λ =
m−1∑
k=0

λkεk , εk =
1

m

m−1∑
r=0

µ−krσr .

We will suppose
m−1∑
k=0

λk = −1.

PBW basis: xkσry `, where k , ` > 0, r = 0, . . . ,m − 1.
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Generalized KP hierarchy

Consider the extension of the Cherednik algebra Hλ by
rational functions f (x) ∈ C(x) and y−1:

P =
{
F =

N∑
j=−∞

m−1∑
r=0

fr ,j(x)σry j | fr ,j(x) ∈ C(x), N ∈ Z
}
.

Denote F+ =
∑
j>0

m−1∑
r=0

fr ,j(x)σry j .

Generalized KP hierarchy:

∂

∂tk
L =

[
(Lk)+, L

]
, L = y +

∞∑
j=0

fjy
−j ,

where fj =
m−1∑
r=0

fr ,jσ
r , fr ,j = fr ,j(x ; t), t = (t1, t2, t3, . . .);

f0,0 = 0.
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r , fr ,j = fr ,j(x ; t), t = (t1, t2, t3, . . .);

f0,0 = 0.
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Spherical sub-hierarchy

By imitating σyσ−1 = µy , it is natural to require the
equivariance condition

σLσ−1 = µL.

The flow ∂
∂tk

preserve the equivariance condition if an only if
k = mp for some integer p.
Spherical sub-hierarchy:
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L = [(Lmk)+, L], L = y +

∞∑
j=0

fjy
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f̃0,0 = 0.

A. Silantyev CM spaces and KP hierarchy for the cyclic quiver



A case
Spherical case

Non-spherical case

Generalized KP hierarchy
Quiver solutions
Calogero–Moser systems for G

Spherical sub-hierarchy

By imitating σyσ−1 = µy , it is natural to require the
equivariance condition

σLσ−1 = µL.

The flow ∂
∂tk

preserve the equivariance condition if an only if
k = mp for some integer p.
Spherical sub-hierarchy:

∂

∂tmk
L = [(Lmk)+, L], L = y +

∞∑
j=0

fjy
−j ,

where fj =
m−1∑
r=0

f̃r ,jx
−jσr , f̃r ,j = f̃r ,j(x

m; tm, t2m, t3m, . . .);

f̃0,0 = 0.

A. Silantyev CM spaces and KP hierarchy for the cyclic quiver



A case
Spherical case

Non-spherical case

Generalized KP hierarchy
Quiver solutions
Calogero–Moser systems for G

Spherical sub-hierarchy

By imitating σyσ−1 = µy , it is natural to require the
equivariance condition

σLσ−1 = µL.

The flow ∂
∂tk

preserve the equivariance condition if an only if
k = mp for some integer p.
Spherical sub-hierarchy:

∂

∂tmk
L = [(Lmk)+, L], L = y +

∞∑
j=0

fjy
−j ,

where fj =
m−1∑
r=0

f̃r ,jx
−jσr , f̃r ,j = f̃r ,j(x

m; tm, t2m, t3m, . . .);

f̃0,0 = 0.

A. Silantyev CM spaces and KP hierarchy for the cyclic quiver



A case
Spherical case

Non-spherical case

Generalized KP hierarchy
Quiver solutions
Calogero–Moser systems for G

Cyclic quiver

Cyclic quiver Q0:

1
X1

++ 2

X2

��
0

X0

99

3

zzm − 1

Xm−1

[[

. . .ll

The set of vertices: I0 = {0, 1, . . . ,m − 1}.
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Quiver Q

Cyclic quiver with a (special) framing – quiver Q:

1
X1

++ 2

X2

��
0

X0

99

∞v0
oo 3

zzm − 1

Xm−1

[[

. . .ll

The set of vertices: I = {∞, 0, 1, . . . ,m − 1}.
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Representation of quiver

Representation of quiver on vector spaces Vi , i ∈ I :

V1

X1
,, V2

X2

��
V0

X0

99

V∞v0
oo V3

zzVm−1

Xm−1

[[

. . .ll

Space of representations: Rep(Q,α), α ∈ ZI , αi = dimVi .
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Doubled quiver

Doubled quiver Q:

1
X1 ++

Y0

yy

2

X2

��

Y1

kk

0

X0

99

Ym−1

��

w0 ,,∞
v0

ll 3

zz

Y2

YY

m − 1

Xm−1

[[

,, . . .ll

::

Rep(Q,α) = T ∗Rep(Q,α).
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Preprojective algebra

Let λ = (λ∞, λ0, . . . , λm−1) ∈ CI = Cm+1, where
λ0, . . . , λm−1 are identified with the parameters of Hλ.

[Crawley-Boevey, Holland]: Preprojective algebra Πλ(Q) is the
algebra of paths of Q over

Y0X0 − Xm−1Ym−1 − v0w0 = λ0e0,

YrXr − Xr−1Yr−1 = λrer , r = 1, . . . ,m − 1,

w0v0 = λ∞e∞,

ek : k → k are trivial paths (in a representation ek = idVk
).

