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Sh(2 ,R) action



Recap
· eriod co-ordinates

2 Overall Picture :

SL(2 ,R) ·

q-> QTeich(A)

50(2 , (R)(5)[2, (2) .

q,
=
q
-> eich (Sg ,n)



SL(2
,
R) action

Theorem (Smillie) :

discrete subgrp of SL(2, 1) s . t

(
xol(SL(z , (R)/SL(x

,qb)
< Co

SL(2 , IR) orbit ofa closed <) SL(X, 9) is a lattice,
Such a flat surface is called a lattice (Neech) surface ;
The closed curve of modali

space it generates a

Teichmuller ave .



SL(2
,
R) action

Eskin-Mirzakhani-Mohammadi : SL(2 ,R) orbit closures

are cut out in period co-ordinates by linear (homogeneous)
equations with real coefficients

Non-homogeneous analogue of the Margulis -Rather

orbit classification theory
Filip : orbit closures are algebraic subvarieties

of the moduli
spaces.



SL(2 ,
IR) action

Eskin-Mirzakhani : F
-very

SL(2
, IR) invariant

ergodic measure is supported on some orbit

closure and is in the Lebesgue measure class.

Non-homogeneous analogue of Rather measure

classification theorem-



Translate and Glue

AB

C

D
A B

C

D

Veech dichotomy

* #*To
strought line- Foliation in direction -

.

SL(X , q) lattice implies Fo is either completely
periodic or uniquely ergodic



Masur-Veech measure

Fix a E-basis [2....., Cn} for Hi CS
,
2)

.

The period map

q > [per(x),...., pera(n))
define local co-ordinates in a stratum component

.

Thus differentials in a stratum component can be

thought of as elements in relative cohomology



Masur-Veech measure

Normalize the Lebesgue measure in relative cohomology so that

the co-volume of the integral lattice is 1 .

Different choices of period co-ordinates differ by unimodular

action on relative cohomology
So the measure is well defined and is SL(2 , (R)

invariant.

called the Masur-Veech measure



Sub-actions of the SL(2 , (R) - action

It : diagonat action [et oth]
Teichmuller geodesic flow

he : horocycle flow
-

-

*

Vo : rotations [cos-sino-



Sub-actions of the SL(2 , (R) - action

Lot is known for
gt , is in the homogeneous setting

Teichmuller setting us inhomogeneity
A flat surface q is e-thin if it contains a saddle

connection & sit / perg(x)/ < E
.

Geometry around thin a is different from geometry around
Thick
q glue across

Schematically S
& > *

& the slit I

⑰



Sub-actions of the SL(2 , (R) - action

Think SL(2 , (R) /S((2 ,2)
-

Rank 1 versus higher rank
~

SL(d
,
(R) /SL(d

,E)

Thick part is "negatively curved "

Thin parts have product metric features and

complicated intersections. Thank SL(d
, (R)/SL(d , 2)

d > 2

By and large ,
rank1 behaviour prevails.



Teichmuller flow

9t : Teichmuller geodesic flow behaves analogous
to the homogeneous setting in rank -

>

It is ergodic wont the Masur-Veech measure

It is exponentially mixing satisfying Moore-Ratner

type deay of correlations

-

Axila-Gonezel-Yoccoz

Avila-Gonezel

in fact
,
has spectral gap for its action on the

appropriate class of functions.



Horocycle flow

he : horocycle flow differs significantly from
the homogeneous setting

: examples of exotichs orbit dosures

and his invariant measures

-

Chaika-Smillie-Weiss



Sample Theorem demonstrating analogies for Teich .
Flow

Discussion related Sullivan
,
Masur log-laws, Khintchine theorems

Continued fractions : Given x e [0, 13
,
write it as

=++
....

Gauss : For Leb-almost
every

x

lim a + 92 +... + An -

ce-

n + Co H



Sample Theorem demonstrating analogies for Teich .
Flow

Knintchine : for any >
o

lim Leb [x + [0, 1] such that alti-tan-gak +] o

n
-> Co

Borel-Bernstein : For Leb-almost
every

ce - Co , 1

an > n(logn) (loglogn) for a

many
m.

Diamond-Vaaler : For Leb-almost
every
a e [0

,1]

lim 9 , + ... +an -max ak

n + C

nlogn
K = M

- Toge



Sample Theorem demonstrating analogies for Teich .
Flow

Connection to hyperbolic geometry of the modular surface

A A Do y A

- 1 O 1

Excursions in horballs : E
,
(x) = by (blue segment)

Similarly Es , Eps ....

Turns out Ex(x) = ap()
↓

up toFixed additive error-



Sample Theorem demonstrating analogies for Teich .
Flow

Continuous time versions of along typical hyperbolic
geodesics of all results on previous slides.

Exact results along typical Teichmiller geodesics
on SL(2,R) orbit closures

Limits related to Siegel-Veech constants.



Next time

Kontsevich-Zorich cocycle and hyapunox exponents


