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Abstract

An element-wise, Locally Conservative Galerkin (LCG) method is employed to solve
the conservation equations of diffusion and convection-diffusion. This approach al-
lows the system of simultaneous equations to be solved over each element. Thus,
the traditional assembly of elemental contributions into a global matrix system
is avoided. This simplifies the calculation procedure over the standard continuous
Galerkin method, in addition to explicitly establishing element-wise flux conserva-
tion. The elements are treated as sub-domains with a weakly imposed Neumann
boundary condition. The LCG method obtains a continuous and unique nodal so-
lution from the surrounding element contributions via averaging. It is also shown
in this paper that the proposed LCG method is identical to the standard Global
Galerkin (GG) method, at both steady and unsteady states, for an inside node.
Thus, the method has all the advantages of the standard GG method while explic-
itly conserving fluxes over each element.

Several problems of diffusion and convection-diffusion are solved on both struc-
tured and unstructured grids to demonstrate the accuracy and robustness of the
LCG method. Both linear and quadratic elements are used in the calculations.
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1 Introduction

Local conservation is a desirable property in numerical modelling of engineer-
ing problems. Finite volume methods are known to conserve fluxes in a given
dual cell around a node. The finite element form for an equation of the type
OF;/0x;, may be written for a sub-domain surrounding a node as
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For the Galerkin approximation, the sum of the derivatives of the weight
function surrounding an inside node a is zero and thus the flux is conserved.
An argument similar to the one in Equation 1 can also be used for an in-
side element. However, the standard finite element formulation is carried out
by canceling the opposing fluxes on the inside edges, resulting in a globally
conservative form if the boundaries are Neumann type [1-6]. Though such
standard procedure implicitly conserves local fluxes, explicit conservation of
local fluxes is only obvious if the flux terms at the element edges are retained.

Recently, the Discontinuous Galerkin Method (DGM) has received a great
deal of attention [7—19]. A decent overview of the topic is given by Cockburn,
Karniadakis and Shu [17]. Despite favourable properties such as local con-
servation, natural extension of the method to any order approximation and
discontinuity capturing at domain interfaces, DGM method is more expensive
than continuous or global Galerkin method. The excessive number of freedoms
and the higher cost associated with it are often blamed for DGM’s lack of in-
terest within the engineering industry. Thus, it is not surprising researchers
are looking for a DGM with a structure of continuous Galerkin method [20].
However, we believe that it would be easier to modify a continuous Galerkin
structure to adopt a discontinuous path [21|rather than adopting DGM to de-
velop a global Galerkin structure. This way, existing industrial codes can be
modified to accommodate the changes without resorting to complete revision
of the codes. The proposed element-by-element approach, in theory, is iden-
tical to the standard Galerkin method apart from the global boundaries and
easy to implement. At global boundaries, an extra Neumann condition is ap-
plied to make the method explicitly conserve fluxes both locally and globally.
Such a procedure allows the elements to be treated as individual sub-domains.

Though the work of Hughes and co-workers [5,6] rekindled the conservation
issue of the finite element methods, element-by-element solution of the con-
servation equations, using a standard Galerkin structure is not addressed.
Our previous work proved that the element-by-element solution is possible
via postprocessing the fluxes at every time step[21]. This flux is then weakly
imposed on element boundaries and this allowed the computational domain



to be broken down into a series of elemental sub-domains. Though reasonable
accuracy was achieved previously, the approximations used for postprocessing
did not allow a direct comparison with the global Galerkin (GG) method. In
the present paper, we have adopted a more standard form for linear elements
to prove that the LCG method is identical to the GG method for an inside
node. In addition to providing results using linear elements, we also have ex-
tended the study to quadratic elements. We have also discussed some better
ways of postprocessing the fluxes for quadratic elements.

The paper is organised into following sections. We define the problem in the
following section. We describe the LCG method and compare it to the global
Galerkin method in Section 3. The implemented approach is thoroughly tested
on steady state heat conduction and scalar convection-diffusion in Section 4
using quadratic elements. Influences of various factors such as source terms,
mesh variations and time discretization are also investigated in Section 4.
Finally, Section 5 draws some conclusions.

