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Sunmmary

The results of a theoretical and cxperimental investigalion info the nonlinear, planar prapagation of an acoustic signal
in o cylindrical air-filled tube is presented. Assuming weakly nonlinear propagation and the distance of propagation

smaller than the shock formation distance, the validity of the generalised Burgers

,

expansions. The deduced peneralised Burgers’ equations are solved whefever the boundary conditions are, with g
numerical finite-difference method and using a harmonic balance method. Two cases are investigated expertmentally:
the purely progressive case, and the standing wave with an unknown lermination. The resufts are compared successfully
with theoretical predictions on the three first harmonics of a periodic signal in a high degrec of accuracy, when the
effects of the thermoviscous dissipation and of the non-linear propagation have the same order of magnitude.

PACS no. 43,25.00, 43.25.;, 43,25,

1. Introduction

For small amplitude disturbances, the plane wive deforna-
tion during PIOPAgATion i an acoustic wave gutde is mainly
controlled by thenmeviscous losses in the wall boundary jay-
ers, In the last century, Kirchholf 1] proposed a description
oflinear sound propagation in guides. Fromthis work Zwick-
ker and Kosten [2] obiained a general solution of the problem
in w-space including bath absorption and dispersion due 1o
these thermoviscous effects along the tube walls,

s well known that for high amplitude disturbances, the
acoushic wave can he highly distorted {3) [4] leading 10 shock
tormation (see for cxample the unexpecied shock waves oh-
served in musical brass Imstruments, Hirsehberg et al (5],
Gilbert and Petiot [61). These kind of spectacular effects
cannot be explained with linear acoustic approximations. The
present works deals with weakly nonlinear acoustic propa-
gatiun (acoustic velocity much smaller than the speed ol the
sound} in cylindrical ajr-filled 1bes,

Local small nonlincar perturbations of the acoustic wave
dueto high sound levels are cunlative along the Propagation
and may distort the wave form considerably at sufficiently
large distances, Work in nonlinear propagation in Iree space
has previously been subjected Lo extensive investigations be-
cause of research in underwater acoustics using ultrasound
Or more recently bivacoustics. We can cite Whitham [7),
Kuznetsov [8], Blackstock 9], Rudenko and Soluyan [10].
Coulouvrat [11] presents an exhauslive review of works corn-
cerming the propagation of an acoustic beam in a thermo-
viscous Muid. The noniincar propagation of a plane wave
(uni-dimensional Propagation} in a perfeet fluid is solved
with the method of Riemann mvariants. Taking into account
volumetric losses leads to a description of the wave in the
neighbourhood of the shock,
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In duets, theoretical foundations of nonlinear wave propa-
gation with wall friction can be found in 112]. Chester derived
nonlincar equations and solved them using a perturbation
method. Nenlinear equations are usually sclved for specitic
cases, c.g, progressive waves [13, 14]; closed tuhe wilh a
tigid lermination |12] ar open tubes [15]. The aim of our
study is to solve the nonlincar cquations in a tube not only in
specific cases bul with any pertodic source anc any lermina-
tion,

A classical perturbation method can lead 1o unsatisfac-
toty resulls because of cumulative effects: » small local phe-
nomenon can become pereeptible at sufficienty larpe dis-
tances. A good description of cumulative elfects is obtained
using a Muliiple Scale Method {(MSM)), which scparates non
cumilative effects remaining negligible, and cumulative of-
tects. This leads 10 generalized Burgers’ equations. The cffect
of boundary layer losscs is taken into account by a convely-
tton product {Blackstock (8]} which can he formally written
with a fractional derivatjve (16, 14).

Experiments in tubes were performed by Cruikshank [17]
in a closed tube (results are compared with Chester*s theory
L12]). Sturlcvant [18] {closed and open tubes) and Zaripov
and lhamov {19] (closed tubes, higher oscillations). Gacte-
Garreton and Galiego-Juare; (207 studicd the progressive
wave. Morc recent experiments were perforined by Maa and
Liu [211in closed tubes.

