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A Quasi-Nonlinear Analysis
of the Anisotropic Behaviour
of Human Gallbladder Wall
Estimation of biomechanical parameters of soft tissues from noninvasive measurements
has clinical significance in patient-specific modeling and disease diagnosis. In this work,
we present a quasi-nonlinear method that is used to estimate the elastic moduli of the
human gallbladder wall. A forward approach based on a transversely isotropic mem-
brane material model is used, and an inverse iteration is carried out to determine the
elastic moduli in the circumferential and longitudinal directions between two successive
ultrasound images of gallbladder. The results demonstrate that the human gallbladder
behaves in an anisotropic manner, and constitutive models need to incorporate this. The
estimated moduli are also nonlinear and patient dependent. Importantly, the peak stress
predicted here differs from the earlier estimate from linear membrane theory. As the peak
stress inside the gallbladder wall has been found to strongly correlate with acalculous
gallbladder pain, reliable mechanical modeling for gallbladder tissue is crucial if this in-
formation is to be used in clinical diagnosis. [DOI: 10.1115/1.4007633]
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1 Introduction

Gallbladder (GB) disease is a common condition that affects
both women and men. Symptoms vary widely from mild discom-
fort to severe pain. In severe cases, the patient can suffer from
jaundice, nausea, and fever. When this happens, GB removal
(cholestectomy) usually by keyhole surgery, is normally recom-
mended. In the UK, 50,000 cholecystectomies are performed each
year; it is the most common elective abdominal operation per-
formed in the NHS. The fundamental issue of understanding the
underlying mechanisms of GB disease is therefore very important
in terms of patient care provision and cost.

Histological studies by Caldwell Jr. et al. [1] delineate a three-
layer structure in the wall of the GB of a mammalian species, the
sea cow. The mucosal layer consists of columnar epithelium with
lamina propria and has folds projecting into the GB lumen. The
perimuscular layer is covered by serous mesothelium. The muscu-
lar layer consists of enormous bundles of smooth muscle cells
oriented circumferentially and longitudinally. This layer is
responsible for passive and active stress development. Electron
microscopy of a transverse longitudinal section of a GB wall
presents two large smooth muscle bundles running almost orthog-
onal to each other in the muscle layer. During stimulation with
CCK (Cholecystokinin-8), a peptide hormone that stimulates the
gall bladder muscle to contract and release bile from the lumen,
strips from human GB wall in the circumferential direction dem-
onstrated a slightly stiffer response than in the longitudinal direc-
tion [2]. Additionally, passive tensile tests for human GB
primarily disclose different Young’s moduli in the strips isolated
from the body of sample GBs in circumferential and longitudinal
orientations [3]. This evidence suggests that the GB wall has an
anisotropic structure. In addition, studies on guinea-pigs of the

mechanical properties of the GB suggest that nonlinear effects are
significant in the GB wall [4]. However, most of the modeling
studies have accounted for the anisotropic and/or nonlinear behav-
ior of the human GB wall [5–8].

A particular challenge in human GB modeling is the estimation
of the patient-specific material properties. As in many other appli-
cations, human tissue mechanical elasticity can be used to indicate
pathological changes caused by disease, e.g., carcinoma of the
breast (Tilleman et al. [9]), plaque (Schulze-Bauer and Holzapfel
[10]; Karimi et al.[11]) and aging problems (Escoffier et al. [12];
Lee et al.[13]); furthermore, it has the potential to be applied in
clinical diagnoses [14]. How to evaluate mechanical properties of
bio-tissue from medical images—a process termed elastography—
is becoming an increasingly researched topic.

In elastography, one solves an inverse problem in which boundary
conditions, load and strain or displacement field are known, but the
stress-free configuration and mechanical properties are to be deter-
mined. This is in contrast to a direct problem, where the mechanical
properties, boundary conditions, load and stress-free configurations
are known and one solves for the strain or displacement. There is a
different type of inverse problem, known as elastostatics, where one
seeks the stress free configuration with the known mechanical prop-
erties, strain or displacement field, boundary conditions and loading
[15–22]. In this work, we are only concerned with elastography.