Rep
(
Πλ(Q∞),α

)
6= ∅ only if α∞λ∞ +

m−1∑
k=0

αkλk = 0.

Mλ
α = Rep

(
Πλ(Q),α

)
/GL(α), where

GL(α) = GLα∞ × GLα0 × · · · × GLαm−1 , Mλ
α is obtained by

Hamiltonian reduction from Rep(Q,α) = T ∗Rep(Q,α).

A. Silantyev CM spaces and KP hierarchy for the cyclic quiver



A case
Spherical case

Non-spherical case

Generalized KP hierarchy
Quiver solutions
Calogero–Moser systems for G

Preprojective algebra

Let λ = (λ∞, λ0, . . . , λm−1) ∈ CI = Cm+1, where
λ0, . . . , λm−1 are identified with the parameters of Hλ.

[Crawley-Boevey, Holland]: Preprojective algebra Πλ(Q) is the
algebra of paths of Q over

Y0X0 − Xm−1Ym−1 − v0w0 = λ0e0,

YrXr − Xr−1Yr−1 = λrer , r = 1, . . . ,m − 1,

w0v0 = λ∞e∞,

ek : k → k are trivial paths (in a representation ek = idVk
).

Rep
(
Πλ(Q∞),α

)
6= ∅ only if α∞λ∞ +

m−1∑
k=0

αkλk = 0.

Mλ
α = Rep

(
Πλ(Q),α

)
/GL(α), where

GL(α) = GLα∞ × GLα0 × · · · × GLαm−1 , Mλ
α is obtained by

Hamiltonian reduction from Rep(Q,α) = T ∗Rep(Q,α).

A. Silantyev CM spaces and KP hierarchy for the cyclic quiver



A case
Spherical case

Non-spherical case

Generalized KP hierarchy
Quiver solutions
Calogero–Moser systems for G

Preprojective algebra

Let λ = (λ∞, λ0, . . . , λm−1) ∈ CI = Cm+1, where
λ0, . . . , λm−1 are identified with the parameters of Hλ.

[Crawley-Boevey, Holland]: Preprojective algebra Πλ(Q) is the
algebra of paths of Q over

Y0X0 − Xm−1Ym−1 − v0w0 = λ0e0,

YrXr − Xr−1Yr−1 = λrer , r = 1, . . . ,m − 1,

w0v0 = λ∞e∞,

ek : k → k are trivial paths (in a representation ek = idVk
).

Rep
(
Πλ(Q∞),α

)
6= ∅ only if α∞λ∞ +

m−1∑
k=0

αkλk = 0.

Mλ
α = Rep

(
Πλ(Q),α

)
/GL(α), where

GL(α) = GLα∞ × GLα0 × · · · × GLαm−1 , Mλ
α is obtained by

Hamiltonian reduction from Rep(Q,α) = T ∗Rep(Q,α).

A. Silantyev CM spaces and KP hierarchy for the cyclic quiver



A case
Spherical case

Non-spherical case

Generalized KP hierarchy
Quiver solutions
Calogero–Moser systems for G

Preprojective algebra

Let λ = (λ∞, λ0, . . . , λm−1) ∈ CI = Cm+1, where
λ0, . . . , λm−1 are identified with the parameters of Hλ.

[Crawley-Boevey, Holland]: Preprojective algebra Πλ(Q) is the
algebra of paths of Q over

Y0X0 − Xm−1Ym−1 − v0w0 = λ0e0,

YrXr − Xr−1Yr−1 = λrer , r = 1, . . . ,m − 1,

w0v0 = λ∞e∞,

ek : k → k are trivial paths (in a representation ek = idVk
).

Rep
(
Πλ(Q∞),α

)
6= ∅ only if α∞λ∞ +

m−1∑
k=0

αkλk = 0.

Mλ
α = Rep

(
Πλ(Q),α

)
/GL(α), where

GL(α) = GLα∞ × GLα0 × · · · × GLαm−1 , Mλ
α is obtained by

Hamiltonian reduction from Rep(Q,α) = T ∗Rep(Q,α).

A. Silantyev CM spaces and KP hierarchy for the cyclic quiver



A case
Spherical case

Non-spherical case
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Calogero–Moser spaces

Fix α∞ = 1, then λ∞ = −
m−1∑
k=0

αkλk .

Calogero–Moser space:

Cα,λ = Mλ
α, α = (α0, . . . , αm−1) ∈ Zm

>0,

α = (1, α0, . . . , αm−1), λ = (−
m−1∑
k=0

αkλk , λ0, . . . , λm−1).

