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From yesterday

@ Given a compact 2n-dimensional Hermitian manifold and
A= C>®(X,C), V =Derc(A A),
we have seen that there is a canonical spinor module
S:=AV,,

where V =V, & V_ is the decomposition of the vector fields V
into holomorphic and antiholomorphic ones.
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From yesterday

@ Given a compact 2n-dimensional Hermitian manifold and
A= C>®(X,C), V =Derc(A A),
we have seen that there is a canonical spinor module
S:=AV,,

where V =V, & V_ is the decomposition of the vector fields V
into holomorphic and antiholomorphic ones.

@ Today we will compute all these structures explicitly for the
simple example of S? ~ CP!.
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@ For the time being, our manifold is X := $%2 C R3.
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@ For the time being, our manifold is X := $%2 C R3.

@ Recall that X ~ CP?, the space of 1-dimensional subspaces of
C?:
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X =52~ CP!

@ For the time being, our manifold is X := $%2 C R3.

@ Recall that X ~ CP?, the space of 1-dimensional subspaces of
C2: A point in CP? can be specified by giving any nonzero
vector (x,y) € C? in the subspace. We write this point as

[x:y] € CP.
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X =52~ CP!

@ For the time being, our manifold is X := $%2 C R3.

@ Recall that X ~ CP?, the space of 1-dimensional subspaces of
C2: A point in CP? can be specified by giving any nonzero
vector (x,y) € C? in the subspace. We write this point as

[x:y] € CP.

o Note that [x : y] = [x": y/] iff 3z € C* with x = zx', y = zy'.
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X =52~ CP!

@ For the time being, our manifold is X := $%2 C R3.

@ Recall that X ~ CP?, the space of 1-dimensional subspaces of
C2: A point in CP? can be specified by giving any nonzero
vector (x,y) € C? in the subspace. We write this point as

[x:y] € CP.

o Note that [x : y] = [x": y/] iff 3z € C* with x = zx', y = zy'.
@ We obtain two embeddings

1 :C—CP' 1 (2):=[z:1], 1 (2):=]1:2]
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X =52~ CP!

@ For the time being, our manifold is X := $%2 C R3.

@ Recall that X ~ CP?, the space of 1-dimensional subspaces of
C2: A point in CP? can be specified by giving any nonzero
vector (x,y) € C? in the subspace. We write this point as

[x:y] € CP.

o Note that [x : y] = [x": y/] iff 3z € C* with x = zx', y = zy'.
@ We obtain two embeddings
1 :C—CP' 1 (2):=[z:1], 1 (2):=]1:2]
One has CP* \ im ¢, = {[1: 0]}, CP*\ im._ = {[0: 1]}.
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X =52~ CP!

@ For the time being, our manifold is X := $%2 C R3.

@ Recall that X ~ CP?, the space of 1-dimensional subspaces of
C2: A point in CP? can be specified by giving any nonzero
vector (x,y) € C? in the subspace. We write this point as

[x:y] € CP.

o Note that [x : y] = [x": y/] iff 3z € C* with x = zx', y = zy'.
@ We obtain two embeddings

1 :C—CP' 1 (2):=[z:1], 1 (2):=]1:2]

One has CP* \ im ¢, = {[1: 0]}, CP*\ im._ = {[0: 1]}.

@ From this one sees that CP? is the 1-point compactification of
C whch is also X = S2. Identifying X ~ CP! gives it the
stucture of a complex manifold.
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X ~ SL(2,C)/B

@ The group
G:=5L(2,C):={g € My(C)| det g =1}

acts via its standard representation on C2.
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X ~ SL(2,C)/B

@ The group
G:=5L(2,C):={g € My(C)| det g =1}

acts via its standard representation on C2.
@ This induces a transitive action on CP*:

(i (1))[1;0]=[1;z], (i _01)[1:012[2;1].
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X ~ SL(2,C)/B

@ The group
G:=5L(2,C):={g € My(C)| det g =1}

acts via its standard representation on C2.
@ This induces a transitive action on CP*:

(i (1))[1;0]=[1;z], (i _01)[1:012[2;1].

