Spring Workshop on Nonlinear Mechanics

April 4-7, 2011
Xi’an, China

Unified Strength Theory for
Materials and Structures

Mao-Hong YU,
Yue-Ming LI (speaker)

Xi’an Jiaotong University, Xi’an, China

4/19/2011 State Key Lab. for Strength and Vibration Xi'an Jiaotong University



CONTENTS

1 Significance

2 Unified Strength Theory

3 Unified Constitutive Relation

4 Unified Characteristics line field
Theory

5 Application

4/19/2011 State Key Lab. for Strength and Vibration Xi'an Jiaotong University 2



1 Significance> Background
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1 Significance> Strength Theory

Strength theory:

o study the material’s yield or failure law under complex
stress condition,

o provide necessary calculation criterion and safety
criterion for structure design.
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1 Significance> Problem

Mises, 1904

Tresca, 1864

n-plane
yleld point under yield surface under
simple stress state complex stress state

What is the meaning of outer convex limit loci ?
BEXRMOBRENENETA?
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2 Unified Strength Theory

Stress State at One Point

| -

Three principal shear stresses
Three principal normal stresses  obviously t,,= 1,,+7,,
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2 Unified Strength Theory

Single-Shear Stress Concept
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stress state ' principal shear stress T3 = C
(6,, 6,,6,) (TyayTi0,Tos)
1 2" 73 137 %12 %23 Tresca
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2 Unified Strength Theory

Ta

Twin-Shear Stress Concept

0, =03 _ 0, + 05
T3 = O3 =
2 2
T = Oy =
2 2
Ty = Oy =
2 2

SINCe T,,= 1'12+1'23

{2'13 +7,=C when 7, 2>7,,
T, +7,=C when 7, <7,

Vanous polyhedral elements
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2 Unified Strength Theory

For geo-material:

F=r,+7,+pB(c,+0,)=C when F>F
F=r,+7,+pB(0,+0,)=C when F<F

where # - C can be determined with material properties, o, O

,le—a’ C_ 20,
1+« 1+

y (a:Gt/GC)

Convert to pincipale stress state

o o, +0QO0.
F=0 ——(o.4+0.)=0 when o, < 3
1 2( 2 3) t 2 1+a
1
F'=—(0,+0,)—ao; =0, when 022—0'1+0((73
2 1+«
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2 Unified Strength Theory

Mechanical Model of the Unified Strength Theory
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2 Unified Strength Theory

Bounds and region

What is for the region 7 ©

yield loci for metal material limit loci for geo-material
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2 Unified Strength Theory

A parameter b is introduced, and the unified strength
theory is modeled as:

F=17,+br, + (o, +bo,)=C when F > F
F =7, +br, +B(c,+bo,,)=C when F<F

where C. B. b could be determined by tension ¢t~ compressiono. and
pure shear 1o as well as:

ﬂ_l—a C:(l+b)0't, h—_ O

lt+a’ 1+a

(Gt — Ty )O-c

Convert to pincipale stress space:

o o, +ac

F=0,——(bo,+0,)=0, when o, < 2
1+Db 1+«

1 o, +ao

F'=—(0,+bo,)-aoc, =0, when o,>—+1—2
1+b 1+«
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2 Unified Strength Theory

Twin-Shear Theory (b=1, Yu1985)
Single-Shear Theory(b=0, Mohr-Coulomb1900)

7 OB 5 BE B A8 (A% ZE, 1985)
I~ X =B 98 B i (1952-1974)
T By SR AE I 0 (BEUR, 1900)

Non-convex
Failure Criterion

Non-convex Failure Criterion b>1

Limit Loci of the Unified Strength Theory at Deviatoric Plane
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2 Unified Strength Theory

f =r,+bry, +:8(513 + bo—lz):C if 7, + oy, 27, + B0,

f = T3t b7y + ﬂ(o-13 + b0'23)=C if 7, + B0y, <7, + 0,
[ reflects SD effect, D reflects pure shear property.