2 Problem Statement

The conservation statement of a scalar variable, ¢, may be written as
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where 3 is a constant, F; are the flux components in the directions z; of a
Cartesian co-ordinate system and () is a source term. Generally F; consists
of both convective and diffusive flux components, but it can also be purely
diffusive or convective. The solution of this equation is sought over . To
complete the problem, information on initial and boundary conditions is also
required and is taken to be given in the form

p(x,t =0)=¢o(x) Vx€Q
¢p=¢(x,t) on Ty and
F,=F(x,t) on T (3)

Here the domain boundary, I', of €2 is decomposed as

I =T,UTy (4)

where I'y, and I'f represents the Dirichlet and Neumann partitions.



3 Global Galerkin and Locally Conservative Galerkin (LCG) Forms
3.1 Global Galerkin (GG) Discretization

The variation of the scalar variable over an n-node element is approximated
as

— Y Nigo = N@ (5)
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where ¢ is an approximation of the scalar quantity and subscript a indicates
nodes. Using the method of weighted residuals, Equation (2) is written as
(source term is neglected for simplicity)
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where w,(x) are the arbitrary weighting functions. Performing integration by
parts to the RHS term of Equation (6) gives
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where n; are the components of the outward normal vector to the boundary.

3.2 Locally Conservative Galerkin (LCG) Discretization

In the LCG method the variable and its fluxes are explicitly conserved over
each individual element. This is achieved through the calculation of a nu-
merical flux at element boundaries. This also ensures that continuity between
neighboring elements is maintained. Such a process is equivalent to treating
the global domain as a group of elemental sub-domains; each with its own
set of time-dependent Neumann boundary conditions prescribed at each time
step. With a numerical flux being available at the element edges, Equation (7)
is rewritten in the LCG form for solving over an elemental subdomain €2, as
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Fig. 1. Flux crossing a common edge between two elements

The boundary integral term of Equation (8) is approximated with a computed

value of flux, F}, across the element edges.

The flux boundary condition at the element edges is weakly enforced by mak-
ing it equal and opposite as shown in Figure 1. A post-calculation is made at
the end of each time-step to obtain the interface fluxes on each of the element
edges. Using the computed edge flux on the element boundaries of adjoining
elements, the following condition is enforced:

Felnel - F92ne2 (9)

The subscripts are defined in Figure 1. Some procedures for estimating this
flux is described later. The matrix form of Equation (8) is written as

SIM{A®} = At([Ke]{®}" + {fr.}") (10)

and the system of simultaneous equations are solved over individual elements
independently of surrounding element equation sets. An implicit solution pro-
cedure is also possible and is obtained by treating part of the flux term im-
plicitly to give

[AMe + AK{ @} = [M{®}" + At{fr, }" (11)

In both the explicit and implicit form (given by Equations (10) and (11)), the
mass matrix, M, may either be lumped, or kept as a consistent mass matrix.
For simple linear-triangular elements M, can be lumped by summing-up the
rows. Lumping quadratic-triangular elements in this way gives zero diagonal
terms. An alternative is shown in Figure 2 [22], which is used in this paper.
This procedure treats one quadratic element as 4 linear elements for lumping
the mass matrix.

A situation of multiple solutions being calculated at global mesh nodes is elim-
inated by taking an arithmetic mean of nodal values obtained from different
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Fig. 2. Lumping parameters for linear and quadratic triangles

elemental contributions to a node. This is necessary as it provides a unique
solution throughout the domain.

3.8 LCG Methods for Convection Dominated Flows

To overcome difficulties at elevated values of Péclet numbers, suitable dis-
cretization of the convection-diffusion equation is needed. Standard methods
such as Streamline Petrov-Galerkin (SUPG) and Characteristic Galerkin (CG)
can readily be employed using LCG discretization. The extra stabilizing or
higher order terms resulting from the discretization are treated explicitly and
locally. For the SUPG method, special weighting for transient terms is not
used. In addition, the third and higher order terms are neglected.