@ The isotropy group {g € G|g[1:0] =[1:0]} of [L:0]is

B::{(g a’fl)\aec},
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X ~ SL(2,C)/B

@ The group
G:=5L(2,C):={g € My(C)| det g =1}

acts via its standard representation on C2.
@ This induces a transitive action on CP*:

(i (1))[1;0]=[1;z], (i _01)[1:012[2;1].

@ The isotropy group {g € G|g[1l:0] =[1:0]} of [L:0] is

B::{(g a’fl)\aec},

so we get a realisation of X as a homogeneous space

X~ G/B.
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X ~ SU(2)/U(1)

@ By the lwasawa decomposition, every g € G = SL(2,C) can be
uniquely written as gogi with

g €SUR):={geCGlgl=¢g7"}, g'=¢"

and

g1€AN:—{<8 al_)1>‘a€(0,oo),b€(C}.
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X ~ SU(2)/U(1)

@ By the lwasawa decomposition, every g € G = SL(2,C) can be
uniquely written as gogi with

g €SUR):={geCGlgl=¢g7"}, g'=¢"

and
g1€AN:—{<8 al_)1>‘a€(0,oo),b€(C}.

@ Since AN C B acts trivially on [1 : 0], SU(2) acts already
transitively on X. Since

BmSU(Z):{(g 301)‘36 U(1)}

we get a final identification

X ~ SU(2)/U().
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The Lie algebras and g/b

@ The Lie algebra g = 5[(2,C) = {x € My(C) |trx = 0} has a
vector space basis

=5 %) e=(38)r=(23)
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The Lie algebras and g/b

@ The Lie algebra g = 5[(2,C) = {x € My(C) |trx = 0} has a
vector space basis

=5 %) e=(38)r=(23)

@ The Lie algebra b of B is span-{H, E}.
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The Lie algebras and g/b

@ The Lie algebra g = 5[(2,C) = {x € My(C) |trx = 0} has a
vector space basis

=5 %) e=(38)r=(23)

@ The Lie algebra b of B is span-{H, E}.
@ The tangent space of G/B at 1 can be identified with g/b
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The Lie algebras and g/b

@ The Lie algebra g = 5[(2,C) = {x € My(C) |trx = 0} has a
vector space basis

=5 %) e=(38)r=(23)

@ The Lie algebra b of B is span-{H, E}.

@ The tangent space of G/B at 1 can be identified with g/b as a
representations of B: this acts on g via the adjoint action

Ad(g)x =gxg™!, g€B,xcyg

which leaves b invariant so that the quotient g/b is a B-module.
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The Lie algebras and g/b

@ The Lie algebra g = 5[(2,C) = {x € My(C) |trx = 0} has a
vector space basis

=5 %) e=(38)r=(23)

@ The Lie algebra b of B is span-{H, E}.

@ The tangent space of G/B at 1 can be identified with g/b as a
representations of B: this acts on g via the adjoint action

Ad(g)x =gxg™!, g€B,xcyg

which leaves b invariant so that the quotient g/b is a B-module.

e V., is the module of sections of (G x g/b)B. To determine this
explicitly we have to understand g/b a bit better.

Ulrich Krahmer (University of Glasgow www.Dirac Operators Lecture 4: From S° = cpP! IPM Tehran 23. April 2009 6 /22



Irreducible B-reps and line bundles on X

@ It is not difficult to determine all irreducible representations of
B: they are labelled by the integers and are all 1-dimensional.
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Irreducible B-reps and line bundles on X

@ It is not difficult to determine all irreducible representations of
B: they are labelled by the integers and are all 1-dimensional.

@ The action of H, E in x,, n € Z is given by
Xn(H) =n, xa(E)=0.

We denote the A-module of sections of (G x x,)/B by L,.