Thae objective of this work is 1o give solutions of 4 standing
weakly noniinear acoustic wave propagating in a cylindrical
gwide, filled with a thermo-viscous fluid {ar), with a good
accuracy, within a certain validily domain (sec figrure), what-
ever the boundary conditions and not only closed tubes or
open tubes or sinusoidal sources. At aur knowledge, this has
not been done before in such CXICNsive cases, Boundary con-
ditions at one end are acoustic pressure or velocity (a periodic
signal which is not necessarily sinusoidal) and impedance or
acoustic signal at the other end. In a first part, hypotheses
and approximations arc studied. The order of magnitude of
all variables as well as their spatial variations are discussed.
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The validity domain of each approximation is studied. This
will be useful to verify the agreement hetween the validity
domain of the theoretical solutions obtained and cxperiments
performed (typically frequencies of the arder of | k Hz, a ra-
dius of the order of 1cm and sounds levels around 150 dB).
Equations of conservation {mass, momentum and energy)
are then written and rendered dimensionless separately in
the acoustic boundary layer and in the main acoustic flow.
Dimensionless numbers appear in front of each term in the
equations and are characteristic of the order of magnitude
of the correspending terms. A perturbative calculation us-
ing asymptotic expansions is then performed. Equations are
simplified and averaged over a cross section of the main
acoustic field of the tube. An asymptotic matching with the
houndary layer is then performed, lcading to nonlinear prop-
agation equations similar to these obtained by Chester [12].
The application of the Multiple Scale Mcthod leads ta two
Burgers’ cquations in Lhe case of a standing wave. These two
Burger’s equation are independent of each other: it is possible
to consider the standing wave as the sum of two independent
progressive waves. Lach progressive wave is governed by
one of the independent Burgers' equations. This is obluined
because the interaction between the Iwo progressive waves
exists locally, but according to the MSM it does not cumu-
late, and thercfore stays negligible, This is 4 new and origi-
nal resull, not obtained before 1o cur knowledge. Resolution
of these Burgers’ equations is perlormed numerically from
two boundary conditions {impedance or signal imposed) at
both ends of the wbe. A harmonic balance method (Nowton
Raphson) is used to caleulate the two traveling waves. The
signal at any point in the tube is then deduced and compared
with experimenis (see also Menguy et al. [22]). The dis-
crepancy between theory and experiments is of order 0.1 dB
lor the Tundamental and the harmenic number 2. and within
0.5dB for the harmonic 3.

2. From the fundamental equations to the nontinear
tquations of acouslic propagation

2.1. Hypotheses and dimensional analysis

The motion of a ¢lassical Quid is governad:

by the conservation laws {rnass, momentum, and energy
conservation);
* by relations and conditions who specily the mechanical
and thermodynamical properties of the fluid;
* by the geometry and boundary conditions.
The fundamental conservation equations arc as follows
(see [or example [23, 10, 24]).
The conservation of mass is:

95 =
—=tdiv(gu) =0, 1
P (pi) ey
the conservation of momentum is:
@

o -~ 1
Py = —gradP +(r)+§u) grad(dile’) AT {2)

and assuming the heat flux satisfies the Fourier law, the con-
servation of energy is:

,52""%‘3: = Fy+ ka AT (3

Fy is the rate of dissipation of mechznical energy of the
fluid. g, 7, ¥, k4, ep, A and w denote respectively the first
and second viscosities, the kincmatic viscosily, the thermal
conductivily, a typical value of the speed of the sound in air,
the wavelength and the acoustic angular frequency @ is the
particle velocity, 5 the specific entropy, T the temperature,
P the pressure and g the volumic density.

Propertics of the fluid are as following. The fuid {air)
Is newltonian, in the laminar regime, in steady state and is
considercd as a perfect gas (the fluid is bivariant). Heat ex-
change satisfies the Fourier law. Relaxation phenemenon are
neglecied. The plane wave assumption is adopted.

The problem is axisymmetric. The axis (Ox) is aligned
along the wbe axis and (Or) along the radius. The axial and
radial components of the acoustic velocity 4, are denoted i,
and &, respectively. The wall of the tube is supposed rigid and
conducts heat perfectly; non slip condition is assumed alang
the walls. On the wall, vetocitics and acouslic temperalure
are therefore equal to zero. These conditions create large
gradients of acoustic temperature and velocities close to the
wall; this region is called the boundary fayer. The thickness
of the viscous boundary layer is £ = \/'r//uu and the ratio of
thic thickness of the viscous and the thermal boundary layers
is Prif with Pr = (120p) / (k) the Prandi number, which
is of order unity (P'r = (.7 for the air; Cy is the specific
ficat at constant pressure). The two regions {(boundary layer
and the rest of the Wbe called matn acoustic ficld’ are studied
scparately.

The dunensional analysis relies on the cxistence of three
dimensionless numbers which are much less than unity;

1 ;
MR e, St o
L#)] Re h
i, B \/'171
Sh=2=/——=«1.
i w i

M is the acoustic Mach number, Re the acoustic Reynolds
number, and 54 the Shear number (sce for example [25]), the
ratto of the boundary layer thickness £ and the tube radius R
(using the large tobe radius approximationy. ugg is 4 typical
value (constant) of the acoustic velocity (for example the
velocity of the fundamental companent near the source).
The conditions which motivate our study relate to frequen-

cies in the audible range, radii of order a centimeter, and high
sound levels (140-160d3B). It can thus be assumed that 1/Re
is around three orders of magnitude smailer than A and ShA-

2 oy 2
M*Re="2 %1 and Sh®Re= (—“) 1

v Rw
The second condition reflects the fact that the wavelength
is large in comparison with the tube radius. Then the plare
wave approximation is easily verified:

It
5y < 0.29.
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Figure 1. Validity domain of the theoretical results. "The tube ra-
dius is 3em, Bach line represents the limit of predominace of une
term over an other. The vertical line is the limit of the plane wave
approximation. Merkli gives the eondition for laminar How.

