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The bioconvection equations, based on the continuum model of Pedley et al. �J. Fluid Mech. 195,
223 �1988��, consist of the Navier-Stokes equations for an incompressible fluid coupled with a
micro-organism conservation equation. These equations are solved efficiently using a semi-implicit
second-order accurate conservative finite-difference method. The structure and stability of a
three-dimensional plume in deep rectangular boxes with stress-free sidewalls are investigated.
Comparisons are made with the two-dimensional and axisymmetric bioconvection. In deep
chambers, the three-dimensional plume that forms initially along the central axis of the chamber
typically breaks down via a meandering instability. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2731793�

I. INTRODUCTION

Bioconvection is the name given to spontaneous pattern
formation in suspensions of swimming micro-organisms
such as bacteria and algae.1,2 In all cases, the micro-
organisms are slightly denser than water and on average they
swim upwards �although the reasons for up-swimming may
be different for different species�. Micro-organisms respond
to certain stimuli by tending to swim in particular directions.
These responses are called taxes, examples being gravitaxis,
gyrotaxis, phototaxis, and chemotaxis. Gravitaxis, chemot-
axis, and phototaxis, respectively, indicate swimming in the
opposite sense to gravity, up a chemical gradient and toward
or away from light. Gyrotaxis is swimming directed by the
balance between the torque due to gravity acting on a
bottom-heavy cell and the torque due to viscous forces aris-
ing from local shear flows. The bioconvection pattern reflects
the presence of sinking and rising fluid columns similar to
convection columns caused by a temperature gradient in a
fluid. In bioconvection, they form because a horizontal layer
of more dense cell-saturated fluid above a less dense fluid
layer is an unstable configuration. This paper deals with gy-
rotactic bioconvection.

Experiments have discovered many fascinating and
poorly understood examples of pattern formation in
bioconvection.3–7 Large numbers of the bacterium Bacillus
subtilis in a layer of water organize into quasiperiodic pat-
terns. The first instability to occur in a culture of the alga
Chlamydomonas nivalis usually consists of sheets or lines
when viewed from above. The sheet instability usually
breaks down to a dot-type instability or a pattern resembling
a lattice of nodes joined by lines.8 These patterns again break
down to smaller dots or other connected patterns. Wager3

reported that a suspension of the alga Euglena gracilis illu-
minated from above and the side accumulated on the surface
forming a series of ripple-like aggregations moving toward
the light, which persisted until all the cells had reached the
side of the vessel. The patterns’ shapes and sizes depend on

many parameters such as cell concentration, depth of the
fluid layer, and swimming speed. Because many of the ob-
served phenomena such as quasiperiodic patterns are difficult
to analyze mathematically, there is a need to develop numeri-
cal algorithms that can simulate these experiments.

Most of the bioconvection experiments were performed
in large aspect ratio chambers �ratio of horizontal width to
depth�. Simulation in a large aspect ratio chamber offers a
significant computational challenge. The number of mesh
points must be large to resolve the spatial features of the flow
and the simulations need to be run over a long period of time
to eliminate the transient behavior of the solutions. Most
often the swimming velocity of the micro-organisms is a
function of the fluid velocity field, which must be calculated
at each time step. In advanced bioconvection models, the
diffusivity of the micro-organisms is also a function of the
fluid velocity field. Thus efficient algorithms are essential for
studying bioconvection in a large aspect ratio chamber.

Because of these computational difficulties, there have
been no bioconvection simulations in three dimensions to
date. All of the previous simulations were carried out in two
dimensions. Harashima et al.9 simulated gravitactic biocon-
vection in two dimensions and studied the evolution of bio-
convection from an initially uniform state. Their computa-
tional domain had a width/height aspect ratio of 8. Ghorai
and Hill10–12 carried out computations of gyrotactic biocon-
vection in two dimensions. They also studied gyrotactic bio-
convection in an axisymmetric chamber.13 All the computa-
tions mentioned above were based on continuum models.
Recently, Hopkins and Fauci14 simulated two-dimensional
bioconvection using point particles.

