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ABSTRACT

An analysis of the nonlocal parabolic equation

6f(u)
P Uy —Au=-—"——"—"—-=, z€Q, t>0,
®) A U ) de
and its associated steady state equation
6 (u)
S —Auy = x €,
) (o F () da?

with Dirichlet boundary conditons is given, assuming €2 C IR"™ is a smooth
bounded domain, § > 0, p > 0, and f is positive and locally Lipschitz
continuous.

Existence-nonexistence results are proven for (S) when f(u) = e* or e
and € is a ball or a star-shaped domain.

For f(u) > ¢ > 0,n =1, and p > 1, we prove that (P) has a global
bounded solution for any nonnegative initial data ug(x) and any § > 0.

For f(u) = e", n = 2, = B1(0), uo(x) radially symmetric, non-
negative, if p > 1, (P) has a unique, globally bounded solution for any
d>0.Ifp=1, 0< < 8m, (P) again has a bounded global solution.

For f(u) =e*, n=1or 2,if p <1 and é > §* where 0* is critical value
for existence-nonexistence for (S), then the solution u of (P) blows up in
finite time.

u
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1. Introduction

In this paper we consider nonlocal problems of the form

6.f (u)
up — Au = , Q x (0,00),
" A Ty (0:)
u(z,t) =0, x €N t>0,
U(l‘, 0) = UO(Z‘) ) Q
and associated nonlocal stationary problems
0 (u)
“Au=-——%—= , €
(2) (Jo f(w)?
u(z) =0 |, 012,

where f is Lipschitz continuous and positive, p > 0, and § > 0. The set
2 C IR" is a smooth bounded domain, and the initial condition wup(x) is
nonnegative and assumed to be in L?(2). (The last condition is easily
relaxed.)

The following facts follow from the classical theory of partial differential
equations:

1. For ug € L?(), supug < oo, the initial boundary value problem
IBVP (1) has a unique, nonextendable, classical solution on €2 x [0,T")
where either T'= +o0 or T' < 400 and thn% supu(z,t) = +oo.

-4 Q

2. Any solution of IBVP(1) or BVP(2) is positive for z € Q (¢ > 0) with

outer normal derivative 8—]?/' < 0 for z € 0N.

3. For Q = By(0) = {z: |z| < 1},

(a) any solution of BVP(2) is radially symmetric and radially de-
creasing,

(b) if up(x) is radially symmetric and radially decreasing, the solution
of IBVP(1) is also.

Such nomnlocal problems arise, for example, in the analytical study of
phenomena associated with the occurrence of shear bands in metals being
deformed under high strain rates (Burns [6], Olmstead [21], Bebernes and
Talaga [3]), in modelling the phenomena of Ohmic heating (Lacey [18, 19]),
in the investigation of the fully turbulent behaviour of a real flow, using
invariant measures for the Euler equation (Caglioti, Lions, Marchioro, and
Pulvirenti [8]), and in the theory of gravitational equilibrium of polytropic
stars (Krzywicki and Nadzieja [17]). The one-dimensional version of the



model considered here can, for p > 1, be thought of as representing one-
dimensional fluid flows with rate of strain proportional to a power of stress
multiplied by a function of temperature.

Our goal here is to show the interplay of p, the exponent of the nonlocal
term, the parameter §, and the spatial dimension n, both in determining
the existence and non-existence for the boundary-value problem (2), and
in differentiating between global existence and finite-time blow-up for the
initial-boundary value problem (1).

Major emphasis will be placed on cases where the spatial dimension n
is 1 or 2, the nonlinearity is f(u) = e" or e *, and the boundary conditions
are Dirichlet. Extensions to higher dimensions, more general nonlinearities,
and Robin boundary conditions will be discussed at the end of each section.

We note immediately that for Neumann boundary data % = 0 on 0N

there can be no solution of BVP(2) and any solution to IBVP(1) must be
unbounded.

The layout of the paper is as follows. In Section 2 we show that solutions
for BVP(2) on any star-shaped domain cannot exist for spatial dimensions
n > 2 for § > §* where §* depends on p,n, the volume of €2, and a constant
which “measures” the shape of the star-shaped domain 2. In Section 3,
we obtain explicit existence-nonexistence results with multiplicity for the
case when (2 is a unit ball in IR®. In Section 4, for n = 1 and 2 with
2 = B1(0), conditions are found under which global bounded solutions for
IBVP(1) exist. The question of finite-time blow-up for IBVP(1) is addressed
in Section 5.

Our results when applied to the one-dimensional shear band formation
problem give the following interesting information. The model developed by
Burns in [7] is IBVP(1) with f(u) = e%, p = 1, and spatial dimension n = 1.
By Theorem 4.1, we have global existence of a unique bounded solution for
all § > 0 and p > 1. This implies that no shear banding occurs in the Burns
model. If however, the model is given with p < 1 and such a model is easily
justified, then for all § > §*, 0* given in Theorem 3.1, the solution blows up
in finite time by Theorem 5.6. This does predict shear banding as observed
in the experiments of Marchand and Duffy [20].



