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a.

Solutions to exercises from Lecture 0

Here are three possibilities:

Take sets X; and X5, their disjoint union X; IT X5, and the inclusions
X 2 XX, 22 X,
Then the following universal property holds:

ing

2.
(Compare Example 0.5.)

. Take a group G, its abelianization G* = G/|G,G], and the natural

map ¢ : G —— G*. Then G —X+ G*" is the universal homomorphism

from G to an abelian group. That is, if G S Aisa homomorphism
from G to an abelian group A, there is a unique homomorphism f :

G* —— A such that foq = f:
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(Compare Example 0.1.)

. Take sets A and B, the set B4 of functions from A to B, and the

evaluation map
e: BAxA —» B
(f,a)  —  fla)
For any set Z and function 0 : Z x A —— B, there is a unique function
0 : Z — B* such that
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commutes. (This 6 is given by (0(z))(a) = 0(z,a).)
0.13 TI'll do (a). Fix sets X; and X,. Suppose that
X ey X

has the universal property

w
iy
Xl/ N\,

and that , .

X; Y 2 X,
does too. Take (W, fi, fo) = (Y',d},45) in (1): then we obtain f : Y ——
Y’ such that fi; = ¢} and fiy = i}. Similarly, we obtain f’:Y’ —— Y such
that f'i{ = i, and f'i}, = iy. But then (f'f)iy = lyiy and (f'f)is = lyis;
in other words, the following diagram commutes when the dotted arrow is

either f'f or 1y:
Y
i v i
X Xs.

So by the uniqueness part of the universal property, f'f = 1y. Similarly,
ff, = 1y/. SoY 2Y'.