The former two conditions unply that

T 1 wpt wh
MRe = Ye Foloand S = —w'!—t_ztj— < [,
i) Besh Poch co

This last condition ricans (hat thermoviscous elfeets arc only
boundary layer effeets and not volumeltric losses.
The hypotheses can be summarized as follows:

125 M Shos M* SWE MSh (4)
B 1 Re, MY MESE MSH? 5SS

These orders of magnitude are denoted order 0, 1, 2 and 3
respectively in the following text.

A predominance diagram (sec Figure L} is used 10 ver-
ify the validity domain, The tube radius 15 imposed at 3cm
{our experimenyal conditions) and the competition between
different terms is represented on g logarithmic scaled graph,
pressure [dB| on y-scale and frequency on x-scale. For ex-
ample the line 7% = S means that ahave this line M2 is
predominant compared 10 S, and conversely under. A first
order theory on A and Sh is optimal only under this line
but not above. Nonlinear second order phcnomenon should
be much more important than thertnoviscous boundary layer
losscs above this line, and then the classical exact nonlincar
theory for a planc wave in a perfect fluid (Riemann mvar-
ants) would be more precise. Lines M = 1/(ReSh} and
M = Sh? indicate the limit under which a nonlinear theory
is not useful because nonlinear phencmena are negligible
compared 1o other linear phenomena neglected, such as the
effect of the curvature of the boundary layer or the effect of
volumetric losses, (or example. Lasily, the Merkly condition
&/ rw < 380 — 700) to have a laminar acoustic boundary
layer is valid under the line represenled.

All these condilions are valid in a certain zone (see Fig-
ure 1), and all experimental mesurements are placed on this
graph to verify the validity of the hypotheses.

The fundamental equations (conservation of mass and mg-
mentum) are expressed in cylindrical coordinates, since the
problem is axisymmeiric, The equations are simplified sepa-
rately in the boundary layer and in the main acoustic field by
considering the order of magnitude of each term. For that pur-
pose the equations are converted into a dimensionless form.
The aim is 10 rewrite each term in the form of a variable of
order 1, preceded by 4 dimensionless number characterising
the order of magnitude of the term studied.

The acoustic quantities are locaily of order M. The foliow-
ing changes of variables are made respectively in the maip
acoustic field, respectively in the boundary layer. Dimen-
sional and dimensionless variables are wrilten respectively
with tilde and without tilde in the following text.

2 becomes = pa{l + Mp.},
2= poll + Mpga);
P becomes £ = Fo(1+ MP),
respectively 7 = D14+ MP,):
T becomes T = Toll + MT,),
respectively F = Ty(1 + MTyp)

i becomes u = oo M),

respectively

respectively & = co( Mg, );
S becomes § = S04 M R,5,,
respectively § = So - ME,Sa.

/o Py are the siatic values of #and P in the absenee of
an acoustic field. Hvery indexed dimensionless variable is of
order unity by definition. Only S, is not neeessarily of order
ol unity (it will be pointed out in the mair acoustic field
in the following text) and is therefore noted between {) w
differentiate it from other terms.

The dimensional analysis of the radjal compuonents 4, and
&/élr is not straigh(foward, Their order of magnitude can be
obtained from the linear resuls:

1l = —(-Di Mo, .

e

U bhecomes

Moreover, there arc three different orders of magnitude
among the spatial variables. Thus (2} is set dimensionless
using ¢y /w, and () using R (denored riyor £ (denoted ry )
respectively in the man acoustic field and the boundary laver.