In elastography, one estimates either the elastic moduli [23], or
a general linear elasticity tensor [24] directly by solving the equi-
librium equations in an iterative manner. Normally this requires
solving direct linear problems repeatedly with successively
updated material property constants. The computed strain or dis-
placement field is then matched to experimental observations (or
medical images). The process will be terminated when the differ-
ence of the estimated quantities between simulations and observa-
tions reach a minimum [11,14,25–33].

In the present paper, we use a quasi-linear elastography inverse
approach to estimate GB tissue elasticity. Namely, we conduct the
linear analyses on a series of configurations of human GBs deter-
mined by ultrasonographic routine scans during emptying [6,34].
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The transmural pressure in GBs, which was estimated from meas-
ured volume changes [6], is applied as the loading condition. The
mechanical property constants are determined so that the com-
puted displacements at several observation points are adjusted
against those from clinical measurements with the errors mini-
mized in the least-squares sense. This analysis leads to strain-
dependent incremental Young’s moduli of the GB tissue that can
be used effectively to study the nonlinear anisotropic behavior of
human GB during emptying.

2 The Computational Model

2.1 The Finite Element Model of GB. During the emptying
under intravenous infusion of CCK (0.05 lg/kg body weight) [34],
GB geometries were measured using ultrasound. Following Li
et al. [7], we generate ellipsoidal membrane models from these
images. These ellipsoids have the axes of lengths denoted by D1,
D2, D3 and a uniform thickness of h (Fig. 1). The transmural pres-
sure of the GB can be estimated from a 1D Windkessel model [6]:

p ¼ pd þ pe � pdð Þ exp½ðte � tÞ=RC� (1)

where pe and pd are the mean pressures in the GB and duodenum
at the end of emptying, te is the total time takes to empty the bile,
C (the ratio of incremental volume over incremental pressure) is
the compliance of the GB, and R is the flow resistance when the
bile streams into the cystic and common bile ducts [6].

The forward problem is solved using the finite element analysis
package ADINA 8.7.2. Although the material of the human GB wall
is nonlinear, we assume the material parameters are constant

between each increment of pressure loading. In a typical 4-node
membrane element, the definitions of an orthotropic membrane
and local material Cartesian coordinates are shown in Fig. 2. We
use a spherical coordinate system (h, u, r) with the origin O for
the GB geometry, as shown in Fig. 1(b), and choose the material
coordinates (a, b, c) that are located on the mid-surface of a GB to
be in the local h (longitudinal), u (circumferential), and n (nor-
mal) directions.

The constitutive relation for an orthotropic membrane is
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where �klðk; l ¼ h;/; nÞ are the Poisson’s ratios, ek, rk (k¼ h, u, n)
are the normal strains and stresses, respectively, ckl, skl are the shear
strains and stresses, respectively, and Ek, Gkl are the elastic
Young’s moduli and shear moduli, respectively. We further assume
that the wall material of GB is transversely isotropic, that is

�hu ¼ �un ¼ �; Eu ¼ En; Ghn ¼ Gun;

Ghu ¼
Eh

2 1þ �ð Þ ; and Gun ¼
Eu

2 1þ �ð Þ
(3)

A finite element mesh for the GB is shown in Fig. 2. Mesh inde-
pendence is checked first. When the maximum mesh size (edge
length) is decreased from 2 mm to 1 mm, the maximum first prin-
cipal stress only increases by 0.4%. We therefore used 1 mm as
the maximum edge length for all meshes.