Ulrich Krahmer (University of Glasgow www.Dirac Operators Lecture 4: From S = cpP! IPM Tehran 23. April 2009 7/ 22



Irreducible B-reps and line bundles on X

@ It is not difficult to determine all irreducible representations of
B: they are labelled by the integers and are all 1-dimensional.

@ The action of H, E in x,, n € Z is given by
Xn(H) =n, xa(E)=0.

We denote the A-module of sections of (G x x,)/B by L,.
@ Let X be the class of x € g in g/b. Since

[H,F] = —2F, [E,F]=H, [H E]=2E

and F is a basis of g/b, we get that g/bis y_, so V. = L_,.
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Irreducible B-reps and line bundles on X

@ It is not difficult to determine all irreducible representations of
B: they are labelled by the integers and are all 1-dimensional.

@ The action of H, E in x,, n € Z is given by
Xn(H) =n, xa(E)=0.

We denote the A-module of sections of (G x x,)/B by L,.
@ Let X be the class of x € g in g/b. Since

[H,F] = —2F, [E,F]=H, [H E]=2E

and F is a basis of g/b, we get that g/bis y_, so V. = L_,.

@ It is easily seen that L} = L_,, so V_ = L,.
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A general remark about bundles on X

F-bundles over X are classified by m1(Aut(F)).

Proof. Let Uy :=im ¢4 ~ C be the two charts. U is contractible,
so every bundle is trivial over them.
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A general remark about bundles on X

F-bundles over X are classified by m1(Aut(F)).

Proof. Let Uy :=im ¢4 ~ C be the two charts. U is contractible,
so every bundle is trivial over them. Hence fibre bundles over X are
classified by a single transition function

7:UpNU- — Aut(F).

8/ 22
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A general remark about bundles on X

F-bundles over X are classified by m1(Aut(F)).

Proof. Let Uy :=im ¢4 ~ C be the two charts. U is contractible,
so every bundle is trivial over them. Hence fibre bundles over X are
classified by a single transition function

7:UpNU- — Aut(F).

Two functions give the same bundle iff they are homotopy equivelent,
and U, N U_ is contractible to S (the equator of S2). O
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Application 1

Any f.g.p. over A is isomorphic to A" @ L,,.
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Application 1

Any f.g.p. over A is isomorphic to A" @ L,,. \

Proof. We have a homeomorphism

GL(r+1,C) — SL(r+1,C) x GL(1,C), g+ (g’ det g),

1

where g’ is the matrix g with the first column rescaled by o 2
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Application 1

Any f.g.p. over A is isomorphic to A" @ L,,. \

Proof. We have a homeomorphism

GL(r+1,C) — SL(r+1,C) x GL(1,C), g+ (g’ det g),

where g’ is the matrix g with the first column rescaled by deig. Since

SL(r+1,C) is simply connected, the S* — SL(r + 1, C)-component
of any transition function is homotopy equivalent to the map with
constant value 1.
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Application 1

Any f.g.p. over A is isomorphic to A" ® L,,. l

Proof. We have a homeomorphism

GL(r+1,C) — SL(r+1,C) x GL(1,C), g+ (g’ det g),

where g’ is the matrix g with the first column rescaled by deig. Since

SL(r+1,C) is simply connected, the S* — SL(r + 1, C)-component
of any transition function is homotopy equivalent to the map with
constant value 1. We are left with A" & L where L is the line bundle
with transition function 7 : S' — S' ~ U(1) C GL(1,C), z — 2",
and this is L,. To see this focus on n = —2.
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Application 1
Any f.g.p. over A is isomorphic to A" ® L,,. l

Proof. We have a homeomorphism

GL(r+1,C) — SL(r+1,C) x GL(1,C), g+ (g’ det g),

where g’ is the matrix g with the first column rescaled by deig. Since

SL(r+1,C) is simply connected, the S* — SL(r + 1, C)-component
of any transition function is homotopy equivalent to the map with
constant value 1. We are left with A" & L where L is the line bundle
with transition function 7 : S' — S' ~ U(1) C GL(1,C), z — 2",
and this is L,. To see this focus on n = —2. The coordinate change
between the charts Uy is z — % and to get the transition function of
the tangent bundle one has to take the deirvative. This gives —z2
which is homotopic to z s z72. O
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Application 2

There are n nonisomorphic M,(C)-bundles over X.
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Application 2

There are n nonisomorphic M,(C)-bundles over X.