Let

V =
m−1⊕
r=0

Vr , X =
m−1∑
r=0

Xr , Y =
m−1∑
r=0

Yr

The Hamiltonians Hk = − 1
m trYmk = −w0Y

mkv0 ∈ C[Cα,λ]
Poisson-commute:

{Hk ,H`} = 0, k, ` > 1.
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Equivariant quiver solution

The Hamiltonians Hk = − 1
m trYmk = −w0Y

mkv0 induce the
flows

X (t) = X (0)−
∑
k>1

ktmkY
mk−1, Y (t) = Y (0),

v0(t) = v0(0), w0(t) = w0.

where the variable tmk is associated with Hk .

Solution of spherical sub-hierarchy:

L = MyM−1, M = 1− ε0w0(X (t)− x)−1(Y − y)−1v0ε0,

where ε0 = 1
m

∑m−1
r=0 σ

r .
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CM correspondence for the cyclic quiver

Solutions of the
spherical sub-hierarchy

CM systems
for G = Sn n (Z/mZ)n� _

if α = (n, . . . , n)
��

CM spaces Cα,λ
(quiver varieties)

L=MyM−1

M=M(X ,Y ,v0,w0)

ii
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Calogero–Moser systems for the complex reflection group

The complex reflection group G = Sn n Γn, where Γ = Z/mZ.
It is generated by transpositions σij ∈ Sn and
σi = (1, . . . , 1, σ, 1, . . . , 1) ∈ Γn.
The classical Dunkl operators for the group G are

Di = pi − c00
∑
j 6=i

m−1∑
r=0

1

xi − µrxj
σri σijσ

−r
i −

m−1∑
r=1

cr
xi
σri ,

where i = 1, . . . , n and c00, c1, . . . , cm−1 ∈ C.
Calogero–Moser system for G :

HG
k = HG

k (p, x) =
n∑

i=1

Dmk
i =

∑
i

pmk
i + . . . , {HG

k ,H
G
` } = 0;

∂tkpi = {HG
k , pi}, ∂tkxi = {HG

k , xi}, k > 1.

Let c00 = 1
m and cr =

∑m−1
`=0 λ`

µr`−1
m(1−µ−r ) .
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Diagonalization

Let α0 = α1 = . . . = αm−1 = n, so that α = (1, n, . . . , n).

Generic point [(X ,Y , v0,w0)] ∈ Cn,λ = C(n,...,n),λ:

Xk =

x1 0
. . .

0 xn

 , Yk =

 p
(k)
1 (Yk)ij

. . .

(Yk)ji p
(k)
n

 , v0 =

1
...
1

 ,

w0 = (1, . . . , 1), where (Yk)ij = −xki x
m−1−k
j /(xmi − xmj ),

p
(k)
i = pi + 1

xi

(
1
m

∑m−1
`=1 `λ` −

∑m−1
`=k+1 λ`

)
.

xi ’s and pi ’s are Darboux coordinates on Cn,λ: {pi , xj} = δij .

Quiver dynamics X (t) = X (0)−
∞∑
k=1

ktkY
mk−1 in these

coordinates coincides with the CM system dynamics.
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Preprojective algebra

Preprojective algebra Πλ(Q̃):

YrXr − Xr−1Yr−1 − vrwr = λrer , r = 0, 1, . . . ,m − 1,∑m−1

`=0
w`v` = λ∞e∞.

Let α = (α0, . . . , αm−1) ∈ Cm, λ∞ = −
m−1∑
k=0

αkλk . CM space:

C̃α,λ = Rep
(
Πλ(Q̃),α

)
/GL(α),

λ = (λ∞, λ0, . . . , λm−1), α = (1, α0, . . . , αm−1).

Commuting Hamiltonians on C̃α,λ:

H̃k = −
m−1∑
r=0

wrY
kvr+k , {H̃k , H̃`} = 0.

where Y =
∑m−1

r=0 Yr .
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Non-equivariant solutions

The Hamiltonian H̃k generates the flow on C̃α,λ:

∂

∂tk
X = −

k−1∑
a=0

Y a
m−1∑
`=0

v`w`−kY
k−a−1,

∂

∂tk
Y = 0,

∂

∂tk
v` = −Y kv`+k ,

∂

∂tk
w` = w`−kY

k .

It gives the quiver solution of the (full) KP hierarchy:

L = MyM−1, M = 1−
m−1∑
r ,`=0

εrwr (X − x)−1(Y − y)−1v`ε`,

where X = X (t), Y = Y (t), v` = v`(t), w` = w`(t) and
t = (t1, t2, t3, . . .).
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Spin CM integrable systems

Let α0 = α1 = . . . = αm−1 = n. Then C̃n,λ = C̃(n,...,n),λ is an
2mn-dimensional symplectic (affine) variety with Darboux
coordinates

xi , pi , (vr )i , (wr )i , i = 1, . . . , n, r = 1, . . . ,m − 1.

The Hamiltonians H̃1, . . . , H̃mn are algebraically (and
functionally) independent.
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Thank you for your attention
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