Solution to Week 5 Assignment

5.4. Let a, := % forall n € N. We claim that the limit of the sequence (a,)nen is
zero. Let € > 0, and choose N € N such that N > % Then for all n > N

3, =0 =5 <3<y <e

which proves that the limit is 0.

5.6. Let r € R and define a, := r" for all n € N. We claim that (a,)nen has a limit
when 1 < r < 1. To prove this, we split into cases:

(a) When r = 1, we claim that the limitis 1. Let £ > 0, and choose N = 1. Then for
alln>N

lap—1|=[1" -1 =0<¢,
which proves that the limit is 1.

(b) When r = 0, we claim that the limit is 0. Let ¢ > 0, and choose N = 1. Then
foralln> N

la,— 0/ =10"—-0| =0<¢,
which proves that the limit is 0.

(c) When —1 < r < 1 with r # 0, we claim that the limit is 0. Let £ > 0, and choose
N > me  Note that

nirl”

lap — 0| <& <= |r|"<e <= nln|r|<Ine <= n> Ine. (1)

Inlr|
Hence, by (1), for all n > N we have
lan — 0| <&,
which proves that the limit is 0.
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