f =0 Metal material
0=0 wp 7,=C Tresca
N=05 =p 75 =C Misesapproximate

f =r,+17,=C if 7,27,

D=1 = . . Twin-shear criterion
=T, + T, =C if 7, <7,

[ #0 Geomaterial
=0 = 7;+pB0,;=C Mohr-Coulomb

=05 =» 7+00,=C Druker-Prager approximate

f=r,+ z'12+ﬂ((713+0'12)=C if 7, + B0y, 21, + o,

D=1 =»

f=ry+ 2'23+ﬂ((713+012)=C if 7, +poy, <1, + 0,

Twin-shear strength theory =
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2 Unified Strength Theory

f 2713+b712+:3(613+b012) if z,+po, 21, +fo,,

=C
f = T3+ b7y, + 13(013 + b0'23)=C It 7, + o, <1, +fo,,

Unified strength theory

B 30 B B (b=1, Yu 1985)
B3 BF 214 (b=0, Mohr-Coulomb 1900)

Three yield criteria

K4 Twin-shear

Mises

Tresca
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2 Unified Strength Theory

Classic Strength Theory Progress

Single-shear
concept —) MOh r'COUIOmb — 1990-

Tresca 1864
Three-shear Strength Theory

concept  ==mp Drucker-Prager —
Mises 1904

Twin-shear Twin shear
concept = Strength Theory
1962. 1982 1985-1990
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2 Unified Strength Theory

Classic Strength Theory Progress

- L RWEEER SB35
2L o &ip reg , 2
(%Eé%eﬁm ) ! %%?%ssiﬁ) (R 1900%) g, (RI%E 1985 )

BRI A8z | ) -
(BE/R-FEAS 1900 4F) AN, P
. l CRPHLIBBEE ) ; : R 4
—> RN Vetie = ) £ —>  f=0
B BY 5% B P 4 (1900) XY BY 5 5 7 1 (1985) % — o B FH 16:(1991) 45— i IR AEN (1991)

single-shear 1900  twin-shear 1985  unified strength unified yield
theory 1991 criterion 1991

Two things were done.
Unified on w-plane, not meridian plane
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New
Yield
Criteria

New Yield
Criterion

New Yield
Criterion

New Yield
Criterion

Single-Shear

Twin-Shear Single-Shear | b=0/ h Twin-Shear =3
Unified Yield C‘.riterion —— / Yield Clriterion \/\ NOD-C;OI]VCX
Yield Criteria | \Non-clonvex’/ Unlﬁed/ ‘Strength Theory
P . -
Strength Theory Yield Criterion|\\ 7
o o3
Si 5 Twin-Sh - a=1
Single-Shear Single-Shear * \‘Str:;:g[h Tel‘zlierory' b<0 b>1
Twin-Shear Strength Theory N
Unified o]
Strength Theory, ==
_ Single Shear _ _ Unified -
Strength Theory Strength Theory /
~ )\/’ \ ~37 /
/
Mohr-Coulomb
!
New ~New Failure ™ New Failure New Failure”
Failure Criterion Critfirion Criterion
Criteria
a=1 ‘ l a=1 l a=1
New -~ - New Yield New Yield
Yield New Yield Criterion Criterion
e Criterion
Criteria ]
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2 Unified Strength Theory> simplicity and linearity A, '

a o +00

F=0,- ho,+0,)=0 o, <L 73
1 1-|—b( 2 3) t  when 92 L+

! 1 O.+00

F: (Gl-l-bGZ) a03:0t’ When 022 1 3
1+b 1+«
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Non-convex

N Failure Criterion !
\\ b<0t Py O,
7 /
N N, /
\ \ /
— e/

Non-convex Failure Criterion b>1
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Twin-Shear Theory (h=1, Yu 1985}

2 Unified Strength Theory>

Unification of Linear Failure Criteria

O<b<l

New
yield criteria

Twin-shear
Yield criterio

Single-shear

1 ield criterio r\

Single-shear

failure criterion
Mohr 1900

Twin-shear

fallure criterion
YU 1985 1985

1991
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2 Unified Strength Theory>