3.3.1 SUPG Method
The following weighting function is used For SUPG stabilization [23]
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where, for linear triangles the optimal value of « is given by

a = Qup = coth (Pe) — (Pl@ (13)

and the element Péclet number, Pe, is calculated from

Pe = \Ij}]{h (14)

here h is the element size, there are a number of ways of calculating element
size. For a known, unchanging velocity field, the element size can be computed



in the streamline direction [23,24], and will only need to be performed once
at the pre-processing stage.

Application of the optimal stabilizing parameters for quadratic triangular
elements follows the application of the SUPG method for one-dimensional
quadratic elements [23,25]. Tt involves calculating separate stabilizing param-
eters for the centre and the end nodes. The optimal parameter for the mid-side
node is the same as linear elements and is given by Equation (13). At the cor-
ner nodes the optimal value of « is given by

(2Pe — 1) + (=6Pe + 7)e 2P + (—6Pe — T)e ¢ + (2Pe + 1)e0F¢
(Pe +3) + (=7Pe — 3)e=2P¢ + (TPe — 3)e=4P¢ — (Pe + 3)e=6P¢

(15)

Qlopt =

3.3.2 CG Method

There are a number of variations of the CG method available. Here, we use the
“simple explicit charcteristic Galerkin procedure”, as described by Lohner et
al. [27] and Zienkiewicz et al. [26]. It has been the basis of the characteristic-
based-split (CBS) algorithm [28-30]. Temporal discretization of Equation (2),
using the simple characteristic based procedure gives
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In this form the Galerkin weighting
w, = N, (17)
is optimal and will produce non-oscillatory results, subject to stability con-

ditions. In this work the boundary contribution arising from integration by
parts of the extra second-order terms in Equation (16) are neglected [26].

4 Comparison Between GG and LCG Methods

To carry out a direct comparison between the GG and LCG method, we con-
sider the transient convection-diffusion equation in one dimension without the
source term. In GG form, without stabilization, the assembled nodal equation
for an inside node ¢ (see Figure 3) using linear elements is given as (Equation
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Fig. 3. A typical linear one dimensional element patch

where v is the diffusion coefficient and u is the convection velocity. The mass
matrix in the above equation is lumped to simplify presentation. In LCG
form, we get two equations from the elements connected to the node 7 and
we need Neumann conditions at the element boundaries (node ). The nodal
values of the convection fluxes are calculated at the nodes. However, diffusion
fluxes with second order derivatives are constant over the elements. The nodal
value of such diffusion fluxes are determined by averaging the values over the
surrounding elements. With such a post-processed flux, the equation for the
node i from the first element may be written as (Equation 10)

hi Ao;
?1 Agi = g<¢i+1 + ¢i) + ;:1(@—1 — ¢i)
vl 1
—ug; + 5 hi(@ — ¢i—1) + }72((;51‘4,-1 — ¢i)| (19)

The second line in the above equation represents the convection and diffusion
fluxes at node 7. Simplification gives

hi Ag,
2 At

= g (Pic1 — &) + 221(@—1 — ¢i) + 222(¢i+1 — &) (20)

Similarly the ith nodal equation from the second element is

ho A¢;
?2 Aﬁ = % (¢i — Pig1) + 221(@_1 — ¢i) + 222(¢i+1 — ¢i) (21)

Sum of Equations (20) and (21) gives Eq. (18). This immediately shows that
the GG and LCG methods are identical for an inside node. Same applies to
quadratic elements. However, the diffusive fluxes, for quadratic elements, at
the boundaries are calculated by averaging the two nodal values rather than
elemental values.