The Dirichlet boundary condition is applied at the two apexes
of the GB, denoted as A1, A2 in Fig. 2(a). Specifically, all the

Fig. 1 (a) The pressure-volume (p–V) diagram, and (b) the
ellipsoid model of GB

Fig. 2 A typical GB mesh and a 4-node membrane element
showing the material local Cartesian system (a), (b), (c). u, h,
and n are the spherical coordinates of GB model with the origin
O (see Fig. 1). In the simulations, we choose these two coordi-
nate systems to be the same. The boundary conditions are
applied at the two apexes A1 and A2, see text for details.
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displacements are fixed at A1, and only the displacements in the x
and y-directions are fixed at A2.

2.2 The Incremental Approach. The incremental approach
is carried out as a series of linear analyses between two successive
image configurations, working backwards in the time from the
end to the beginning of GB emptying phase. The GB wall material
properties are assumed to be constant in each analysis, and the
incremental pressure loadings are defined as (see Fig. 3(a)),

Dpi ¼ pi � piþ1 (4)

where i¼N–1, N–2,…, 3, 2, 1, and N is the total number of
images. i¼ 1 and N indicate the beginning and the end of empty-
ing, respectively. The incremental stress and strain between two
configurations i and iþ 1 (see Fig. 3(b)) are used to obtain the
local incremental Young’s modulus. The total stress and strain at
the ith configuration are then

ri ¼ rN þ
XN�1

k¼i

Drk

ei ¼ eN þ
XN�1

k¼i

Dek

(5)

Note that rN and eN are the initial stress and strain at the end of
emptying (when pN ¼ pe). The value of the intraluminal pressure

pe is estimated to be around 11 mmHg [6], corresponding to a vol-
ume ejection fraction of 70% at the end of the emptying. The
value of rN is then estimated from pe using the linear membrane
model of Li et al. [7,8]. As we do not know the constitutive rela-
tion between rN and eN , we assume that eN¼ 0. This assumption
should have minor effect since the muscle at the end of emptying
is relaxed, so deformation, if any, should be very small.

We start the computation from the configuration B at t ¼ tN in
Fig. 3(c), where B is assumed to be the same as the measured GB
shape at configuration A, and perform a linear finite element anal-
ysis with an assumed set of elastic moduli and the incremental
pressure loading of DpN�1. This gives us the deformed configura-
tion C. We then compare C with the measured GB shape at con-
figuration D. If the error between the shapes and volume of the
two configurations is below a set tolerance, the procedure will be
terminated and the assumed moduli are deemed to be correct. Oth-
erwise the elastic moduli are updated iteratively using a bisection
method until the requirement is satisfied. Normally, 5 to10 itera-
tions are required to achieve the convergence tolerance of 10�3.
This process is repeated for all the time intervals on an updated
mesh, until t ¼ t1. The material parameters at the initial time
instance tN are interpolated from those at the time step tN�2 and
tN�1. The detailed procedure is shown in Fig. 4.

Notice that in our computations an incremental pressure is
applied to the GB configurations updated at tN�1, tN�2,…, t3, t2,
respectively, based on the deformed mesh, and the incremental
elastic moduli, as defined in Bergel [35], are estimated at each

Fig. 3 Illustration of the incremental approach, with the computations starting
from the initial configuration B at the end of emptying, and proceeding to the
beginning of the emptying. (a) Incremental pressure loading and volume, (b) incre-
mental stress and strain, and (c) sketch of the computational procedure.
V and V exp are the estimated and measured GB volumes, respectively.
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time step ti (i¼N–1, N–2, …, 2, 1). This gives rise to a quasi-
linear stress-strain (r-e) relation, as shown in Fig. 3(b).

3 Results

3.1 GB Samples. Six GB samples, namely GB-A to GB-F,
chosen from the GB samples 1, 17, 19, 21, 30, and 37 in a previous
study [7], are selected for the study. These GBs differ from each
other in size and emptying behavior; a typical ultrasound image is
shown in Fig. 5. The parameters are listed in detail in Table 1. In
all computations, we assume that h¼ 2.5 mm, pe¼ 11 mmHg,
pd¼ 6 mmHg, and C¼ 2.73 mL/mmHg [6,7]. An example of the fi-
nite element mesh for a GB model is shown in Fig. 2. In all compu-
tations we also set N¼ 15, which ensures that the incremental peak
strain at each step is less than 4%.