Proof. The short exact sequence
0 — GL(1,C) — GL(n,C) — PGL(n,C) — 0
gives an exact sequence

m1(GL(1,C)) — m1(GL(n,C)) — 7 (PGL(n,C)) — 0 = mo(GL(1, C)).
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Application 2

There are n nonisomorphic M,(C)-bundles over X.

Proof. The short exact sequence
0 — GL(1,C) — GL(n,C) — PGL(n,C) — 0
gives an exact sequence
m1(GL(1,C)) — m1(GL(n,C)) — 7 (PGL(n,C)) — 0 = mo(GL(1, C)).

Explicitly, the class of S — GL(1,C), z — Z/ is mapped to the class
of St — Z/ - 1y,c) € GL(n, C) which has determinant z".
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Application 2

There are n nonisomorphic M,(C)-bundles over X.

Proof. The short exact sequence
0 — GL(1,C) — GL(n,C) — PGL(n,C) — 0
gives an exact sequence
m1(GL(1,C)) — m1(GL(n,C)) — 7 (PGL(n,C)) — 0 = mo(GL(1, C)).

Explicitly, the class of S — GL(1,C), z — Z/ is mapped to the class
of St — Z/ - 1y,(c) € GL(n, C) which has determinant z". So
m(GL(1,C)) ~ Z — m1(GL(n,C)) ~ Z is given by multiplication
with n. Hence m1(PGL(n,C)) ~ Z,. O
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The spinor modules on CP!

The spinor modules over X are given by

5,,::S®Ln:(AEBL—2)®ALn2Ln@Ln—2:A@L2n—27 HGZ.
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The spinor modules on CP!

The spinor modules over X are given by

S5, =5SL,=(A® L) Ral,~L, &L, 0 2A® Ly, 5, neZ.

Proof. By Application 1, any rank 2 vector bundle is of the form
A @ L; with transition function

1 0
St — GL(2,C), z»—><0 zj)'
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The spinor modules on CP!

The spinor modules over X are given by

S,,::S®Ln:(AEBL—2)®ALn2Ln@Ln—2:A@L2n—27 HGZ.

Proof. By Application 1, any rank 2 vector bundle is of the form
A @ L; with transition function

s - GL(2,C), ZH<1 0 )

0 2

From the proof of Application 2 we see this has trivial (as matrix
algebra bundle) endomorphism bundle iff j is even.
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The spinor modules on CP!

The spinor modules over X are given by

S,,::S®Ln:(AEBL—2)®ALn2Ln@Ln—2:AEBL2n—27 HGZ.

Proof. By Application 1, any rank 2 vector bundle is of the form
A @ L; with transition function

s - GL(2,C), ZH<1 0 )

0 2
From the proof of Application 2 we see this has trivial (as matrix
algebra bundle) endomorphism bundle iff j is even. Since A@ L_, is a

spinor module (the canonical one) we know that CI(V/, q) is this trivial
bundle, hence all spinor modules must be of the form A ® L,;. O
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Representations of G = SL(2,C)

@ The classification of the irreducible reps of G is standard and
easily obtained: for any d > 0 there exists a unique (up to iso)
irreducible rep py of dimension d + 1.
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Representations of G = SL(2,C)

@ The classification of the irreducible reps of G is standard and
easily obtained: for any d > 0 there exists a unique (up to iso)
irreducible rep py of dimension d + 1.

o Furthermore, G is reductive, that is, every finite-dimensional rep
is completely reducible (a direct sum of irreducibles).
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Representations of G = SL(2,C)

@ The classification of the irreducible reps of G is standard and
easily obtained: for any d > 0 there exists a unique (up to iso)
irreducible rep py of dimension d + 1.

o Furthermore, G is reductive, that is, every finite-dimensional rep
is completely reducible (a direct sum of irreducibles).