The choice of b depending on the experiments

shear stress ratio and shear strain is defined

N\,
Shear stress \/(01—02)2+(02—03)2+(03—01)2 blo//
ratio o,+o0,'+0, b=0. 5

Shear strain

Ve =2, ) +(e,—&) + (e —2,)

. o 0-5::-
Twin-shear stress T, o0,—0, B
H,=—"—=
state parameter T, O,—0, El
(Yu 1998) I
Experiment results of sands |
- - 0.0
by YOShImIne M(1996) Shear strain (%)
4/19/2011
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2 Unified Strength Theory> convenient for using

It Is convenient for analytical solution and
numerical calculation.

A series of results can be obtained by using the
unified strength theory, including:

Tresca solution,
Mohr-Coulomb solution,
Twin-shear solution,

and a lot of new results.
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2 Unified Strength Theory> convenient for using

Different b for different theory

1100-
1000-
900 -
800
700-
600 -
500
a0 %
300 §
200-
100-

P(N)

—— Unified Strength Theory(b=1.0)
—o— Unified Strength Theory(b=0.5)
—— Mohr-Coulomb(b=0.0)

0 20 40 60 80 100 120 140
&(mm)
Bearing capacity for weightless soil under a plane strain strip load
using unified strength theory (b=0, b=0.5 and b=1).
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2 Unified Strength Theory > experiments

comparing with experimental results

consolidation soll fine sand
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2 Unified Strength Theory > experiments

comparing with experimental results

l E(i 3) — — - unified fracture criterion(} A=L,b=0)
— unified fracture criterion(; A=1,b=1)
unified fracture criterion( A=0.1,6=0) 1 =0.167
unified fracture criterion(; A=0.1,b=1)
— min-J2 criterion

X
T %% 5(\\ . . . . . — S
i ol N — Mmaximum tension stress criterion
2t =4ms

60 - minimum strain energy density criterion 7
| X test point[10] T V et
W

~ 1, = 55ms

- ™~

- -
E ol LA
i 5 /
30 1 / — iRRE R O
] 10 /// - KYHie
o
l ;g\\ ~ ® 77500 1000 100 2000
O 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I :Ki a) ._X ,0—6
93 MBI Y Adhs
0 30 60 0

Comparison of cracked angle with various fracture criteria
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2 Unified Strength Theory > experiments

Normal penetration

—w— b=0.0 I :“
2.5- — 1%
—o— b=0.15 | :::"&‘
— 207 —=— b=1.0 Ais-:i-i‘:.:"'
— 1 —-<&-— test data
é 1.5-
~ i
1.0-
0.5
0.0 T T T T T T T T T 1
200 400 600 800 1000 1200

V, (mVs)

Comparison of penetration deep with test data
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% <1 1- Large aggregates
S S * | 2- Small aggregates
A ZM ggreg

SHWoosl « 3- Water bubble

N S« s | 4-Air bubble

0 % 5- Mortar

K
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under plastic stress conditions under plastic strain conditions

Failure loci of three meso-concrete models
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2 Unified Strength Theory > experiments

[rh(d+h)f

— =— (Jiang-shen,1986)

0307 (S fED=1)

0.28- = R0 5 (AN [11])
0.26-
0.24-

d

O
N
P

0.20-
0.18-
2 0.16-
0.14-
0.12-

O- 10 _ T I T I T I T I T ]
0 2 4 6 8 10

strength theory calculating value comparing
with test results for concrete plate punching
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3 Unified Constitutive Relation

3.1 Elasto-Plastic Constitutive Relations

Treatment of coner singularity Treatment of coner singularity
for single-shear theory for twin-shear theory
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3 Unified Constitutive Relation

Unified Strength Theory Full view of platic strain increments

Coner singularity treatment of unified strength theory
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3 Unified Constitutive Relation

3.2 Elasto-plastic FEM Analysis

The unified strength theory can be expressed by stress
Invariant and stress angle.
The expression can be rewritten as:

1/2

F:(1+a)2J COS«9+a(1_b)J1/25|n6’+—(l a)=o
2 t

J3 1+b
1/2
_(i—s+a)‘]\/§ COSH+(0{—I—%)J1IZSII’](9—I-—(1 a) =o;
+ +
H:l 0513\2/§ Js

J;
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3 Unified Constitutive Relation

oF ) (6F )"
[D ]_ [De]{ag}{ag} [De]
|—|'+{65} [De]{aﬁ}
oo oo

—1 _OF _oF al, oF 0(3,)"" oF o0
dc oo oo 0, oo 06 oo

[Dep] —

where 5 —
O ={0,,0,,0,:T 1Ty Ty

yz? T yx?

00  —4/3 1 33, 33, a(I)"?
oc 2sin30| (J,)¥? oo I oo

o — Clal +C2a2 —I—C30(3

where 5T -% v _ 0(J3,)"*  — 1 _ 9,

oo oo oo
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CoF 1

C,=—==(-
1 al, 3( a)
—— oF ctg36 oF
C. = :
2 a(J2)1/2 + (J2)1/2 o0
- (1+%)%cos€ + aﬁ:bb) sin @ + ctg36 - { (1+ a/Z)%sine B
C,=—— V3 3,2-8F=— ‘@ |-+ % Lsing 2U=P
2sin36(J,)** 06  2J,sin36 2" 43 1+b
- L g
o, 3
cl - oF . _Ctg30 oF
2 a(J2)1/2 a(Jz)l/Z 69
2-Db cosd b | . 2-b sing b
=(——+a)——+(a+—)sind+ctgdl | -(——+a)———+ (¢ + ——)coséd
(1+b “) J3 (a 1+b) : {(1+b a)\/§ (a 1+b) }
- V3 oOF B3 2-b . sing b
5= 253000, 06~ 23,sn30 | \1ab TPz Tt %Y
1 - 1 . 1 .
0 __ 0o 0 __
C1 _E(Cl_l_cl) Cz _E(Cz +C2) Cs _E(Cs"'cs)
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4 Unified Characteristics line field Theory

4.1 Unified Slip Field Theory for Plane Strain Problem

4y
g
\ * 0.00 2
q=rD :‘:‘W&&Wﬂ\k\\t&o‘o"0‘0‘0‘0‘0‘0‘0‘0‘
3 R RIS
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/ “‘
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18'502
g
K=}
S
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B »l
» 0.00
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“WM‘:‘%‘%i‘?ﬁ\\ﬁ}:‘&&:‘:‘:‘:‘:‘:‘:‘:‘:‘0‘0‘0‘0‘0‘0
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wedge-type model limit load 252.38 when b=1
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4 Unified Characteristics line field Theory

6000

2000

4000

3000

2000

1000

! h=0 b=0. 2 h=0. 5 h=0. 8 b=1.0

Single-shear solution

Unified solution of bearing capacity for Rough footing (/i 528 4 ¥ KE)

Twin-shear solution
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4 Unified Characteristics line field Theory

5000

4000

3000

2000F

1000

0
b=0.0 b=0.2 b=0.5 b=0.8 b=1.0

Single-shear solution Twin-shear solution

Unified solution of bearing capacity for Smooth footing (€ 5E45t1)
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4 Unified Characteristics line field Theory

4.2 Characteristics Line Field for Plane Stress Problem

1.4
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4 Unified Characteristics line field Theory

q
Y Vo 400405 §1.0 415 42025 30 35 40 "M
TAT o ; T
g::/2¢ ahl
0.8
1.0 B
1.2 7
2 | Unified solution: serial results of bearing }
o0 capacity for circle foundation
] /EI ;B
1.8 -
Twin-shear solution }
1.6 - Single-shear solution }
1.4 7 — "7 Characteristic line Comparison of the FEM
o with Characteristics field
12 °~ Finite element
' theory
1.0 , ,