2. Existence and Nonexistence of Steady States

First we consider BVP(2) where Q is a strictly star-shaped domain con-
taining 0, meaning ) is an open connected set with smooth boundary with
the property that there is a positive constant a such that

z-N>a ds for all z € 992
o0
where N is the unique outer normal to 2 at x € 9. Note that for Q =
B1(0), then a = (nw,)~! where w, = |B1(0)|.
Theorem 2.1

2
1) Let f(u) =e*. If 6 > —n|Q|p_1 where p < 1 and n > 2, then BVP(2)
a
has no solution.

2
9) Let f(u) = e~*. If§ > —|QP ! where p > 2 and n > 2, then BVP(2)
a

has no solution.

Proof. Recall the well-known Pohozaev identity. If n > 2 and w is a solution
of
Au+dg(u)=0 , Q
u=0 , 0Q

then

(3) né/ﬂG(u)dac— ng25/ug(u)dx: %/60(1)]\]) (%)2&9

where G(u) = /Ou g(z)dz.

For g(u) = %, where K = /Qe“da:, G(u) =

ev —

KP

and (3) becomes

0 u n—2 0 wq 1 ou \ 2
nﬁ/ﬂ(e —1)dz - 5 ﬁ/ue dx—i/(m(x-N)<a—N> ds

([ 2)e)

using the Divergence Theorem and Hoélder’s inequality. Since

5[ 5

A\ 2 a 62
1 . el -
2/89(9: N) <8N> ds > 5 026-1)



(From the left-hand side of (4), dropping negative terms, we have

2
Thus, if u(z) is a solution of BVP(2), then iy e > 6. Also K > |Q]
a
for any v > 0. Thus, if p < 1, KP~! < |Q|P~L. Hence, we have that if
2
flu)=e€e*, p<1 and § > —n|Q|p*1, then BVP(2) has no solution.
a

For f(u) = e™", Pohozaev gives

né u n—246 w1 ou \?
(5) ﬁ/ﬂ(l—e )dx — 5 ﬁ/ﬂue d:c—i/m(x-N)<a—N> ds.

Thus

2
w [ etdn < 20l - S
Q

K» = K» 2K 2(p—1)
and hence
no < no ad?
w1 < Y agee D
giving
2 2
5 < TIRP (0] - K) < TRP |0
a a
since

OSK:/efuda:S/eOdac:mL
Q Q

Ifp>2, f(u)=e ", and
2n 1
0> —|QP
a
then BVP(2) has no solution.
We now extend part 2 of Theorem 2.1 to non-star-shaped regions and

more general functions. The proof is rather more involved.
Theorem 2.2

1) Suppose that [ f(u)du = 1. Then for p < 2 there is a solution of
BVP(2) for all § > 0. For p = 2 there is a solution for all § < 2|92

2) Suppose additionally that f is decreasing. Then for p > 2 there is some
§* such that BVP(2) has no solution if § > 6*. For p = 2, §* > 2|92

It should be observed that for any case where [;° f(u) du < 0o a rescaling
is permissible to make this integral 1.
Proof. We let V(y; 1) be defined for 0 < y < u and solve

V"+ f(V)=0for 0 <y < p, with V(0) = V'(u) = 0.



We first use V' to obtain a lower bound on the solution of
Au+ Af(u) =01in Q, u =0 on 0%,
when A is large. The comparison function will be

V(VrAd(z,00); 1) for d(z,00) < p/vvA

v A) = { V(s 1) for d(x, Q) > p/vVvA

where d(z,09) is the distance between = €  and the boundary 909; d is
smooth and |Ad| < K for some K in a neighbourhood of the boundary if
0f) is smooth, in particular, for

L
d< —<
=N p
with p being smaller than the infimum, over x € 92, of the radii of the
largest interior ball touching the boundary at z.
Clearly v satisfies the correct boundary condition and is C' while

Av+Af(v) =Af(V(w) >0 for d(z,00) > u/Vu,
Av+Af(v) =vAVA2V" + VAV Ad + (V)

= (1-)Af(V)+VVvAV'Ad where d(z,00) < pu/vVvX
> 1 -v)Af(V)=VAKV' >0 for v<1,

provided that

KG(p) v’
——— where G(p)= sup ——.
A 0= ) F7)

r<1-—

On choosing v = 1 — KG(p)/V/A, v is a lower solution for sufficiently large
A. Then u > v and, in particular,

ou ov
_ > = / .
aN > 3 VAV (0; p) for « on 09

since © = v on the boundary. Now V'? = 2fy f(s)ds =2 [° f(s)ds —
2 [3f f(s)ds = 2(F(V) — F(M)), where F(u) = 2 [° f(s)ds and M(p) =

1 M _1
maxV =V (u;p), so p = \/5/ [F(s)— F(M)]"2ds — oo as M — oo.
0
It follows that as u — oo, M — oo, V. — W, which is given by

[ e
= — s s,
y V2 Jo

V' - W' = /2F(W), and, in particular, V'(0; ) — /2F(0) = /2.
Now choose some A(\) < Cv/A, for a fixed positive C' < p, such that
G(A)/VX = 0 as A — oo.