To demonstrate the equivalence of the LCG and GG methods in two dimen-
sions, consider a linear element patch as shown in Figure 4. The LCG nodal
equation for node 1 from element 1 may, for the equation type (2) with only
first derivatives with no source term, be written as
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Fig. 4. A typical linear triangular element patch
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Again a lumped mass matrix at LHS is assumed. The last four terms in the
above equation represent the outward edge fluxes at the edges connected to
the node 1 and b} and ¢} are the derivatives of the linear shape functions in x;
and x, directions. The superscripts in the above equation represent the nodes
and subscripts are used to indicate the directions and elements (in the case of
A (area of the elements) and derivatives of shape functions). Substituting b}
and c} values into Equation (22) and simplifying, we get

A Ad
31 Atl F (x5 — a3) + F{ (x5 — 23) + F{(25 — 23)

Py (@] — a) + Fy(a) = ay) + (o —21) - (23)

Similarly four more equations from the four elements contributing to the node
1 can be derived. Adding all such equations results in

A
26(Ar+ s + Ayt Au+ A5) 50 =
Fi(a§ — a3) 4 FY (xy — x5) + Fy (5 — 23) + F (x5 — a5)
+F16<5L°g_17§)+F22(331 1’1)+F3( 331)+F4( 331)
+F25(1_$1)+F26(1_$51)) (24)

The above equation is identical to the one from an assembled GG method
for an inside node. In a similar way the equivalence to the GG method can



1 T T T T
u=1,LCG
GG -——---
0.8 - Exact [} 1
u=5LCG
GG -~——---
06 Exact @ .
o u=100, LCG
ko GG --—--—-
3 Exact
> 04 .
;
02 | B
(oK = -
-0.2 | | | |
0 0.2 04 0.6 0.8 1

Horizontal distance

Fig. 5. One dimensional convection-diffusion problem. Scalar variable distribution
for different convection velocities.

also be proved with second derivatives appearing in the equation. To further
demonstrate the equivalence, three test problems of convection and convection
diffusion are considered using linear elements. More robust tests are provided
later with quadratic elements.

The first problem is the classical one dimensional problem with Dirichlet
boundary conditions prescribed at both inlet and exit. A scalar variable value
of zero was prescribed at the inlet and unity at exit. The variation of the scalar
variable for different convection velocities are shown in Figure 5. Here, SUPG
method was used with an optimal stabilization parameter. As seen the LCG,
GG and exact solution are identical on a mesh with 10 elements.

The second problem considered is again a steady state problem but a more
demanding problem in two dimension. It is a pure convection problem in a
square domain with the scalar variable of zero prescribed along the bottom
side. A small distance along the right vertical side from the bottom corner
is also subjected to zero value of the scalar variable. The remaining length
of the vertical side is subjected to a scalar variable value of unity. All other
sides are natural boundaries. The velocity direction is skewed at 45° to the
horizontal. A 39x39 structured, uniform mesh is used and the velocity direction
is aligned with the mesh orientation. As seen from the Figure 6 that the
solutions obtained from both LCG and CG are identical. The procedure used
here is the CG method.

The third problem considered is the transient pure convection of a hill. This
is one of the difficult problems and we are only interested in comparing the
GG and LCG results for the same input values. The problem definition is as
given by Donea et al. [31] and the results are shown in Figure 7. As seen, for
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Fig. 6. A pure convection problem. Comparison between LCG and GG methods.
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Fig. 7. A transient, pure convection problem. Comparison between LCG and GG
methods.

the same number of time steps (¢t = 27) and conditions, the results obtained
are almost identical. The minor differences between the two results may be
attributed to the extra boundary condition imposed by the LCG method at
the global boundaries.

5 Edge Fluxes for Quadratic Elements

Figure 8 shows a number of quadratic elements connected to an arbitrary node
a in §2. The gradient % at node a, is calculated by taking a mean average of
the nodal gradient values from each element connected to this node. (marked
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Fig. 9. Local edge node numbering for nodal fluxes, the final edge flux is formed
from a weighted average of the nodal values.

grey in Figure 8),i.e;

o= e, e

where ne is the total number of elements connected to a. In general the nodal
fluxes, F;|,, will contain both a nodal diffusive flux component, and a nodal
convective flux component, i.e.,

0
Fl. = Fil, (ajra,um) (26)

Based on a lumped 1D quadratic element, the following weighted formula was
used in the computation of the interface flux along an element edge (see Figure
9).