@ In a suitable basis {v?} the corresponding rep of g is given by
Hve = (d—2n)v¢, Ev!=(d—n+1)v¢,, Fv¢=(n+1)v.,,

with v_1 1= vg11 :=0.
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Representations of G = SL(2,C)

The classification of the irreducible reps of G is standard and
easily obtained: for any d > 0 there exists a unique (up to iso)
irreducible rep py of dimension d + 1.

Furthermore, G is reductive, that is, every finite-dimensional rep
is completely reducible (a direct sum of irreducibles).

In a suitable basis {v?} the corresponding rep of g is given by
Hve = (d—2n)v¢, Ev!=(d—n+1)v¢,, Fv¢=(n+1)v.,,

with v_1 1= vg11 :=0.

In particular, each of these reps is self-dual, that is, there exists
a symmetric nondegenerate G-invariant bilinear form (-,-) on pg.
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The Peter-Weyl theorem

@ Define the functions

trcr!m : G_>(C7 <Vr(rlvpd(g)vr(ll>7
where {v9} is the basis dual to {v?} with respect to the
invariant form,
(Ve vy = 6

m’ 'n
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The Peter-Weyl theorem

@ Define the functions
trcr!m : G_>(c7 <Vr(rlvpd(g)vr(1]>7

where {v9} is the basis dual to {v?} with respect to the

invariant form,

<ng Vg) = dmn

@ That G is reductive implies that these matrix coefficients form a
vector space basis of the coordinate ring

C[G] =CJa, b,c,d]/ < ad — bc —1 > .
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The Peter-Weyl theorem

@ Define the functions

trcr!m : G_>(c7 <Vr(rlvpd(g)vr(1]>7
where {v9} is the basis dual to {v?} with respect to the
invariant form,
(Ve vy = 6

m’ 'n

@ That G is reductive implies that these matrix coefficients form a
vector space basis of the coordinate ring

C[G] =CJa, b,c,d]/ < ad — bc —1 > .

@ For background and proof read Klimyk, Schmiidgen, “Quantum
groups and their irreducible representations”, Section 11.2.
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Peter-Weyl continued

@ The Peter-Weyl basis is desinged to describe the representations

(p(g)f)(h) == f(hg), (A(g)f)(h) := f(g~"h), g,h € G,f € C[G]
of G on C[G]:
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Peter-Weyl continued

@ The Peter-Weyl basis is desinged to describe the representations

(p(g)f)(h) == f(hg), (\(g)f)(h) := (g *h), g.h € G, f € C[G]
of G on C[G]: For example, we get with t,,, := t¢ and v, := v¢

n

(P(g)tmn)(h) = tmn(hg) = (Vm, pa(hg)Va) = (Vm, pa(h)pa(g)Vn)

= (T palB) Y (Wi () V)0

- Z tmi(h)tin(g)'

1
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Peter-Weyl continued

@ The Peter-Weyl basis is desinged to describe the representations

(p(g)f)(h) == f(hg), (\(g)f)(h) := (g *h), g.h € G, f € C[G]
of G on C[G]: For example, we get with t,,, := t¢ and v, := v¢

n

(P(g)tmn)(h) = tmn(hg) = (Vm, pa(hg)Va) = (Vm, pa(h)pa(g)Vn)

= (T palB) Y (Wi () V)0

- Z tmi(h)tin(g)'

1

@ In Hopf-algebraic language this can be rephrased by saying that
for the coproduct on C[G] dual to the group law one has
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Peter-Weyl continued

@ In particular, we can read off the action of g on the t¢ :

Htd = Z 4 (vd Hvd) = (d — 2n)t?

and similarly

Etgm - (d —n+ 1)tr(rim—1’ Ftr(rfm - (n + 1)trcrfm+1'
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The holomorphic elements in L,