[It can be observed that fixing 4 means that G(u)/vVA — 0 as A —
oo but V/(0; ) = /2(F(0) — F(M)) < v/2. On the other hand G(u) —
oo as u — 0o. The latter observation follows from the unboundedness of
W'/f(W): It W'/f(W) were bounded there would be some K such that

V2FE(W)/f(W) < K for all y and hence W. Then f(W)/\/2F(W) =
—%F(W) J2E(W) > 1/K and —/ZE(W3)+/ZF() > (Wa—W1)/K
for 0 < W7 < Ws. Taking Wy — oo so that F(W3) — 0 produces a
contradiction.]

The unboundedness of G(x) might put an additional restriction on A(\)
but for our present purposes this is of no importance.

We now have: for A\ — oo, —% > \/21/)\[1 — F(M(A()N)))] where v — 1

and F(M) — 0.
However the § corresponding to such a A is

A(/Qf(u)dx>p:)\1p </an dm)p, SO

§ > 2P/2|0QPAY P2 [u(1 — F(M))|P/? ~ 2P/210QPAYP/2 for A — .

ou

ON

Since: (I) 6 — 0 as A — 0; (II) 0 can be made arbitrarily large for p < 2;
(ITT) 6 can be made arbitrarily close to 2|0Q|? for p = 2; the first part of the
theorem is proved.

Let us next consider the case of an annular region A = Bg(zo)\B,(zo)
with 0 < p < R. The above proof of the first part of the theorem allows us
to construct a lower solution v < u for given large A and having a boundary
layer structure:

V(VvA(r—p))  for p<r<p+p/VuA
v=<{ M for p4+p/VvA<r<R—pu/VvX ,
V(VA(r — p)) for R—pu/VvA<r<R

where 7 = |z — |
A new comparison function z is given by the solution to

Az+ Af(v)=0in A, z=0on JA.
Since f is now decreasing
Au+ Af(v) = A(f(v) = f(u)) 2 0

so u is a lower solution for z and u < z.
Taking such a z for a region A D  (i.e. R is large enough) with the
inner boundary touching 052 at some point =1, {z : |z —z1| = p} C Q°, then

Oou z
u(; Q) <wu(;A) < zand —8—N(x1;Q) < %Lﬂ:p.



From the radial symmetry of the z-problem z can be determined in
terms of a Green’s function for the two-point boundary-value problem

(Y + " f(v) =0 p<r<R, z(p)==zR)=0.

Forn =2

2(r) = m {ln(R/r) /prf(v(s))sln(s/p) ds +1In(r/p) /er(v(s))sln(R/s) ds}
and 2/(p) = m /pR f(v(s))sln(R/s)ds

Forn >3

— A . n—2 rnf2 R v(s))s n—2 _Sn72 S
) = T %{u o2 ) [ A (s)s(R )d

:ﬂM$ﬁ@"2—d1%%}

_|_(Rnf2/7.nf2 _ 1)

R
and 2'(p) = p(an)\_ =) /p f(u(s))s(R" 2 — s" 2)ds.

Concentrating for the moment on n = 2,

/VVX —p/VVA
Z(p) VN = \/X) l/ppHL /\f(v(s))sln(R/s) ds + /pR g )\f(v(s))sln(R/s) ds

pIn(R/p /NN
R
+ R_M/mf(v(s))sln(R/s) ds]
=L +1+ I3
‘ 1o y In(1+y/pvrA)
where: 1 = 7/ <1+ )\) <1 — n(R/p) > dy

_>/ fW(y)dy=W'(1) = V2 as A — oo
since v — 1, taking u = A()), and using dominated convergence;
\/X /R—u/\/ﬁ
= —- f(v(s))sln(R/s)ds
PI(ER) Jyeupvin T
~ \/Xf(M)/ sln(R/s)ds/pIln(R/p) as A — oo;

p

I

and

I )(R —y/VvA) In(1 —y/RV)dy

pflnR/p / v

— 0 as A — oo.



We now want Iy — 0 as A (and pu) — oo. This will be true provided
that we choose . = A()\) such that vV Xf(M(u)) — 0 as well as the earlier
requirements of 1/v/A — 0 and G(i)/v/A — 0. This can be done as long as

pf(M) — 0and G(p)f(M) —0as p— oo
since it will then be possible to have
p < VA1 f(M(p)) and G(p) < VA< 1/f(M ()

for u, A — oo.
The former follows from the relation between y and M:

V2 =
pf(M /1 F/ %)U
- F(u) f(s) }/(EM) do
/o f(EHF(M) +0]) Vo
The integrand is less than 1//c while f(M)/f(F[F(M)+o]) ~ f(M)/f(F~

0 as M and p — oo (for fixed o). Thus pf(M) — 0 as p — oo.
The latter holds since

FME)G) V2 = sup TEOVEW) = F(M)

Ve(o,M) f(v)

and f(M)*(F(V)— F(M))/f(V)* < (M V) f(M)*/§(V) < (M = V) (M)
(because f is decreasing) < M f(M) < 2fM/2 (s)ds — 0 as pu (and M)
— 00.

