(a) Claim: Two non-zero complex numbers re
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i0
and se’¥ are equal if and only if r = s and
¢ = 0+ 2k for some k € Z.

Proof. The question really means that re’® and
se'? are in polar form, so that we have r,s > 0.

We now prove the two parts of the statement
separately.

Given that r = s and ¢ = 6 + 2k for

some k € Z, we have
o9 — ppi(0+2km)

= r(cos(0 + 2k7) 4 isin(6 + 2kr))

=r(cosf +isinb)

= re®.

Now if rei? = sel®, we can take absolute
values to find

but since r,s > 0 this means r = s. So
re’? = se'? implies

ol — oi9
cosf +isinf) = cos ¢ +isin¢.

Comparing real and imaginary parts, this
means

cosf) =cos¢ and sinf =sing,

and, due to the periods of the sine and co-
sine functions, this means we must have
¢ =0+ 2krm.

(b)

(€)

Claim: For z,w € C we have ¢ = ¢% if and
only if w = z + 2ki for some k € Z.

Proof. Suppose z = a +ib and w = x +iy. Us-
ing the definition of the complex exponential,

eF =¥ = el = ¢%el,

Puttingr =e%,0 = b,s = ¢* and ¢ = y in the
result proved in (a), we get that this is equiva-
lent to

a

e =¢* and y = b+ 2km for somek € Z.

Since e” = ¢ if and only if a = x, this is equiv-
alent to

w=x+iy=a+i(b+ 2kn) =z + 2ki.

To show that
exp: {z€C|Imze (m, ]} - {ze€C|z#0}

is a bijection, we show that it is injective and
surjective.

e To see that exp is injective, suppose we
have expz = expw; we aim to show
that z = w. Now, by (b), we have have
w = z + 2kmi for some k € Z. Since z
and w are in the domain of exp, we know
Imz,Imw € (—7, ], so the only way to
have

Imw = TImz+ 2kmi

is to have k = 0, i.e. z =
injective.

w. So exp is

e To see that it is surjective, let re'? be an
aribtrary element of the codomain. We
suppose it is written in polar form with
0 € (—m, r]. Then

exp(Inr +i0) = e™e? = re'?,;

thus Inr + i0 is an element of the domain

that is mapped to re.



(d)

(e)

Suppose z = re'? # 0, with § € (—, 7t]. Then
7 = reiG — elnreie — elnr+i9

so Logz =Inr +i6.

We say that ¢ € C is a logarithm of z if ¢¢ = z.

Claim: If ¢ is a logarithm of z then ¢ =
Log z + 2krti for some k € Z.

Proof. Given that ¢¢ = z, note that z = elogz
s0 ¢ = elo8Z, Applying (b), we have

¢ = Logz + 2kri

for some k € Z. O

Log(i) = Log(e?), so applying (d),

Log(i) =In1+4i5 =i7.
Using the result of (e), the set of all logarithms
of i is

{(iT 4 2kni|keZ}.

(¢) From the definition, the principal value of i’ is

ixiZ —
2

ezLogz — ¢ — e

SE

The set of all values of i is
{eic | ¢ is a logarithm of i}
= {eic |c= (2km + 3)ik € Z}

= {67(2"”%) |k € Z} :
(h) The set of values of z1/2 is
1
{eZC | ¢ is a logarithm of z}
_ {e;(Logz-ﬁ—Zkrti) |k c Z}
= {e%“’gzek”i |k € Z} ,
and since ek = 41, this is simply

1 1
{62 Logz, —e2 Logz} )

Similarly, the values of z? are
{eZ(Logz+2kni) ke Z}

1 .
_ {ezLogzeélkm | ke Z}

— {E%Logz}