3.2 Estimated Elastic Moduli. Figure 6 shows the longitudi-
nal, Eh, and circumferential, Eu, elastic moduli, and their ratio for
all six GB models. It is clear that the estimated elastic moduli
increase almost linearly with the GB volume. In other words, GBs

stiffen when they are stretched. This agrees with the behavior of
other soft bio-tissues [36,37]. Furthermore, the ratio of elastic
moduli, Eu=Eh, is greater than unity, implying that the human GB
wall is strongly anisotropic. In particular, GB-C has the most slen-
der geometry with the smallest initial diameter ratios (D1

1=D1
3,

D1
2=D1

3), and it presents the strongest anisotropic behavior (the
largest value of Eu=Eh).

The computed peak principal stresses r1; r2ð¼ rh;ruÞ are plot-
ted against the corresponding principal cumulative strains
e1; e2ð¼ eh; euÞ in Fig. 7. To facilitate comparisons with other pub-
lished work (see the Discussion), we note that the stress-strain
curves can be fitted well with exponential functions

ri ¼ ai expðcieiÞ; i ¼ 1; 2 (6)

where ai, ci are the fitting parameters listed in Table 2.

3.3 Peak Displacements, Volume, and Stress Patterns. A
comparison of the peak displacements between the images and
computed GBs is shown in Fig. 8. An overall good agreement
between the computed and measured geometries is achieved for
most of the GB samples. The only obvious discrepancy is
observed for GB-D in the short axes (DD1 and DD2). This is
because for most of the GB samples, the deformed cross-sectional
area remains more or less circular, i.e., they are more like an ellip-
soid of revolution (D1 � D2 < D3). This behavior can be better

Fig. 4 Flow chart for the inverse estimation of the elastic mod-
uli, where DDi and DDexp

i ði 5 1; 2;3Þ, are the estimated and meas-
ured maximal displacements along the three axes of ellipsoid,
respectively. Note only V and DD3 are used in the error control.

Fig. 5 The ultrasound image of GB-E (see Table 2) at the begin-
ning of the emptying, in which the three axes D1, D2, and D3

are shown. These are used to provide the comparison for the
inverse approach, and the computed ellipsoid has the same
axes within 0.1% error tolerance in D3 and the volume.

Table 1 Parameter values of six human GB samples

Model GB No.

Item Parameter A B C D E F

Beginning
of emptying

t1(min) 0.0 0.0 0.0 0.0 0.0 0.0
p1(Pa) 2032.8 2206.5 3512.4 2377.7 2598.1 2361.9

D1
1(mm) 23.4 27.2 34.7 24.1 28.2 30.5

D1
2(mm) 25.0 27.2 35.7 30.8 30.1 30.5

D1
3(mm) 54.1 55.9 92.3 68.6 74.5 53.8

End of
emptying

tN(min) 615.3 80.4 55.3 18.2 32.9 105.4
pN ¼ pe(Pa) 1466.5 1466.5 1466.5 1466.5 1466.5 1466.5

DN
1 (mm) 14.2 18.0 22.6 17.1 17.5 19.1

DN
2 (mm) 15.4 17.5 24.7 18.5 20.4 22.7

DN
3 (mm) 43.6 39.4 61.4 48.3 53.1 34.7

Clinical
criterion

EF at
t¼ 30 min

Very
poor

Poor Good Excellent Good Poor
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described by our transversely isotropic membrane model. How-
ever, GB-D deforms with an ellipsoidal cross-sectional shape, and
hence is not transversely isotropic.