Although it is relatively easy to solve the two-
dimensional problem, bioconvection is intrinsically three-
dimensional. The bioconvection pattern, for example, has po-
lygonal cells �e.g., squares, hexagons� each with a narrow
descending central core surrounded by a broad column of
rising fluid. Note that axisymmetric bioconvection13 provides
the simplest three-dimensional configuration, but the axisym-
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metric model has limitations. First, the bioconvection cells
rarely have a circular boundary assumed in the axisymmetric
model. Second, the axisymmetric configuration suppresses
the meandering mode of the plumes that has been observed
in deep chambers. We have therefore investigated a realistic
three-dimensional bioconvection model confined between
stress-free sidewalls. A chamber with large horizontal cross-
sectional area will generate several plumes. The aim of the
present computation is to study the structure and stability of
just one of them.

II. MATHEMATICAL FORMULATION

Consider the motion of a suspension of micro-organisms
in a rectangular chamber with the z axis pointing upwards.
As in Pedley et al.,15 we assume a monodisperse cell popu-
lation modeled by a continuous distribution. The suspension
is dilute, so that the volume fraction of the cells is small and
cell-cell interactions are negligible. Each cell has a volume �
and density �+��, where � is the density of the water in
which the cells swim and �� /��1.

A. Governing equations

Let u, n, and Wc denote, respectively, the fluid velocity,
cell concentration, and constant cell swimming speed. The
suspension is incompressible, hence

� · u = 0. �1�

The momentum equations under the Boussinesq approxima-
tion become

�� �u

�t
+ �u · ��u� = − �pe − ���ngẑ + � · � , �2�

where pe is the excess pressure above hydrostatic, g is the
value of the acceleration due to gravity, � is the bulk devia-
toric stress tensor, and ẑ is a unit vector directed vertically
upwards. The swimming of the cells contributes extra
stresses to the bulk deviatoric stress tensor.16 In a dilute sus-
pension, the only significant contribution to �, other than the
Newtonian stress, is that derived from the stresslets associ-
ated with the cells’ intrinsic motions.16 This extra stress term,
associated with the cells’ locomotion, is much smaller than
the Newtonian stress. Also it should be calculated from gen-
eralized Taylor dispersion theory,17,18 but no complete theory
exists for all flows. Thus the stress associated with cells’
locomotion is neglected and this simplification is needed to
make realistic computational progress. Thus as in Pedley et
al.,15 we assume

� = 2�E , �3�

where E is the bulk rate of strain tensor and � is the fluid
viscosity.

Conservation of cells requires that

�n

�t
= − � · J , �4�

where the flux of cells is

J = nu + nWc p̄ − D � n . �5�

The third term on the right-hand side of Eq. �5� repre-
sents the random component of the cell locomotion. Here the
diffusion coefficient D is assumed to be constant. Wc p̄ is the
average swimming velocity relative to the fluid, and p̄ rep-
resents the average orientation of cells.

The equations are scaled using L �a dimension of the
box�, L2 /D, D /L, �D2 /L2, and n̄ �mean concentration� as the
scale factors for length, time, velocity, pressure, and concen-
tration, respectively. The resulting system of coupled equa-
tions becomes

� · u = 0, �6�

�u

�t
= − �u · ��u − �pe + Sc�

2u − ScRnẑ , �7�

�n

�t
= − � · �nu + nVc p̄� + �2n , �8�

where Sc=� /D is the Schmidt number, R= n̄���gL3 /��D is
the Rayleigh number, and Vc=WcL /D is the scaled swim-
ming speed. This scaling is chosen for consistency and com-
parison with previously published work.10–12,19,20 The equa-
tions can also be scaled using the cell swimming speed Wc

instead of D, but values of both quantities need to be mea-
sured when comparing numerical results with experiments.

B. Average orientation

For simplicity, algal cells such as Chlamydomonas
�whose shape closely approximates a spheroid� are idealized
here as spheres of radius a. Figure 1 shows such a cell placed
in a fluid flow. Let the unit vector p point in the swimming
direction of the cell. The cells are bottom-heavy so that the
center of mass is displaced from the center of buoyancy. The
force of gravity, acting through the center of mass, exerts a
torque Tg=−hmp�g, where m and g are the mass of the cell
and acceleration due to gravity, respectively. The viscous

FIG. 1. An idealized algal cell. Representation of the orientation vector p by
means of spherical-polar angles 	 and 
 relative to a right-handed system of
Cartesian coordinates with origin at the center. Here h denotes the distance
of the center of gravity from the center of the cell.
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torque on a sphere of radius a in a fluid of viscosity � is
given by