With such a choice of A(\), Iy and I3 — 0, I; — /2, and

Z'(p)/VA = V2 as A — oo,

The calculations for higher dimensions follow in the same way.
ou

Then
— AL
1) A </BQ N da:)

< AU PRIBQPP( (p) VAP
~ 2p/2|39|p)\1—p/2

In particular, for p > 2, 6 — 0 as A — oo and there is then a maximum
value §* for 6. For p = 2 the bound on § approaches 2|0f2|? and there is
again a critical value. Using the first part of the theorem, § — 2|0Q|? as
A — oo for p = 2 and it is seen that §* > 2.

Formal asymptotics for p = 2 and large A suggest that the boundary
layer gives rise to the behaviour

5~ 2|09% — CA—1/2/ K dx
o

10

Ho]) =



where k is the mean curvature (positive if 2 is convex) and C is some
constant depending upon f and n. We conjecture that for Q C IR? simply
connected, so [3n kdr = 2w > 0, or whenever  is convex, so £ > 0, then
§ < 6* = 2|09 for p = 2. Note that if f(u) ~ au~9 as u — oo then the one-
dimensional result, § = 8(1 — F(M)) (see [19]) means that § ~ 6* — AM 4.

Also A ~ BM!'*9 (see end of the following section) and § ~ §* — DA
for A — oo. This suggests that for the higher-dimensional problem the
boundary-layer correction only dominates for rapidly decaying f, f — 0
faster than u 3. For f decaying more slowly, like u~9 with 1 < ¢ < 3, we
might conjecture that really § ~ 2|0Q|? — D)\ﬁ. It could then be possible
to have 0* < |9Q|? for more general regions.

Carrillo [9] considered the special case of f(u) = e~ (motivated by the
Poisson-Boltzman equation which has p = 1). He found that for p < 2 there
was a solution of BVP(2) for all 6 and that the solution was unique for p < 1.
With p > 2 it was found that a critical §* existed and for p > 2 there were
at least two solutions if § < 6* and at least one if § = §*.

If f behaves approximately as a power, say f(u) ~ Au? for u — oo, with
q > —1, then the critical value of p appearing in Theorem 2.2 is changed to

(¢q—1)/q. If the Dirichlet condition is replaced by a Robin one, % +ou=0

on 012, then it appears that: for f which decay faster than any power of
u the critical value of p is 1 (in which case large solutions correspond to
§ determined by a boundary layer and § is then proportional to |9£2|?); if
f ~ Auf for large u then the critical value is p = (¢ —1)/q; if f grows faster
than any power of u the special value is again p = 1. (See the comments
appearing after Theorems 3.3 and 3.4.)

11



3. Existence and Explicit Steady-State Solutions on the
Unit Ball

When Q is the unit ball in R", Q = B1(0) = {z € R" : |z| < 1}, then
any solution of (2) is radially symmetric and v = u(r), 7 = |z| is a solution

of

1 n—1 5f(u) _ r
© R (S {777 L
dO)=0 , u(1)=0

By the maximum principle, a solution of (6) is radially decreasing.
By integrating (6) on the interval [0,1], we have

(7 W) = (1) =

1
where K = / flu)dz = nwn/ L f(u(r))dr and w, is volume of the
Q 0

n-dimensional ball.  Set oo = u(0).

Theorem 3.1 Let n =1, f(u) ="
a) If p > 1, BVP(2) has a unique solution for all § > 0.
b) If 0 < p < 1, then there exists 6* > 0 such that
i) BVP(2) has two solutions for § < 6*,
ii) BVP(2) has one solution for § = §*,
iii) BVP(2) has no solution for § > ¢*.

Proof. BVP(2) can be written as

u’ + ieu =
(8) K

1
where K = 2 / e“dz. Multiplying (8) by 2u’ and integrating gives
0

26 26 26

2 u o u(0) _ a

(9) (u) —}——er = T e
—0
;From (7), we have u/(1) = g1’ hence (9) with » = 1 can be solved
for K giving
8

(10) K*P = 5= 1),

Since u/(r) < 0 on (0,1), we have

" (%)Z‘/%

12



Integrating and evaluating at r = 1 gives

—a(2-p)

(12)  6=6(a)=2""le 2 (e*—1)5In>P

l—i-(l—e")%]
1—(1—e)z]

For a € [0, 00), we observe that § = d(«) defined by (12) satisfies §(0) =
0, 6(a) > 0 for @ € (0,00). If p > 1, §'() > 0 for all @ € (0,00). If p < 1,
d(c) has a unique maximum at o* > 0 and §(a) — 0 as o — 0.