A detailed stress pattern for GB-F at the beginning of the emp-
tying is shown in Fig. 9. This is compared with the results using
the linear membrane model [7]. We remark that the present results
have similar stress patterns to those from the linear membrane
models; although the maximum peak stress obtained using the
present approach is somewhat different from that of the linear

membrane model, the overall trend is similar—a summary of the
peak principal stresses is shown in Table 3. The poorest compari-
son is for GB-D where the GB shape cannot be tracked accurately
by this model (see Fig. 7, GB-D). This is discussed later.

4 Discussion

We have performed an incremental method to determine the
elastic moduli of human GB wall using in vivo images and esti-
mates for the peak pressure at the beginning of the emptying. As
measuring patient-specific pressure noninvasively is not practical
clinically, we have estimated the peak pressure from a Windkessel
model [6], in which a mean compliance is assumed for all GB
samples. In the following, we provide our best estimate of the

Fig. 6 Values of elastic moduli in the circumferential and longi-
tudinal directions and their ratios for the six GB samples: (a)
Eu, (b) Eh, and (c) Eu=Eh

Fig. 7 Values of the peak principal stresses r1, r2 versus cor-
responding cumulative principal strains e1, e2 of the six GB
models: (a) r1 – e1, (b) r2 – e2. Note that GB-C, GB-D, and GB-E
have higher stress curves than the others, especially in the first
principal direction.

Table 2 Estimated parameters for Eq. (6)

Model no.

Curve Parameter GB-A GB-B GB-C GB-D GB-E GB-F

r1–e1 a1(kPa) 4.9107 4.5685 6.8065 5.2348 8.4885 4.8119
c1 0.6233 1.0573 1.3267 1.1649 0.9636 1.0314

r2–e2 a2(kPa) 4.1447 3.2403 6.4665 4.9155 5.4929 3.0737
c2 0.7497 0.9342 1.7121 0.7772 0.8898 1.4573
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mean compliance based on an ex vivo experiment carried out by
our group.

We measured the compliances of four GB samples freshly
removed from patients. These GBs were stimulated with a certain
amount of CCK, followed by saline infusion. The pressure and
saline volume were recorded to give the pressure-volume curves.
Figure 10(a) shows the compliances of these GBs estimated from
these measurements. The average value of C¼ 2.73 mL/mmHg
agrees well with the experimental data, as well as with in vivo ob-
servation by Middelfart et al. [38]. We note in particular that the

agreement improves as volume increases. Although in this partic-
ular study, an averaged value of compliance is used for all sam-
ples to estimate the pressure, which somewhat limits the impact of
the work, the model could be used with greater accuracy if a data-
base of human GB compliance can be established in future that is
more patient-customised with gender, age, blood pressure, and
GB wall thickness.

The peak stresses in the GB wall are believed to correlate
strongly with GB pain [6–8]. It is therefore important to estimate
these stresses in vivo noninvasively from clinical images, and

Fig. 8 Comparison of the peak displacements along the three axes of the 6 GB models between
the images and computed results. The solid lines are the computed values, and the symbols are
from images. Note the computed DDi (i 5 1,2) agree automatically with DDexp

i for all samples
except GB-D.
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with minimum assumptions. This work investigates a quasi-
nonlinear method in which the anisotropic elastic moduli are
inversely estimated, and the stresses evaluated accordingly. The
estimated deformation also agrees excellently with the images of
the GB. The estimated incremental elastic moduli are found to be
strongly patient-specific. This would affect the strain/stresses
experienced in the GB wall even under the same loading pressure.

Importantly, although the estimated stresses from the present
model differ somewhat from that of the linear membrane model
[7], the general trend predicted is similar. In particular, GB sam-
ples with much higher first principal stress r1 (GB-C, GB-B, GB-
D) are those associated with the patients who experienced GB
pain. This agrees with our earlier finding using the linear mem-
brane model [7].