T� = 4��a3�� � u − 2�� , �9�

where � is the sphere’s angular velocity. If the cells are
idealized as spheroids instead of spheres, then an extra term
involving rate of strain should be added to the right-hand
side of Eq. �9�.16

Since the inertial effects are negligible at the low Rey-
nolds number flow associated with the motion of the cells,
their orientation is specified by Tg+T�=0. This leads to the
equation for the reorientation rate,21

ṗ =
1

2B
�ẑ − �ẑ · p�p� +

� � p

2
, �10�

where � is the local vorticity field and B=4��a3 /mgh is
called the gyrotactic reorientation parameter. The equations
describing the equilibrium orientation are

− �1 sin 
 + �2 cos 
 = sin 	/B ,

�11�
�1 cos 
 + �2 sin 
 = �3 tan 	

�Ref. 22�. Let �= ��� denote the magnitude of the vorticity
vector. For flows with �3=0, there exists a stable equilibrium
with sin 	=B� if B�1, but no stable equilibrium if B�
�1. When B��1, the cells tumble and the average swim-
ming direction p̄ is obtained by integrating p over a tumbling
period.10 However, for �3�0, the equilibrium is always
stable. The average swimming direction p̄ is equal to p when
the equilibrium is stable. After scaling, the dimensionless
gyrotaxis number is given by

G =
BD

L2 ,

which represents the ratio of the reorientation time due to
gyrotaxis to the diffusion time. A practical demonstration of
the gyrotactic mechanism is that the cells swim toward the
axis and focus into a narrow beam for Poiseuille flow down
a cylinder. Conversely, if the direction of the flow is re-
versed, the cells accumulate along the periphery of the cyl-
inder, confirming the role of gyrotaxis in the orientation.23

C. Initial and boundary conditions

We now turn to the boundary conditions for these equa-
tions, which are to be integrated in the three-dimensional
region bounded by the planes x=0,�x, y=0,�y, and z
=0,�z. Here �x, �y, and �z are the aspect ratios in the Car-
tesian x, y, and z directions, respectively. A rigid no-slip
boundary condition is imposed at the bottom wall and the
other boundaries are stress-free. If u= �u ,v ,w�, then these
boundary conditions can be written as

�w

�x
=

�v
�x

= u = 0 at x = 0,�x,

�u

�y
=

�w

�y
= v = 0 at y = 0,�y ,

u = v = w = 0 at z = 0,
�u

�z
=

�v
�z

= w = 0 at z = �z.

The boundary condition on n is that there be no flux of
cells through the walls, thus

J · n̂ = 0 at x = 0,�x; y = 0,�y ; z = 0,�z;

where J is the flux of the cells and n̂ is the unit normal to the
respective plane.

The initial conditions are that of a uniform state together
with a small perturbation to the uniform concentration of
cells,

u = 0, and n = 1 + � sin��x

�x
�sin��y

�y
� ,

where �=10−10. The perturbation is applied so that the plume
forms along the center of the chamber.

III. NUMERICAL PROCEDURE

We use a semi-implicit conservative finite-difference
implementation of a second-order projection method.24 The
governing equations are discretized on a staggered grid. We
take a uniform mesh in the horizontal directions. There are
boundary layers at the top and bottom walls due to large cell
concentration and the presence of the rigid wall, respectively.
In order to resolve these gradients accurately, a nonuniform
mesh is used in the vertical direction. All the spatial deriva-
tives are computed using central difference relations for non-
uniform grids. Suppose that the solutions nk and uk at the kth
time step tk=k�t with k�0 are known. The time integration
from tk to tk+1= tk+�t consists of the following steps:

�i� Calculate the concentration field by

nk+1 − nk

�t
+

1

2
�3Hn

k − Hn
k−1� =

�2nk+1 + �2nk

2
, �12�

where the nonlinear advective term Hn=� · �un
+Vc p̄n� is discretized using a second-order Adams-
Bashforth scheme and an implicit Crank-Nicholson
step is applied to the diffusion term.

�ii� Calculate the intermediate velocity field u* with pres-
sure pe

k−1/2:

u* − uk

�t
+

1

2
�3Hu

k − Hu
k−1� = − �pe

k−1/2 + Sc
�2u* + �2uk

2

− ScRnk+1/2ẑ , �13�

where the nonlinear advective, the viscous diffusion,
and the buoyancy terms are advanced using Adams-
Bashforth, Crank-Nicholson, and Adams-Moulton
schemes, respectively.