Theorem 3.2 Let n =2, f(u) =e"
a) If p > 1, BVP(2) has a unique solution for all § > 0.
b) If p =1, BVP(2) has a unique solution for all § < 87 but no solution

for § > 8.
c) If 0 < p < 1, then there exists §* > 0 such that BVP(2) has:
1) two solutioTs for 4, < g* N
.i1) a unique soluti fog* =4
11) no solution 1for 0 > 0~.
Proof. For n =2, BVP(2) can be expressed as

(13) {%(ruT)T:—% , re(0,1)
w(0)=0 , wu(l)=

where

1
K = 27r/ e dp,
0

This in turn can be considered as

1 u
(14) { ;(rur)r +rve' =0
W' (0)=0 , u(l)=0

where § = vKP and, by (7), § = —2rKP~ 1/ (1).
Following Joseph & Lundgren [15] (or see Galaktionov & Lacey [12])

(15) w(r) = —2In(1 — a4 ar?) ,
n/'
1—
then — (rv;‘u ) = (18_afl " a(:“)Q)Z and w(r) is a solution of (14) provided by
v =_8a(l —a).

1 1 dr 1
S; w(r) dr — / r _
1nce/0 e Wrdr = | I—ata?? 3a_1)

5§ =vKP =8a(l—a)2r)P[2(1 —a)]?
= 87Tpa(1 — a)l’p.

Thus w(r) given by (15) is a solution of BVP(13) provided

§ = 8xPa(l — a)t~P
(16) { azw(O):—Zln(l—a) , 0<a< 1.

13



If p> 1, é(a) is increasing on [0,1) with §(a) — o0 as a — 1—, and a(a) is
increasing on [0, 1) with a(a) — co as a — 1—. This gives a).

Ifp=1 a=w(0) = —21n<87r_5> and we have b). If p < 1,
™
P /1 —_p\lP
9(0) =0, 6(1—) =0, and ¢ has a unique maximum §* = 287T <2_p)
—-bp —-p

at ¢ = ——.
2—-p

Theorem 3.3 Let n =1, f(u) =e ™

a) If p > 2, then there exists 6* > 0 such that BVP(2) has:

i) two solutions for § < 6%,
ii) a unique solution for § = §*,
iii) no solution for & > §*.

b) If p =2, BVP(2) has:
i) a unique solution for all § < §* =8,
ii) no solution for all § > 8.

c) If p <2, BVP(2) has a unique solution for all § > 0.

Proof. For n =1, (2) becomes

5
(17) { U,” + ﬁe =0

1
where K = 2/ e “dx.

0
The solutions of (17) take the form

cos ax
18 =21
(18) w(r) " osa
provided that
(19) § =6(a) =2""Pa®> PsinPacosP?a , 0<a<}
a =w(0) = —2In(cosa).
If p < 2, 6(a) is increasing on [0, 5) with d(a) — oo as a — 5— and a(a) is
increasing on [0, §) with a(a) = co as a = §—. This givesc). Ifp=2,

a=In

S s and b) follows. If p > 2, §(0) =0, 6(5—) = 0, and ¢ has
unique maximum at 6* > 0. This gives a).
Remark. If n =2 and f(u) = e ", then the conclusion of Theorem 3.3
follows with 6* = 872 in case b). One only needs to observe that w(r) =
2In(1+a—ar?) is the solution of (2) provided § = §(a) = 87Pa(1+a)'~P and
a=caa) =2In(1+a), 0<a<1 (see[23]).

14



For Robin boundary conditions of the form % 4+ au=0with 0 < a <
00, = B1(0) € IR", and n = 1 or 2, one can easily verify the following.
For f(u) = e*, one has exactly the same statements as in Theorem 3.1 and
Theorem 3.2. For f(u) = e *, the conclusion of Theorem 3.3 and above
remark for n = 2 change. The critical exponent p* changes to p* = 1 and
one has that for p > 1, there exists 6* > 0 such that the Robin version of
BVP(2) has at least two solutions for § < §*, a unique solution for § = §*,
and no solution for 6 > ¢*. If p < 1, then the problem has exactly one
solution for all § > 0.
Theorem 3.4 Let n = 1.

1) Let [5° f(s)ds < oo.

a) If p > 2, then there exists 6* such that BVP(2) has
i) at least two solutions for § < §*,
ii) a solution for § = §%,
iii) no solution for ¢ > ¢*.
b) If p=2, BVP(2) has
i) a unique solution for all 6 < 8 [ f(s) ds,
ii) no solution for § > 8 [ f(s) ds.
c) If p <2, BVP(2) has a unique solution for all § > 0.