@ Sections of the (G X x,)/B can be identified with functions
V:G—C, w(hg)=xa(g )U(h), g€BheG (1)
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The holomorphic elements in L,

@ Sections of the (G X x,)/B can be identified with functions

V:G—=C, i(hg)=xa(g )U(h), g€BheG (1)
@ Such ¢ € C[G] will give holomorphic elements of L,,.
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The holomorphic elements in L,

@ Sections of the (G X x,)/B can be identified with functions

Vv:G—C, (hg)=xn(g ")0(h), geBheG (1)

@ Such ¢ € C[G] will give holomorphic elements of L,. But
there are not so many! Indeed, we get from the previous slide:
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@ Sections of the (G X x,)/B can be identified with functions

Vv:G—C, (hg)=xn(g ")0(h), geBheG (1)

@ Such ¢ € C[G] will give holomorphic elements of L,. But
there are not so many! Indeed, we get from the previous slide:

The space of holomorphic elements in L, has a basis consisting of
to- Thus its complex dimension is O forn > 0 and —n+1 for n < 0.
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The holomorphic elements in L,

@ Sections of the (G X x,)/B can be identified with functions

Vv:G—C, (hg)=xn(g ")0(h), geBheG (1)

@ Such ¢ € C[G] will give holomorphic elements of L,. But
there are not so many! Indeed, we get from the previous slide:

The space of holomorphic elements in L, has a basis consisting of
to- Thus its complex dimension is O forn > 0 and —n+1 for n < 0.

Proof. The equivariance requires Ev) = 0 which nails the
involved Peter-Weyl elements down to the t?,. Then we want

dtqo = Htmo = Xa(—H)t5e = —nt;

mO0»

the minus reflects the g~ in (1).

Ulrich Krahmer (University of Glasgow www.Dirac Operators Lecture 4: From S° = cpP! IPM Tehran 23. April 2009 16 / 22



The holomorphic elements in L,

@ Sections of the (G X x,)/B can be identified with functions

Vv:G—C, (hg)=xn(g ")0(h), geBheG (1)

@ Such ¢ € C[G] will give holomorphic elements of L,. But
there are not so many! Indeed, we get from the previous slide:

The space of holomorphic elements in L, has a basis consisting of
to- Thus its complex dimension is O forn > 0 and —n+1 for n < 0.

Proof. The equivariance requires Ev) = 0 which nails the
involved Peter-Weyl elements down to the t?,. Then we want

dtqo = Htmo = Xa(—H)t5e = —nt;

mO0»

the minus reflects the g~ in (1). So for n > 0 there is no such
td, while for n <0 we can take d = —nand m=0,...,d. O
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Back to SU(2)/U(1)

e Restricting the t¢ to SU(2) also gives a vector space basis of
the ring A C A of complex-valued polynomials on SU(2). Taking
now the U(1)-equivariant elements gives the algebraic sections
Ly C L, of our line bundles. Explicitly, we get:
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e Restricting the t¢ to SU(2) also gives a vector space basis of
the ring A C A of complex-valued polynomials on SU(2). Taking
now the U(1)-equivariant elements gives the algebraic sections
Ly C L, of our line bundles. Explicitly, we get:

L, = spanc{td,|d + n = 2i}
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Back to SU(2)/U(1)

e Restricting the t¢ to SU(2) also gives a vector space basis of
the ring A C A of complex-valued polynomials on SU(2). Taking
now the U(1)-equivariant elements gives the algebraic sections
Ly C L, of our line bundles. Explicitly, we get:

L, = spanc{td,|d + n = 2i} \

Proof. Comparing Ht?, = (d — 2i)td  with x,(—H) = —n
gives d +n = 2i. |
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Back to SU(2)/U(1)

e Restricting the t¢ to SU(2) also gives a vector space basis of
the ring A C A of complex-valued polynomials on SU(2). Taking
now the U(1)-equivariant elements gives the algebraic sections
Ly C L, of our line bundles. Explicitly, we get:

L, = spanc{td,|d + n = 2i} l

Proof. Comparing Ht?, = (d — 2i)td  with x,(—H) = —n
gives d +n = 2i. |

E(L,) C Lo_s, F(L,) C Lpso.
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A (the?) Dirac operator

@ There is no time to construct D properly from a connection, so |
give an ad hoc definition. If we pick a G-invariant metric and
connection, then D will be a first-order operator commuting
with the G-action on spinors that is given by the A-action of G
on C[G].
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A (the?) Dirac operator

@ There is no time to construct D properly from a connection, so |
give an ad hoc definition. If we pick a G-invariant metric and
connection, then D will be a first-order operator commuting
with the G-action on spinors that is given by the A-action of G
on C[G]. From this one can deduce that our D is up to some
rescaling of D, the correct operator.
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A (the?) Dirac operator

@ There is no time to construct D properly from a connection, so |
give an ad hoc definition. If we pick a G-invariant metric and
connection, then D will be a first-order operator commuting
with the G-action on spinors that is given by the A-action of G
on C[G]. From this one can deduce that our D is up to some
rescaling of D, the correct operator.

Using our last corollary allows us to defineon S, =L, ® L, »

_( 0 Dy ._ ._
D._(D_ ) ) D,:=E, D_:.=F.

by which we mean that D maps the subbundles Ln, L, » into
each other using E, F.
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The Index of D

@ When talking about the index of D we mean the one defined as
for even Fredholm modules,

indD := dimkerD; —dimker D_

= dimker D; — dimcoker D; =ind D;,.
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The Index of D

@ When talking about the index of D we mean the one defined as
for even Fredholm modules,

indD := dimkerD; —dimker D_
= dimker D; — dimcoker D; =ind D;,.

o We already know ker D, = the holomorphic elements in L,!
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The Index of D

@ When talking about the index of D we mean the one defined as
for even Fredholm modules,

indD := dimkerD; —dimker D_
= dimker D; — dimcoker D; =ind D;,.
o We already know ker D, = the holomorphic elements in L,!

@ ker D_ is determined similarly and has dimension 0 on L, , for
n < 2 and n — 1 otherwise. So the index of D on S, is n+ 1.
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The Index of D

@ When talking about the index of D we mean the one defined as
for even Fredholm modules,

indD := dimkerD; —dimker D_
= dimker D; — dimcoker D; =ind D;,.
o We already know ker D, = the holomorphic elements in L,!
@ ker D_ is determined similarly and has dimension 0 on L, , for

n < 2 and n — 1 otherwise. So the index of D on S, is n+ 1.
@ Note that for each n one has either ker D, = 0 or ker D_ = 0.
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The Index of D

@ When talking about the index of D we mean the one defined as
for even Fredholm modules,

indD := dimkerD; —dimker D_
= dimker D; — dimcoker D; =ind D;,.

@ We already know ker D, = the holomorphic elements in L,!

@ ker D_ is determined similarly and has dimension 0 on L, , for
n < 2 and n — 1 otherwise. So the index of D on S, is n+ 1.

@ Note that for each n one has either ker D, = 0 or ker D_ = 0.

@ S_; comes from a spin structure (not only spin®). For general n,
the index is the pairing of the K-homology class of this Dypin
with the K-theory class of L1 by which we have to twist the
spin structure to get to S,

Theorem
ind D = ([Dspin), [Lnt1]) = n+1 0on S,.
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The Borel-Weil theorem

D commutes with the \-action of G, so ker D, coker D are
representations of G. The index can be defined more abstractly not
as a number but as an element in the representation ring of G which
is the equivariant K-theory of a point. ker D is just the irreducible
representation of G of dimension |n — 1|
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The Borel-Weil theorem

D commutes with the \-action of G, so ker D, coker D are
representations of G. The index can be defined more abstractly not
as a number but as an element in the representation ring of G which
is the equivariant K-theory of a point. ker D is just the irreducible
representation of G of dimension |n — 1|. This generalises to