�iii� Perform the projection

uk+1 − u*

�t
= − ��, � · uk+1 = 0. �14�

The use of the incompressibility condition � ·uk+1

=0 leads to the Poisson problem for �,
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�2� =
� · u*

�t
, �15�

subject to �� /�n=0 on the walls. Solve the Poisson
equation for � and update the velocity field using the
first relation in Eq. �14�.

�iv� Update the pressure using the modified pressure incre-
ment equation,25

pe
k+1/2 = pe

k−1/2 + � − Sc
�t

2
�2� . �16�

The transport equations �12� and �13� are solved using
an approximate factorization method. The solution of the
Poisson equation �15�, which is the most time-consuming
part of the algorithm, is obtained in two steps. The applica-
tion of the fast Fourier transform �FFT�26 in the horizontal
directions reduces the problem to a system of uncoupled
tridiagonal matrix equations in the vertical direction. These
equations are inverted in the usual manner and then the so-
lution is reconstructed via inverse Fourier transform. The
mesh size is 32�32 in the horizontal and the number of grid
points along the z direction is increased with an increase in
the vertical aspect ratio �z. For example 32, 64, and 128
points are taken for �z=1, 2, and 4, respectively. Some of the
results were run with a 64�64 grid in the horizontal plane
and more grid points in the vertical direction to check the
grid independence of the solutions. Due to the FFT, we al-
ways use 2p �p being a positive integer� grid points in the
horizontal directions. The code can be applied with minor
changes to the two-dimensional problem and can be modi-
fied to study other flow problems. The two-dimensional re-
sults for the flow in a driven cavity agree well with those
given in Refs. 27 and 28. Also, the agreement of the results
of natural convection in three dimensions with those of Fu-
segi et al.29 is good.

IV. RESULTS

Equations �6�–�8� possess a static equilibrium solution
with u=0 and an exponential concentration profile

ns�z� =
Vc�z exp�Vcz�
exp�Vc�z� − 1

. �17�

The system is governed by the parameters R, Vc, G, Sc,
�x, �y, and �z. An infinitesimal disturbance to the static so-
lution either dies down �a linearly stable state� or grows in

amplitude �a linearly unstable state� depending on the param-
eter values. The critical parameter values separate the two
classes of states. If the governing parameters are above criti-
cal values, the concentration profile develops from initially
uniform state toward Eq. �17�, but bioconvection begins be-
fore the profile develops fully. The following discussions are
based on a three-dimensional chamber whose horizontal
cross section is square. We consider physically relevant pa-
rameter values using data from Table I based on estimates
given by Kessler.30

A. Effect of the depth

The parameter values

Sc = 20, Vc = 10, G = 0.01, R = 500, �x = �y = 1

�18�

are kept constant and the depth parameter �z is varied from
small to large values. The same parameter values were used
in previous two-dimensional and axisymmetric bioconvec-
tion simulations �Refs. 10 and 13�.

Figure 2 shows an example of the initial evolution of cell
concentration in the z direction and also the solution given
by Eq. �17�. At t=0, the concentration is uniform and n=1
approximately. The concentration at the top �bottom� of the
chamber increases �decreases� with time due to cells swim-
ming upwards toward the top of the chamber where a zero
cell-flux condition holds. As time increases, the concentra-
tion profile tends to the exponential profile �see Eq. �17��.
Since the parameters are above the critical values, a plume
begins to form �and the solutions become functions of x, y
also� before the equilibrium exponential profile is achieved.

Figure 3 shows the evolution of the plume at various
times after the initial uniform state. In these diagrams, we
have plotted the concentration as isosurfaces. The plume
starts to form around t=0.32 �Fig. 3�a�� and begins descend-

TABLE I. Estimates of typical parameters for a suspension of alga Chlamy-
domonas nivalis.