2) Let f(u) ~ Auf for u — oo with ¢ > —1.

a) If -1 <g<O0andp>(1-q)/(—q),
org > 0andp < (¢g—1)/g, then there exists ¢* such that BVP(2)
has
i) at least two solutions for § < §*,
ii) at least one solution for § = §*,
iii) no solution for ¢ > ¢*.
b) If ¢ > —1 and p = (¢ — 1)/qg, then there exist 0 < d§, < 0* such
that BVP(2) has
i) a unique solution for § < d.,
ii) at least one solution for d, < § < §%,

iii) no solution for ¢ > ¢*.
(If 0« < ¢* then there are multiple steady states in some
right neighbourhood of §, whereas if §, = d* there are never
multiple steady states and ||ul|cc — 00 as § — dx.)

c)Ilfg=—-landp <2 —-1<g<Oandp<(¢g—1)/q, ¢ =0,
or ¢ >0 and p > (¢ — 1)/q, then BVP(2) has a solution for all
d>0.
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3) Let f(u) be increasing and grow much faster than any power of u, in
the sense that uf'(u)/f(u) — oo as u — oo.
a) If p > 1 then BVP(2) has a solution for all § > 0.
b) If 0 < p < 1 then there exists 6* such that BVP(2) has

i) at least two solutions for § < &%,
ii) at least one solution for § = ¢*,
ili) no solution for ¢ > ¢*.

Note that cases of f(u) ~ Au? with ¢ < —1 are covered by the first part
of the theorem.

The results of the second part apply equally well to cases where there
are some 0 < B < D such that Bu? < f(u) < Du? for large u.

For 0 < ¢ <1 in part 2 case c¢) always applies.
Proof For part 1 we proceed as in Lacey [19]:

Problem (2) is

u" + Af(u) =0, «'(0)=0=nu(l),

p/2
5= (2/01 ) da:)p)\ — APy (1) = 2312\ P/ </0Mf(s) ds) ,

where M(\) = u(0;\) = mmax{u}.
Taking A — oo, M — 00, and

o) P/2
§ ~ 2%0/2 </ f(s) d3> ALP/2
0
0 for p > 2
=4 8[5° f(s)ds forp=2 .
00 for p < 2

Since ¢ is a continuous function of A (or equivalently of M) with § — 0 as
A, M — 0, a) and c) follow immediately. Case b) comes from the observation
that =8 fOM f(s) ds increases towards its limiting value as M — oo.

A
Turning now to part 2, let F(u) = [ f(s)ds ~ ?uq‘H for u — oo,
q

provided that ¢ > —1. Solving the auxiliary problem,
W'+ MUf(Mw) =0, w/(0)=0, w(0)=1,
gives the solution of
o +Af(u) =0, 4(0)=0, u(0)=M, u(l)=0,
through the relations
M= M) =u(0;}), u(z)=Mw(VAMI1z), w(VAMI1)=0.



However, w'?> = 2M 9~ Y[F(M) — F(Mw)], and w(y) satisfies

MA+a)/2 1
V=" L

%%/wl Liq(l_svrq)

since [F(M) — F(Ms)]/ Mt = /]\Zf(a) do /M > M™9(1 — 5)f(MS),

with S € [s,1], f(MS) = inf,¢[; 1) f(Mo) and the dominated convergence
theorem can be applied.
Then w =0 for y ~ Q/v2A for M — oo, where

Q0 = VaTT [ (1=t s,
0

pe. A~ Q2M1T9/2A.
Since w'?> = 2M 7 1F(M) where w = 0,

[F(M) — F(Ms)]~"2ds

—-1/2
ds as M — oo,

2A 2 1 2
W2~ o (M\/AMq—l) ~ Q2M2/(q +1)= (/ (1— Sq+1)1/2d8) M2
q 0
and § = 2PA1 7P|/ (1) [P ~ 2271 (g + 1)7P/2Q* P AP MM FPId
for M — oo.

In particular:

a)ifl+pg—g<0(-1<g<Oandp>(1-4q)/(—g), or ¢ >0 and
p<(g—1)/q) then § — 0 as M — oc;

b) if l+pg—q=0 (> —1and p = (q—1)/q) then § — 22P71(q +
1)P=2Q%PAP~! as M — oo;

c)ifl+pg—q¢>0(-1<g<0andp < (l-gq)/(—q), or ¢ > 0 and
p>(qg—1)/q) then § — oo as M — oo.

Part 2 follows except for the special case ¢ = —1.

For this value F(u) ~ Alnu as u — oo and the calculations proceed in
a similar fashion except that

2
(12 = (MVAM 2)" x 2F(M) ~ CM*In N for M — oc.
2(1—p) (172 p/2 2-p 2
So now 6 ~ CM (M 1nM> =CM*P(InM)*,and 6 — 0 as M —
oo for p > 2 but § - oo as M — oo for p < 2.

Part 3 is approached in a somewhat different manner.
We again define w(z) = u(z)/M so that it satisfies:

w’" + A\f(Mw)/M =0; w'(0)=w(1) =0 and w(0) = 1.
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Since f > 0, 1 — z is a lower solution in [0,1] and: —w'(1) > 1; the point
Xi1(e) =1 — € for any given 0 < € < 1 satisfies X; > e.