Theorem

Let G be a complex simple Lie group and B C G be a Borel
(maximal solvable) subgroup. Then one has:
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representations of G. The index can be defined more abstractly not
as a number but as an element in the representation ring of G which
is the equivariant K-theory of a point. ker D is just the irreducible
representation of G of dimension |n — 1|. This generalises to

Theorem

Let G be a complex simple Lie group and B C G be a Borel
(maximal solvable) subgroup. Then one has:

© All irreducible representations of B are one-dimensional.
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The Borel-Weil theorem

D commutes with the A-action of G, so ker D, coker D are
representations of G. The index can be defined more abstractly not
as a number but as an element in the representation ring of G which
is the equivariant K-theory of a point. ker D is just the irreducible
representation of G of dimension |n — 1|. This generalises to

Theorem

Let G be a complex simple Lie group and B C G be a Borel
(maximal solvable) subgroup. Then one has:

© All irreducible representations of B are one-dimensional.

@ The index of D, is for the canonical spinor module Sy on G/B
the trivial one-dimensional representation of G.
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The Borel-Weil theorem

D commutes with the A-action of G, so ker D, coker D are
representations of G. The index can be defined more abstractly not
as a number but as an element in the representation ring of G which
is the equivariant K-theory of a point. ker D is just the irreducible
representation of G of dimension |n — 1|. This generalises to

Theorem
Let G be a complex simple Lie group and B C G be a Borel
(maximal solvable) subgroup. Then one has:

© All irreducible representations of B are one-dimensional.

@ The index of D, is for the canonical spinor module Sy on G/B
the trivial one-dimensional representation of G.

© Twisting Sy by the line bundles induced by the irreps of B and
taking ker D gives an irrep of G.
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The Borel-Weil theorem

D commutes with the A-action of G, so ker D, coker D are
representations of G. The index can be defined more abstractly not
as a number but as an element in the representation ring of G which
is the equivariant K-theory of a point. ker D is just the irreducible
representation of G of dimension |n — 1|. This generalises to

Theorem
Let G be a complex simple Lie group and B C G be a Borel
(maximal solvable) subgroup. Then one has:

© All irreducible representations of B are one-dimensional.

@ The index of D, is for the canonical spinor module Sy on G/B
the trivial one-dimensional representation of G.

© Twisting Sy by the line bundles induced by the irreps of B and
taking ker D gives an irrep of G.

Q All irreps of G arise can be constructed in this way.
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Outlook

@ We have seen one application of Dirac operators in
representation theory, namely to realise representations of Lie
groups as their index.
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@ We have seen one application of Dirac operators in
representation theory, namely to realise representations of Lie
groups as their index. This is a crucial idea when classifying the
irreps of noncompact Lie groups, and this stuff leads more or
less directly to the Baum-Connes conjecture.
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@ We have seen one application of Dirac operators in
representation theory, namely to realise representations of Lie
groups as their index. This is a crucial idea when classifying the
irreps of noncompact Lie groups, and this stuff leads more or
less directly to the Baum-Connes conjecture.

@ Index theorems then give us finer information about the
representations, for example, from Borel-Weil, the (equivariant)
version of the Atiyah-Singer theorem gives the Weyl character
formula.

Ulrich Krahmer (University of Glasgow www.Dirac Operators Lecture 4: From S° = cpP! IPM Tehran 23. April 2009 21 /22



@ We have seen one application of Dirac operators in
representation theory, namely to realise representations of Lie
groups as their index. This is a crucial idea when classifying the
irreps of noncompact Lie groups, and this stuff leads more or
less directly to the Baum-Connes conjecture.

@ Index theorems then give us finer information about the
representations, for example, from Borel-Weil, the (equivariant)
version of the Atiyah-Singer theorem gives the Weyl character
formula.

@ Obviously, this is only one of many many applications of Diracs,
see the literature below.
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