Cell radius a 10−3 cm

Cell volume � 5�10−10 cm3

Cell density ratio �� /� 5�10−2

Cell diffusivity D 5�10−4 cm2 s−1

Gyrotactic parameter B 3.4 s

Swimming speed Wc 10−2 cm s−1

Mean concentration n̄ 106 cm−3

Kinematic viscosity � 10−2 cm2 s−1

FIG. 2. Evolution of the cell concentration n�z�, in the midvertical line, for
an ultimately unstable suspension at an early stage for �z=1, G=0.01, Vc

=10, and R=500. Here ns�z� is the equilibrium concentration profile �see
Eq. �17��.
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ing �Fig. 3�b��. It hits the bottom of the chamber at t�0.38
and becomes steady rapidly. The final steady state of the
plume and the vertical velocity at the midheight plane are
shown in Fig. 4. The concentration in the steady state is less
steep across the plume compared to the initial stage. The
plume is qualitatively similar to the axisymmetric plume.13

For �z=2, the initial evolution of the plume is similar to
the �z=1 case. The variation of the central concentration

against time is compared with that of �z=1 �Fig. 5�. The
large values of the central concentration at around t=0.36
and 0.22 are the concentrations at the heads of the plumes for
�z=1 and 2, respectively, when they pass through the central
point. The solution for �z=2 then remains for some time
apparently in a steady state similar to the �z=1 case, but
ultimately a “meandering” instability develops. The snap-
shots of the plume for �z=2 at t=1.6 �apparent steady state�
and t=2.65 �meandering instability� are shown in Fig. 6.
When the plume is in the apparently steady state, then the
solution in the interior is almost independent of the vertical
coordinate z �Fig. 6�a��. The horizontal fluid flow field and
cell flux in the apparently steady state and meandering state
are shown in Figs. 7 and 8. In the apparently steady state,
both the horizontal fluid velocity and cell flux converge into
the central axis of the plume �Fig. 7�. In the meandering

FIG. 3. Gyrotactic plume formation for the suspension shown in Fig. 2 for
�z=1, G=0.01, Vc=10, and R=500. The concentration n�x ,y ,z� at different
times is plotted as isosurfaces. Value inside the parentheses indicates the
value of the isosurface.

FIG. 4. Steady-state concentration n�x ,y ,z� and vertical velocity w�x ,y ,1 /2� for �z=1, G=0.01, Vc=10, and R=500. The concentration is plotted as an
isosurface and the vertical velocity as contours.

FIG. 5. Variation of central concentration at the midheight of the chamber
for two different values of the aspect ratio �z. The drop in concentration
around t=2.7 for �z=2 indicates that the plume has shifted from the central
position of the chamber via a meandering instability. The other parameter
values are G=0.01, Vc=10, and R=500.
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state, the cell flux converges into the plume but the horizon-
tal flow moves away from the plume. Further, the cell flux
converges to a noncentral point inside the plume. The plume
breaks into two plumes, which move to the opposite corners
of the chamber, which is a final steady state �Fig. 9�.

The numerical calculations are performed with different
mesh sizes and time steps for �z=2. It is observed that some-
times the plume moves to one corner of the chamber only,
which is also a final steady state. Also the initial, symmetry
breaking, meandering movement of the plume is arbitrary
and is not necessarily toward a corner of the chamber. The
time required for a plume to shift to corner�s� of the chamber
depends on the direction of the meanders of the plume. Thus
a plume, whose direction of initial meander is perpendicular
to a wall, takes more time to move to corner�s� of the cham-
ber than that whose direction of initial meander is toward the
corner. The variation of the central concentration is com-
pared for two different mesh sizes for �z=2 in Fig. 10. The
solid line represents the value on a 64�64�128 mesh with-
out refinement in the vertical direction. The dotted line and

the dash-dotted line correspond to the value on a 32�32
�64 mesh with refinement in the vertical direction. The time
step �t equals 2�10−5 for the solid and dash-dotted line and
equals 4�10−5 for the dotted line. The final steady state is
that of two plumes in the opposite corner of the chamber for
the solid and dotted lines. The dash-dotted line corresponds
to a steady single plume in a corner of the chamber. The
differences in the time, for the plume to shift to corner�s� of
the chamber, are due to the direction of the initial meander of
the plume. To illustrate the accuracy of the mesh, the prop-
erties of the steady solution with two plumes in the opposite
corners are compared in Table II. The quantities given in
Table II are the following:

�i� The value of the central concentration.
�ii� The maximum value of vertical velocity w on the line

x=y=1/2, together with its location.
�iii� The maximum value of the vorticity component �1 on

the rigid boundary �z=0�, together with its location.

The positions of the maximum are obtained using poly-
nomial interpolation. It is seen from Table II that two-figure
accuracy is achieved with the 32�32�64 grid.