T

0.0 0.2 0.4 0.6 0.8 1.0
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5. Applications> Analytical Solution

Plastic Analysis of Plate

Plastic Elastic
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5. Applications> Analytical Solution

[A series of solutions obtained by

using the unified strength theory 0=1.0
2.6 - \e—""" o=0.9
0=0.8
=0.7
24- 0=0.6
E 2.2 1
a
o 20
184 | One solution obtained by using the }
Mohr-Coulomb strength theory
1.6
00 02 04 06 08 10

b
Limit pressures for thick cylinder with the parameter b
of the unified strength theory
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Thin-wall Pressure VVessel

27
2.6—-
2.5—-
24-

2.3

p.D/(to;)

2.2

2.1+

20

1+b 4t

Pe = S b_ab D

o=1.0

0=0.9

0=0.8
0=0.7
0=0.6

0.0

Relation of limit pressure to parameter b

0.2 0.4 0.6 08
b

1.0

9

===/}
Yo

t[c)/(pD)

0.50 —
0.48 —
0.46 —
0]
0.42 —
0.40 —

0.38 1

stress state

s 2+2b—ab pD
~ 1+b  4o]

0=0.6
0=0.7
0=0.8
0=0.9
o=1.0

a series
solutions

0.36

Relation of wall thickness to parameter b
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Plastic limit load of plate

62— (b from 0 to 1)

GOM b

00 01 02 03 04 05 06 07 08 09 10
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5. Applications> Analytical Solution

'- q
EEERERRRRERIRE R REEREREERRENER]

|
DRI ' —

1.0 08 06 04 02,00 02 04 06 08

1

0.2‘ /
X 0.4 7

Internal moment fields with
loading radius d=a

' q
REEREREERRRRR R RRERIRERRERENEL]

|
r/a

- 10 08 06 04 02,00 02 04 06 08 10

0.2
0.4
0.6
0.8

caves o b=03 12,
o O . o
W = W/ W,
Velocity field with

loading radius d=a
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5. Applications> Analytical Solution o

1| 8o, 3+bo, 1
a)e = — ) =
2\ (B+v)p 2+b p 1 Rotating discs and rotating
cylinders
: wpa~/ p/oy
wa/ p/o, 1.90 -
-
1.8 {/—"‘_ 1.85
/ = é _— d=a
1.7 1// 180 ~
7 5=0 g —
16 175 | e
3
1.5 1.70 A S S . SN SO —
0 0.2 0.4 0.6 0.8 d/r 0.0 0.2 0.4 b 0.6 0.8 1.0
Relation of the angular velocity to Relation of the strength theory parameter b
the radius of the plastic zone to plastic limit angular velocity
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5. Applications> Fracture

Unified solution for the plastic zone at crack tip:

when @4 > gb

when @ <@, 6, =2arcsin

2+«
7 \\
( |
®/, o/®
[
01 \ 0.2
\
\
]
\\ /// (04 :1
-0.25 -0.25%
a=1.0
Plastic zone for mode | crack Plastic zone for mode | crack
In plane stress In plane strain
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5. Applications> Fracture

04 [

Plastic zone of crack tip for
Mode Il (plane stress)

Plastic zone of Crack tip for
Mode Il (plane strain)

0.7

—04l o = 1
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5. Applications > Multi-scale computing

1000
A simple elasto-plastic analysis example
800 r
a
> 600 O
Y,  Aluminum ! o,=00
3 E 400 [ 2 =
) 5 = Tresca
: : -+ Mises
N ,E"\ 200 | = TSS
: 0 L . .
0.000 0.002 0.004 0.006 0.008
micro unit-cell _ Strain
The sample model: macro and meso fiber direction
600
500 r
@ 400 F
H = 9,
Stress—strain =
@ 300 | _
o o =00
CU rVES % 200 | = Tresca
—+ Mises
= TSS
100
£
TRESCA CRITERION MISES CRITERION TWIN SHEAR STRESS 0 .