1
EZE(E’1+4E’|2+E’3) (27)

As mentioned earlier, this edge flux ensures continuity between elements.

12



(a) Mesh C (b) Mesh D

Fig. 10. Finite element meshes

6 More Examples Using Quadratic Elements

Three steady state examples are presented in this section. Since analytical
solutions are available for some problems considered, robust testing of LCG

method on quadratic elements is possible. Comparisons are also made against
the GG results.

6.1 Finite Element Meshes

A number of structured and unstructured meshes have been employed in the
proceeding sub-sections. Only unstructured meshes are shown in Figure 10.
Mesh A is a coarse uniform structured mesh with 200 elements and Mesh B
is a similar uniform structured grid, but a finer mesh with 800 elements (not
shown). The last two meshes, Mesh C, and Mesh D, are unstructured grids
with 266 and 1228 elements respectively.

6.2 Two Dimensional Steady State Heat Conduction

For heat conduction problems the flux is defined as

or
8:1:1-

F=—k (28)

and the scalar variable ¢ in Equation (2) is replaced by the temperature 7" and
coefficient 3 is replaced with pc, (heat capacity). The solution of steady-state
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heat conduction is sought within a unit-square plate, subjected to Dirichlet
boundary conditions on all its fours sides. All the sides except the top side is
subjected to a constant temperature of 100°C. The top side is subjected to
500°C.

The initial temperature of the plate was assumed to be at 0°C. A prescribed
residual error tolerance of 1 x 107% was used to determine the steady state.
The analytical solution for this problem is given by Holman [32] as

2 X (—1)"tl 41 sinh ( #2

where w is the width, H is the height of the plate, T}, is the temperature at
top side and T4 is the temperature at the other sides of the plate.

On each mesh, three different variations of the LCG method were tested.
They are: LCG (explicit), LCG (implicit), and global Galerkin (explicit). In
addition, for each of the three methods, consistent and lumped mass vari-
ations were also used. This produced six different solutions on each mesh.
Results using structured Mesh A are shown in Figure 11 for both consistent
and lumped mass versions. Very similar qualitative results were obtained on
the other meshes.

As seen, all variations give rather smooth temperature contours. Generally
the results are in close agreement with each other. However, closer inspection
of the solutions given in Figure 11 shows that the consistent mass version of
the global Galerkin method is the least accurate and is similar to the explicit
LCG method with a consistent mass. The results obtained from consistent
mass version of the Implicit LCG method are much better showing excellent
symmetry with respect to mid-vertical line. The lumped mass versions of both
the explicit and implicit LCG method and the lumped mass global Galerkin
method are also highly symmetric.

The temperatures computed along the mid-horrizontal and mid-vertical lines
are compared against the exact solution in Figure 12. As seen the lumped mass
explicit LCG method and the lumped mass explicit global Galerkin method,
along with both lumped and consistent mass versions of the implicit LCG
method, give excellent agreement with the exact solution. The explicit global
Galerkin and LCG methods with consistent mass were found to be less ac-
curate on both meshes. Table 1 gives the total CPU time taken by all six
variations to converge to a prescribed steady state tolerance. The major ad-
vantage of using the consistent form of the explicit LCG method, instead of
the global Galerkin version, is that the LHS mass matrix can be inverted by
hand to save CPU costs. This is reflected in Table 1. As expected, both of the
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(a) Explicit LCG (b) Explicit LCG (¢c) Implicit LCG
(consistent mass) (lumped mass) (consistent mass)

(d) Implicit LCG (e) Explicit global (f) Explicit global
(lumped mass) Galerkin (consistent Galerkin  (lumped
mass) mass)

Fig. 11. 2D heat conduction problem using Mesh A.