When the vertical aspect ratio is increased to �z=4, the
three-dimensional plume again undergoes a meandering in-
stability from an apparently steady state, similar to the �z

=2 case. But in this case, the final state of the solution is
sometimes unsteady, unlike the final states observed for
�z=2.

For the parameter values given in Eq. �18�, the charac-
teristics of the solutions versus the two-dimensional and axi-
symmetric results �Refs. 10 and 13� are the following:

�i� The solutions approach a steady-like state rapidly,
which is similar to the axisymmetric solutions. But
the two-dimensional solution is different. For vertical
aspect ratio 1, the solution becomes steady rapidly.

FIG. 6. Snapshots of �a� apparent steady state and �b� growth of meandering
instability for vertical aspect ratio �z=2, G=0.01, Vc=10, and R=500. The
concentration is plotted as an isosurface �n=4.2�.

FIG. 7. �a� Horizontal fluid flow field and �b� horizontal cell flux in the
apparently steady state �Fig. 6�a��. The closed contours indicate the plume
location and correspond to the concentration n=4.2. Arrows indicate the
direction of the horizontal flow or horizontal cell flux and the magnitude is
proportional to their lengths.

FIG. 8. �a� Horizontal fluid flow field and �b� horizontal cell flux in the
meandering state �Fig. 6�b��. The closed contours indicate the plume loca-
tion and correspond to the concentration n=4.2. Arrows indicate the direc-
tion of the horizontal flow or horizontal cell flux and the magnitude is
proportional to their lengths.
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For vertical aspect ratios in the range from 2 to 3, a
small “blob” or varicose instability develops that ulti-
mately disappears slowly with an increase in the value
of vertical aspect ratio leading to an apparent steady
state. Periodic “blob” convection is observed for ver-
tical aspect ratio greater than or equal to 4.

�ii� Ultimately the meandering instability breaks down the
plume in a similar way to the two-dimensional results.
The axisymmetric solution is independent of the azi-

muthal coordinate. Due to this imposed symmetry, the
meandering instability does not occur in the axisym-
metric case.

�iii� The plume moves to one of the side walls via mean-
dering instability in the two-dimensional case. But
here the plume either moves to a single corner or
breaks into two plumes that move to opposite corners
of the chamber.

However, there are ranges of parameter values where
periodic “blob” convection is observed in the initial stages in
these three-dimensional calculations. For example, we con-
sider the following parameter values:

FIG. 9. Steady-state concentration n�x ,y ,z� and vertical velocity w�x ,y ,1� for �z=2, G=0.01, Vc=10, and R=500. The concentration is plotted as an
isosurface and the vertical velocity as contours.

FIG. 10. Comparison of the variation of central concentration for different
mesh sizes and time steps �see text for details� for �z=2, G=0.01, Vc=10,
and R=500. The drop in concentration indicates that the plume has shifted
from the central position of the chamber via a meandering instability. The
differences in the time, for the plume to shift to corner�s� of the chamber, are
due to the direction of the initial meander of the plume.

TABLE II. Properties of the solution of the final steady state with plumes in
the opposite corners of the chamber using different grids. The parameter
values are �z=2, R=500, Vc=10, and G=0.01.

Grid Nodes nmid

wmax�x=y=1/2�
�z�

�1max
�z=0�

�x ,y�

Stretched 32�32�64 0.546 6.429 192.5

�0.397� �0, 0.705�
Uniform 64�64�128 0.546 6.406 192.4

�0.397� �0, 0.704�
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Sc = 20, Vc = 20, G = 0.008, R = 250, �x = �y = 1.

�19�

The variation of the central concentration at the initial stages,
for vertical aspect ratios �z=2 and 4, is shown in Fig. 11.
The fluctuations in the concentrations in Fig. 11 are due to
the passing of the blobs through the central point of the
chamber. Figure 12 shows the snapshot of periodic blob con-
vection at t=0.36 for vertical aspect ratio �z=4. The blobs
disappear and lead to the apparently steady state, though the
fluctuations take longer to disappear for �z=4. Ultimately,
the meandering instability sets in all cases and the plumes
move away from the center of the chamber. In two-
dimensional simulations with a large aspect ratio chamber,
the meandering instability sets in while the blob convection
is in progress. In contrast, in three dimensions, the meander-
ing instability sets in during the apparent steady state, after
the early blob convection disappears.