CRITERINN

0.000 0.002 0.004 0.006 0.008 0.010 0.012

Tresca von Mises twin-shear Strain

: transverse direction
Plastic zones
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Plastic zone when b=0 Plastic zone when b=1
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5. Applications> Numerical Solution

Q\\ \__ Il ”/ Z

Unified Yield Criterion —
_ 7T TS
. (@) a=1, b=1
O B ©= =
o e ] \\\\
() a=1, b=0.5
a=1

(;:) -a=l, b=0 (Tresca)
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UST: b=0 UST: b=0.5 UST: b=1
(Mohr-Coulomb)

Plastic zone of weightless soil under the same load
by using the unified strength theory
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Underground cave and Principal stress trace around
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5. Applications> Numerical Solution

Plastic zone of rock excavation
(A large power station at
Yellow River) > F:444 "B z
b=0 (Mohr-Coulomb theory) 4 Kad c
h % |
n -
IR
122477 Bt
L A Plastic zone of rock excavation
Q 4 “ (A large power station at Yellow
<1 River)
2 0aCata b=1 (Twin-shear theory)

4/19/2011 State Key Lab. for Strength and Vibration Xi'an Jiaotong University 55



5. Appl Ications ( Ship lock of the Yangtze Three Georges )
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Plastic zone of excavation b=1 (Twin-shear theory
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5. Applications> Numerical Solution

Deformation Analysis of foundation
of Big Goose Pagoda
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;\ w/ Z% ,Z \ Xi’an City Wall
- e/

(a) (1)
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(a) Twin- shear (b) Single shear
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5. Applications> Numerical Solution

Shear strain spread
with several yield
criteria for a slope

UST with b=1.0
(Twin-shear theory)
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Summary

New
Strength Theories w Twin-shear
for Materials : i New failure criteria 4 | asisemion
Single-shear ‘ O<b<1l ‘

allutre criteri Twin-shear
1900 failure criterig

Unified Strength Theory 198

Bingle-shea

Numerical@ Plastic

Analysis analysis
of

structures@ structures

Rock-Soil Concrete Metal Plastic Material
Mechanics Mechanics Mechanics Mechanics

i Plane Plane
Strength Theories — strain

for Structures problems [l problems il problems
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Evaluation

SRAFIIE Griffith K H%

“The UTS (si—mE# W) is advantageous over other failure
criteria because it encompasses all other established criteria as
special cases. Or, such criteria are merely the linear approximations
of the UST. Moreover, the parameters of the UST are easily obtained

by experiments. ”

Xuesong Zhang, Hong Guan, Yew-Chaye Loo (Dean, School of
Engineering, Griffith University Gold Coast Campus, Australia)

“UST failure criterion for punching shear analysis of reinforcement
concrete slab-column connections”.

: Computational Mechanics — New Frontiers for New Millennium,
Valliappan S. and Khalili N. eds. Elsevier Science Ltd, 2001, 299-304.

“G— BB S MENZ A ETEAS TR LD ERY M

MW FEABAMEAFFH, NERFE —REIEIRHELMEL. I, F—IEE
ISR AT BRSNS 5 S5E. 7
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Evaluation
¥k T KR

“The beauty of the twin-shear-unified strength theory is her feasibility
In difining the convex shape of the surface. Setting the value of the
controllable convex parameter b to 0 or 1 yields the lower and upper limit
of the convex shape function. For any arbitrary value of b, the shape
function can be written in the following form:

Fan S. C. and Qiang, H.F. ,

“Normal high-velocity impacton concrete slabs-a simulation using the
meshless SPH procedures”.

Computational Mechanics — New Frontiers for New Millennium,
Valliappan S. and Khalili N. eds. Elsevier Science Ltd, 2001, 1457-1462.

“WEI g —iaEIRIe R AT AEREINEARETR AT TS, BUATE
HIHIMNOZHbA0EL], FAISHIMNARRER A NIRA LR, KRR AIS
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Spring Workshop on Nonlinear Mechanics

April 4-7, 2011
Xi’an, China

Thank you
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