Likewise, (1 —€)(1 — z)/(1 — X;) is a lower solution in [X7, 1] and
' (X1) < (1-0)/(1— Xy).

Since w"” = —Af'(Mw)w" with f/ < 0 and v’ < 0 for 0 < z < 1,
g(z) =w"/2 >0 and

w = 1—962—/036[»@2(1—@/)2— (z—y)*lg(y)dy — /xl(l—y)%(y)dy <1-g?

(z(1—y)>z—yfor0<y<z<l).
So X1 </eand —w'(X;) < (1—¢€)/(1— y/e).
Of course the point X5 at which w = 1 — 2¢ satisfies 2¢ < Xy < v/2¢ and
w>(1—-2€¢)(l—2)/(1—-X3) for Xo <z <1
Taking ¢ = f((1 —€)M) = min f(Ms), —w" = \f(Mw)/M > \e/M
>

s€[l—e,1]
for 0 < z < X; (where 1 — e < w < 1), so —w'(X;) > AcX;/M and

AcX1/M < (1—¢€)/(1—+/e). The estimate X; > € yields
Ae/M < (1—€)/e(1 —+/e) <1/e(1 —+/e).
Now, for Xo <z <1 (0 <w <1-—2e¢),

0 < —w" = \f(Mw)/M < D(M,e)\e/M < D(M,e€)/e(1 — +e),

Ll g = J(L=2e)M)
where D(M, €) = c (0,1—%5) J(Ms) f((1—=e)M)

Then taking M to be sufficiently large,

— 0as M — oco.

(I—z)(1—¢)
1—x< < -~ .
r<w< —x,

Since the right-hand side of this inequality can be made arbitrarily close to
1 — z by making € small, we see that

w—1—zand w' (1) - —1as M — oo,

and, because D — 0 (for fixed €), w'(z) — —1 as M — oo for any fixed
xz > 0.

Then for p > 1, § = 2PA1"PMPlw'(1)[P — oo (because A — 0) as
M — oo.

Now defining X by w(X) = 1,50 X — 1 as M — oo,

\ X
—u/(X) = /O F(Ma)dz > \f(M/2)/2M.

But, by the above, —w/'(X) — 1 so A < 3M/f(M/2) for large enough M
and, for p < 1,

§ < 2231w (1)P/F(M/2)P/? — 0,

18



since f(s) — oo faster than any power of s.

This concludes the proof.

Most of the results of Theorem 3.4 are expected to carry over to higher
dimensions. Certainly for part 1, Theorem 2.2 shows the existence of the
critical 6* for p > 2 (with §* > 2|0f2|?) and the existence of at least one
steady state for all ¢ if p < 2.

With f(u) ~ Au? as u — oo for ¢ > —1 it is easy to see that there
is a large solution of Au + Af(u) = 0in ©, u = 0 on 0, approximately

U= Aliqv for A\ >0, ¢g>1,and A — 0o, —1 < ¢ < 1. Here v satisfies Av +
0
Av? =0in ©Q, v = 0 in 91, and a—;\)r is bounded on 0f2. (This asymptotic

result can be obtained via upper and lower solutions. For the special case
g =1, u becomes large as A approaches an appropriate eigenvalue.) Most

9 P
of part 2 is then recovered by using § = AP < / |—u|d9:> .
o0 ON

It can be seen from Theorem 3.2 that part 3 needs modification, at least
for f(u) = €". In one dimension there is, for p = 1, a solution for all § but it
can be seen that, in the special case, when n = 2, ||u||oo — 00 as § — 2|09
and some §* exists.

Theorem 3.4 can also be adapted to cover the case of Robin boundary

d
data, say d_u +au = 0 on x = £1. Part 3 of the theorem comes over
x

d
with little change. For cases of f(u) ~ Au? as u — oo (part 2) v and d—u
x

grow as Alflq for A - 0, ¢ > 1, and A\ — oo, for all ¢ < 1. There is no
longer a boundary layer for ¢ < —1 and ¢ = —1 is no longer a special case.
We then see that: a) holds for all ¢ < 0 and p > (¢ — 1)/q or ¢ > 0 and
p < (g—1)/g; b) holds for all ¢ with p = (¢ —1)/q; c) holds for all ¢ <0
and p< (¢q—1)q, =0, or g >0 and p > (¢ —1)/q. The regions for a) -
c) for both Dirichlet and Robin data are indicated in the figure.

Figure = The behavior of steady state for the one-dimensional problem

A: Case a), 6 — 0 as ||u||oc — 00, for both Dirichlet and Robin condi-
tions.

B: Case a), § — 0 as ||u||c — oo for the Robin condition but case c)
d — o0 as ||u||ec — 0o for the Dirichlet condition.

C: case ¢), § — 00 as ||u||ec — o0 for both Dirichlet and Robin condi-
tions.

: case b), § = 0o a8 ||u||ec — o0 for both Dirichlet and Robin
conditions.