B. Parametric dependence

Due to the large number of parameters, it is expensive to
obtain a comprehensive picture across the whole parameter
domain, so here we choose to investigate the dependence of

the solutions on G and Vc for a chamber of fixed size �x

=�y =1 and �z=5. The parameter values using data in Table I
based on a length scale �L� of 0.5 cm are

Sc = 20, R = 250, G = 0.007, Vc = 10.

We now vary G from 0.002 to 0.011 and Vc from 5 to 20 to
cover a range of physically relevant parameter values. We
choose Vc=5,10,15,20 and G=0.002,0.005,0.008,0.011,
respectively, as the representative values of Vc and G. In all
cases, the central plume is subject to the meandering insta-
bility. Here we describe the details of the characteristics of
the solutions at the initial stage for Vc=15. All the calcula-
tions are carried out in a 64�64�136 mesh.

The variation of the concentration at a point on the cen-
tral vertical line for Vc=15 is shown in Fig. 13. Since the
length of the plume does not extend to the middle of the
chamber for G=0.002, the corresponding point on the axis is
taken at height 4. Figure 13 shows that for a fixed value of
Vc, the time to reach the overturning instability stage de-
creases with an increase in the value of G. The fluctuations
in the concentrations correspond to the varicose instability
�“blobs”�, which disappears, leading to the apparent steady
state and then the meandering instability sets in. The snap-
shots of the plumes at t=0.8 for different values of G are
shown in Fig. 14. The combined effects of cell swimming
and gyrotaxis are weaker for smaller values of G, and in such
cases the plumes extend only to a fraction of the chamber’s
depth. The amplitude of the fluctuations is large for interme-
diate values of G and diminishes again at the highest value of
G. For large G, the fluctuations are small since most of the
cells, after reaching the bottom of the chamber, are forced to
remain there due to the strong circulation at the bottom
boundary. The results for other values of G and Vc in the
initial stage can be summarized as follows. The plumes do
not extend to the middle of the chamber for Vc=5 and
0.002�G�0.011. Similar results are observed for G
=0.002 and 5�Vc�20. The varicose instability �blob con-
vection� is observed when G=0.005, Vc=20; G=0.008, Vc

=15,20; and G=0.11, Vc=15. Thus the varicose instability is
usually associated with intermediate values of G and higher
values of Vc. Similar characteristics are observed in the two-
dimensional and axisymmetric cases as well.

FIG. 11. Variation of central concen-
tration at the initial stages for different
values of the vertical aspect ratio. The
other parameter values are G=0.008,
Vc=20, and R=250.

FIG. 12. Snapshot of periodic blob convection: isosurfaces for vertical as-
pect ratio �z=4. The other parameter values are G=0.008, Vc=20, and
R=250.
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V. CONCLUSIONS

In this work, we have presented a semi-implicit second-
order accurate conservative finite-difference method to inte-
grate the bioconvection equations in three dimensions. In
deep chambers, the plume becomes unstable either via vari-
cose or meandering instability. The varicose instability ob-
served in three dimensions is similar to that of the axisym-
metric solutions. The mechanism of varicose instability is the
same as that of two-dimensional gyrotactic bioconvection
�see Ref. 10�. The time period of the varicose oscillation in
axisymmetric bioconvection �and thus of three-dimensional
bioconvection too� is more realistic than that of the two-
dimensional bioconvection.13 On the other hand, the mean-
dering instability �seen in two-dimensional bioconvection�
does not appear in the axisymmetric case. The meandering
mode has been observed in experiments with gyrotactic
micro-organisms in deep chambers �see Fig. 4 in Ref. 31�.
Thus the three-dimensional results are closer to the experi-
mental observations.

The effects of depth on the stability of a single plume
have been examined. We find a steady solution for a small
vertical-aspect-ratio chamber. As the depth of the chamber is
increased, we observed either apparently steady state or pe-
riodic blob convection in the initial stages depending on the
parameter values. Ultimately the plumes are destabilized via
a meandering instability. The characteristics of the solutions
are similar to the axisymmetric results in the initial stages
and two-dimensional results in the final stages.

The effects of G and Vc on the plume in deep chamber
are examined for a range of physically relevant parameter
values. When the values of either G or Vc are small, the
plumes do not extend to the bottom of the chamber. A vari-
cose instability is often observed in the initial stages for in-
termediate values of G and higher values of Vc. When G is
high, the varicose instability almost disappears.
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