Implicit LCG methods were the fastest, giving steady state results in under a
second for Mesh A. The lumped mass version of the explicit global Galerkin
was relatively faster than the explicit LCG method with lumped mass. This
is expected as the LCG method needs an extra flux calculation step.

The convergence histories to steady state for all six variations are shown in
Figure 13(a) and 13(b). During the computations it was found that the explicit
LCG method with lumped mass allowed a slightly larger value of time-step
than its global Galerkin counterpart. This can be seen in both graphs as the
explicit LCG method converges at a faster rate than global Galerkin method.
The convergence rates of the lumped mass and consistent mass implicit LCG
methods are similar and much faster than explicit methods.

15
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Fig. 12. 2D Heat Conduction, Comparison of Temperature along centre-lines with

exact solution

6.3 Convection-Diffusion Problems

The first convection-diffusion problem re-examined here is the pure convection
problem with a jump. Again the computational domain is a unit square and

16



10000 LCG explicit (consistent) —— 4

Galerkin explicit (consistent) ———-
Galerkin explicit (lumped) -+

Residual Error
o
2
2

1806

1e08

. - . . .
0 2000 4000 6000 8000 10000 12000
Time steps

(a) Mesh A
10000 fx LCG explicit (consistent)
i LCG explicit (lumped) --—----
LCG implicit (consistent) --------
1.CG implicit (lumped)
Galerkin explicit (consistent) ——--
Galerkin expliait (lumped) -------
1L
s
&
% 001
8
o
0.0001 -
1e-06
1e-08 -
L L L \ L L L L L
0 2000 4000 6000 8000 10000 12000 14000 16000
Time steps
(b) Mesh C

Fig. 13. Convergence history to steady state

the flow is two-dimensional in nature with a constant velocity. The direction
of which is skewed at an angle # to the x; axis. It is used here to further
demonstrate that LCG method can be readily used with established stabilized
methods without any detrimental effect on the solution. The inlet boundary
data presents a discontinuity in the scalar variable, and natural downwind
boundary conditions are placed at the outlet. At the bottom side and small
bottom portion of left vertical side, the variable is equal to zero. The rest
of the left vertical side is subjected to ¢ = 1. We consider solutions to this

17



Table 1
Total CPU times

Method Mesh A | Mesh C

Explicit LCG (consistent mass) 5.75s 12.77s
Explicit LCG (lumped mass) 1.70s 4.81s
Implicit LCG (consistent mass) 0.78s 1.22s
Implicit LCG (lumped mass) 0.81s 1.28s

Explicit global Galerkin (consistent mass) | 51.20s | 154.67s
Explicit global Galerkin (lumped mass) 1.30s 1.91s

problem at angles § = 30° and 45° with £k = 1 x 10~* and |U| = 1, on both
structured and unstructured meshes.

For this problem, CG method is used on meshes B and D. The problem is also
solved using SUPG stabilization, but the contours produced are similar, and
thus the results are not presented here.

The results for structured, Mesh B, are given in Figure 14. At 6 = 45°, the
quality of all six versions are high and differ little from each other. This is
primarily due to mesh orientation along the discontinuity. At § = 30°, how-
ever, the convected discontinuity travels through elements and the computed
contours at this skew angle are not as sharp as the solutions computed at
0 = 45°. At 0 = 30°, the consistent mass implicit LCG method gave the most
diffused solution. The other five versions give better quality solutions and are
in close agreement with each other. The solutions obtained on Mesh D are
given in Figure 15. All six methods give similar results for both 6 = 30° and
0 = 45°. Generally the results on this mesh are more diffused, but consid-
ering the unstructured nature of the mesh, good non-oscillatory results are
obtained.