A further problem is 1o render dimensionless the spatial
derivatives. The gradients with respect to r of the variables in
the tube are not all of the same order. I the boundary layer,
forexample, u, varics from 0 at the wali toavelocity of order
of My (the acoustic velocity in the main field) far from the
wall: i, /OF is thus of order of o /&, while 8T, /57 and
O, /87 arc of order T, /€ and Ua /€ respectively. 1, = 0}
on the axis of the tube because of axisymetry of the tube:
thercfore 84, /87 is of order (¥./R) in the main acoustic
fiekl. But natice thal the order of magnitude of 3X/8Y is
ol necessarily the same as that of X/Y: for example the
acouslic pressure varies fittle over the cross-section of the
tube. The order of magnitude of 5150/83* is nat P, /R but
much less. The results of linear acoustics guided our choice
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for the derivatives of quantities. Radial derivatives arc set

dimensionless. Taking into aceount the actual radial variation

of variables in rendering equations dimensionless is where

the present wark differs from Chesters. Doing so improves

the validity of the perturbation method compared with using

only £ in the boundary layer and R in the main acoustic field.
In the boundary layer

a — 1 4 pow 3
o P I N il
5, becomes € Bro;  Bro

applied to 17, 54, oy g, and v,

a b i 11 8 1 Fold 3
-—  becomes —— SO, |l
ar Re & Orpa bits i Orys
applied to P,
and in the main acoustic field
il ' 1
- becomes — —
T Ror,
apphied to v,
J : i1 a 1 pals &
LN Y. - . ot
a7 becomes Re & Gro Tie s O

applicd 107, 5., Py, po, and u,,.

. F 7
with ry = T rp1 = = and ryy —

.';,'

£ Reg’

Then, conservation faws (13, (2) and (3) are written dimen-
swonless in cylindrical coordinates, both in the boundary layer
andin the main acousnic lield, The order of magnitude of each
lerm is therefore given explicitely by u dimensionless num-
ber. Ithecames easy to justify the reason why one lerm or one
cllect should be neglected or not. Equations can therefore be
rigotausly simplified, and the order of magnitude of cach
neglected ternt is known. Obtained equations arc then solved
in the houndary layer and matched asymptotically with the
main acoustie field. An averaging across a section of the tube
leads to two non lincar equations (see Appendix).

12 Nonlinear equations of propagation

The seting of the nonlinear equations with only two variables
it atel g, leads (o (see appendix A, and equations (Ad3)and
(Ad4):

%oy Z((1+ bpayua)
- 25h(1+ L%:)%';" + %
" 1
= oM, sk, R—(@) (5)
3; % Mu,,%i; +(1+ Mpﬂ)“”z%%
=053 ) ©)
Notice that if the variable
e={1+ M,uo)z‘i_’_1 (7

is introduced, multiplying (5} by M (14 M p)(*~3)/2 and (&)
by M, an addition and a subtraction of the two equations lead
to two propagation equations (* is the convolution product):

{:%HMH_JEC)%}(Mu:h 72_‘:1)
v — 1y Gu 1

v )as Vat

+0 (Mﬁsn, MSh?,

i :tQMSh.(l %

Rﬁgh)‘ (8)

These are close 1o equations obtained by Chester [12] in their
dimensionless form.

Two puints are different from Chesler’s equations.
(1) Neglected terms are there evaluated, and appear in the
right hand side of equation {8}. For example, nonlinearitics in
the boundary layers are of order (M2 Sh) and the cffect of the
radius of curvature in the boundary layer is of order { M Sh?)
Notice that no terms { AM™) with n integer are neglected: this
cquation is cxact on propagation nonlinearitics in the main
acoustic Reld. The evaiuation of neglected terims leads 1o the
vahdity domain of equation (8) (sce Figure 1).
{2) Volumetric losses are obtained by Chester [12] but do
not appear in equation (8). Only thermoviscous losses in
the boundary layer should be kept and not volumetric losses
(a8 far as shock waves have not appearcd). This conclusion is
ohtained by the evaluation of order of magnitude of the di fler-
cnt terms: valumetric losses (of order { 1/Re)) are neglectible
compared to other neglected terms such as non linearities in
the boundary layers for example (of order (M2Sh)).

3. Burgers' equations and solutions

3.1, Burgers’ equations

Equations (5) and (8) arc spatially local equations (on x).
But nonlincar phenomena and losses are cumulative: even
if effects are locally of order M ar ST, these eliccts can
increasc along propagation and can distort the acoustic signal
strongly if the tube is long, even if M is small (M <« 1). A
classical perturbative calculus 1o solve equations (3} and (6)
is based on an asymptotic expansion, and will not correspond
any more Lo physical problems, because higher terms become
to large, An adapted methed for cumulative phenomena is
necessary: it is the Multiple Scale Method (MSM), which
permits a good description of the distortion of the wave usntil
distances © = O{1/M) (distance of order of the critical
shock wave distance). M and Sh are considercd to be cach
other of the same order in this part.

8/0z is replaced by 9/8z + MO/OX with x the rapid
scale and X the slow scale, where X = Az

An cxpansion of the variables in the small parameter A4
is:

Pa = pln+MP2a+O{M2);
Jii= P[,,-F—MPZQ-I-O(MZ),
Ua = U1 + Muy, + O(M?).






