Fig. 9 Comparison of the stress component distributions between the linear membrane
solution of the linear membrane model (Li et al. [7]) and the present approach for GB-F at the
beginning of emptying, (a)–(c) linear membrane, (d )–(f ) present results

Table 3 Comparison of the peak principal stresses at the beginning of emptying

r1(Pa) r2(Pa)

GB Linear model Present approach Ratio Linear model Present approach Ratio

A 9170 7018 1.31 7907 5381 1.47
B 10582 7569 1.40 6001 5049 1.19
C 23265 19126 1.22 16951 14053 1.21
D 23733 9196 2.58 13934 7158 1.95
E 14478 13687 1.06 13578 8370 1.62
F 12093 8728 1.39 7204 5546 1.20
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An exponential stress-strain relation similar to Eq. (6) has been
established in many soft tissues in their passive state; examples are
the porcine common bile duct [39,40], rat small intestine [41,42],
rat and rabbit stomach [43], bladder [44], and cat/canine heart mus-
cle [45,46]. However, it is difficult to directly compare our esti-
mated elastic moduli with published data. The value of the passive
Young’s moduli of the guinea-pig GB have been found to be
between 11 kPa and 88 kPa, and the fitted r–e curve (under
[ACh]¼ 10�4M) for the experimental data is r ¼ 13:825
expð6:6375eÞ kPa [47]. The parameters seem to be somewhat
higher than those from our model (Table 2). This could be due to
the inter-species differences between human and guinea-pig GB.

At the beginning of the GB emptying, the ratio of the active
stress to the passive stress is found to be between 0.2 and 0.6 for
human GBs, and it gradually drops off to zero as the emptying
progresses. A similar ratio (�0.4) is found in the descending tho-
racic aortic wall of dog by Barra et al. [48]. Importantly, Barra
et al. [48] also reported that the total, active and passive stresses
all fit well with an exponential function in the form of Eq. (6).

In addition to the quasi-linear assumption, the other limitation of
the present analysis is that we assume that GB wall is homogeneous
and transversely isotropic. It has been shown that the response of
the strips cut from a GB neck is significantly smaller than that from
the GB body [2], suggesting that the elastic modulus might vary
along the longitudinal direction as well. An interesting study con-
cerning vascular soft tissue with different local Young’s moduli
was carried out by Khalil et al. [49]. How to model such a compli-
cated material is a current research challenge.

We further mention that the biomechanical model of the GB
wall proposed here is only applicable to GB samples that deform as
ellipsoids of revolution. However, in general, not all GB shapes
preserve the cross-sectional symmetry. It is for this reason that the
inverse tracking of the geometries for GB-D leads to noticeable dis-
crepancies along the two short axes (see Fig. 8). More sophisticated
anisotropic constitutive modeling is required to extend our work to
general ellipsoid shapes which are observed in many GB samples.

Our model is based on the assumption that the GB shape is el-
lipsoidal. While this is a clinically accepted assumption, it has
been pointed out that the error between the actual image and an
ellipsoid assumption is around 12.5% [50]. The error in the stress
estimation from more realistic geometries of GB needs to be
addressed in the future.

Finally, we comment that like all soft tissues, GB wall presents
viscoelastic behavior [3], which means that refilling and emptying
follow different loading paths. This should also be addressed in
the future.

5 Conclusions

A quasi-nonlinear approach was proposed to estimate the me-
chanical properties of the human GB wall based on ultrasound
images. The approach is built on an incremental linear material
model by inversely tracking the elastic moduli in the circumferen-
tial and longitudinal directions between two successive pressure
loadings. The analysis was performed on six human GB samples
using ellipsoid models, and the results demonstrated that the
human GB walls are circumferentially stiffer and hence aniso-
tropic. The advantage of the quasi-nonlinear analysis is that it is
easy to match the GB images and to reach converged solutions in
the inverse approach. The stresses estimated by the present analy-
sis are also consistent with those from an earlier linear membrane
model. The estimated elastic moduli are found to be patient-
specific, and the principal stress-strain curve can be fitted well
with an exponential function, which is representative of behavior
of other soft tissues observed in the literature.
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