6.4 Mesh Convergence Properties of the LCG Method

The order of grid convergence describes the behavior of the solution error
as a function of mesh element size h, i.e.,[33]

E=¢—¢=Chi+ HO.T. (30)

A convergence study was performed in this paper to compute the L, error
for various Péclet numbers using CG method. Structured Meshes A and B we
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(a) Explicit LCG (b) Implicit LCG (c) Global Galerkin
(consistent mass) (consistent mass) explicit (consistent
mass)

(d) Explicit LCG (e) Implicit LCG (f) Global Galerkin
(lumped mass) (lumped mass) explicit (lumped
mass)

Fig. 14. Characteristic Galerkin stablized steady-state solutions using Mesh C for
the 2D convection of discontinuous inlet (6 = 30°,45°).

used in this study along with other structured meshes of varying element size.
The problem is again a convection-diffusion problem. However, the difference
here is that a source term of the form

Q(l’l) = 4U1$13 — 12]€$12 (31)

is added to the RHS of the governing equation. At left boundary ¢ = 0 and
at the right boundary ¢ = 1 are imposed. The top and bottom boundaries are
assumed have zero flux conditions. This problem has an exact solution of

$w1) = o (32)

The source term is, for the LCG methods, applied to the RHS forcing vector
of the elemental equation sets. The error E along the mid-horizontal line is
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(a) Explicit LCG (b) Implicit LCG (c) Global Galerkin
(consistent mass) (consistent mass) explicit (consistent
mass)

(d) Explicit LCG (e) Implicit LCG (f) Global Galerkin
(lumped mass) (lumped mass) explicit (lumped
mass)

Fig. 15. Characteristic Galerkin stablized steady-state solutions using Mesh D for
the 2D convection of discontinuous inlet (6 = 30°,45°).

calculated using

B = [ (6~ o) du (33)

xr1=0

Only the velocity in the x; direction is varied to obtain the desired Péclet
number. A k value equal to unity and us = 0 are used.

Figure 16 shows the convergence rates for different values of Péclet number.
The convergence rates are also listed in Table 2. As seen consistent mass
versions of the LCG method produces a third order convergence for the purely
diffusive problem. This is consistent with the rate obtained by Donea et al.
[34] for quadratic elements using the global Galerkin method. As the Péclet
number increases, the convergence rate decreases. At Pe = 50 the convergence
rates for the consistent mass LCG methods are over two. It was also found
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Explicit LCG Scheme (Consistent Mass)

Explicit LCG Scheme (Lumped Mass)
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(a) LCG explicit (consistent mass) (b) LCG explicit (lumped mass)
Implicit LCG Scheme (Consistent Mass) Implicit LCG Scheme (Lumped Mass)
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(c) LCG implicit (consistent mass)

Logh

(d) LCG implicit (lumped mass)

Fig. 16. Lo Rates of Mesh Convergence using Quadratic Elements

that lumping the quadratic element mass matrix, for both the explicit and
the implicit LCG schemes, had an adverse effect on the mesh convergence
rate giving second order accuracy for diffusion and much smaller rates for
convection dominated problems.
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Table 2
Calculated Lo rates of mesh convergence for Pe = 0 and Pe = 50, using quadratic-
triangle elements

Method Pe=0| Pe=10 | Pe=25 | Pe=50
Explicit LCG (consistent mass) | 3.02 2.85 2.22 2.20
Explicit LCG (lumped mass) 2.09 1.84 1.55 0.99
Implicit LCG (consistent mass) | 3.03 2.81 2.79 2.31
Implicit LCG (lumped mass) 2.08 1.83 1.64 1.20
Donea et al. (SUPG) [34] 3.00 2.22 2.16 2.15

7 Acknowledgements

Authors acknowledge Professor K Morgan, School of Engineering, University
of Wales Swansea, for his valuable comments on an earlier version of the paper.

8 Conclusions

The LCG method has been investigated using both explicit and implicit ap-
proaches. Its robustness has been illustrated on both linear and quadratic tri-
angular elements. If the standard consistent way of imposing the edge fluxes
is used, the LCG method is identical to the global Galerkin method except
on global boundaries. However, the LCG method has the advantage of solv-
ing smaller equation sets and it provides explicit element wise conservation of
fluxes. The consistent mass versions of the LCG method have superior mesh
convergence rates compared to that of the other methods.
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