————— : case b), = 0o as ||u||oo for the Dirichlet condition, but case
a), 0 — 0 as ||u||cc — oo for the Robin condition.

............ : case b) 0 = 0 as ||u||coc — o0 for the Robin condition, but
case ¢), § — 00 as ||u||cc — 00 for the Dirichlet condition.

19



For this one-dimensional Robin problem, it can be observed that as
q — +oo the critical p — 1, which is the value for part 3 (very rapidly
growing f) and e ™ (very rapidly decaying f); these exponential cases are
easily approached by, again, explicitly solving the equations. A brief formal
consideration of a boundary layer suggests that for f which decays faster
than a power (such as e™") the critical value is p = 1. Part 1 then has for
such rapidly shrinking f a) holds for p > 1 and ¢) (with at least one solution
instead of a unique solution) for p < 1.

We finally note that for three or more dimensions with rapidly growing
f, such as €%, the situation is rather different in that we do not expect there
to be a critical value of p. This is indicated by the fact that the steady

state for the local problem with f(u) = e" makes / f(u)dz bounded as
Q

u(0) — oo.
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4. Global Existence and Asymptotic Stability

We now wish to determine when global solutions exist for IBVP(1).
Theorem 4.1 Assume f(s) >c¢>0fors>0. Letn=1,Q=(-1,1). For
any nonnegative smooth initial data ug(z), IBVP(1) has a unique bounded
solution on [—1, 1] x [0, 00) provided p > 1.

Proof. Let u(x,t) be the solution of IBVP(1) which exists on B1(0) x [0, T).
Note that u(z,t) satisfies

ut — Uge = g(v,t), € B1(0), te€[0,T)

1 5 1
where /_1 g(z,t)de = -1 where K = /_1 f(u)dx.
Write u(z,t) = ui(x,t) + ua(z,t) where u; satisfies

Ut — Ugg = 0
(20) { u(=1,t) =0 =u(1,t), wu(z,0)=ug(x)

and uo satisfies

Ut — Uge = g(,t)
(21) { u(—1,t) =0 =wu(1,t), wu(z,0)=0.

Then [[u1 (-, 8)[loo < [[uo]]oo-
The solution ug of (21) can be expressed by

t 1
(22) uz(z,t) :/0 /71 G(z,y,$)g(y, s)dyds

1 S t
Where/ g(y,s)dy = SK'™P.  Thus, uy(z,t) < W/ sup G(z,vy, s)ds. Since
1 0 y

s 1 1
- e (@ 9)°/45 for s small and G(z,y,s) ~ e~ 7 sin (z+ m sin (y+ m

2(ms)2 2 2

1 1 x2s

N for s << 1, and sgp G(z,y,s) ~ sin Me*T

for s large. Thus, sup G(z,y, s) is integrable on [0, co) for each = € [—1,1].
y

2
We then have

G(z,y,s) ~

for s large, sup G(z,y, s) ~
y

(s D)lloo < [[uolloo +

) 0o
— G d
o1 Sl;p/o sup G(z, 9, s)ds

and this implies u(z, t) exists globally and is bounded.
Theorem 4.2 Let f(s) = e°, n = 2, Q = B(0) C R% Assume ug is
radially symmetric.

1) If p>1, 6 > 0, then IBVP(1) has a unique globally bounded solution
u(z,t) on B1(0) x [0, 00).
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2) If p=1,0 < § < 8, then IBVP(1) has a unique bounded global
solution.

Proof.
1) Let p > 1 and let u(z,t) be the solution of IBVP(1) with f(u) = e
which exists on By(0) x [0,T).

Consider the Lyapunov function

(23) Vu)(t) = /Q |7 ul?dz + p%él </Q e“dx>1_p

then V'[u](t) = —2 / uldx < 0. Thus V[u](t) is non-increasing and
Q

26 1-p
(24) / | v ul?de + —— </ e"da:) < Ey = V]ug]-
Q p—1\Ja

;From (24), /Q| v ul’dz < Ey and hence /Quzda: < Ey. For Q@ =
B1(0) C IR?, and assuming that ug is radially symmetric, this means that

1 E
/ ulrdr < =% — % Since u(1) =0,
0 2

1 1 -
0 <u(r)= —/ o' (r)dr S/ |u|r2r~2dr

T
1 1
< /ru'zdr/ rLdr
I T

§C|lnr|%

. Then

1 1
/ Pldy = 277/ reftdr < 27r/ rexp(BCy\/|Inr|)dr = 27 F(BC), B >0,
Q 0 0

1
where F(s) = / r exp(s| lnr|%)dr satisfies F(0) = %, F is increasing, and
° e e
ey = b ™ oy
is bounded in Lg for 1 < 8 < co. By standard L, estimates and Sobolev
imbedding, u is Holder continuous for 0 < ¢ < T for any 7" > 0. Thus u is a
global bounded classical solution of IBVP(1) on B;(0) X [0, 00).

2) For = B1(0) C IR? and p = 1, we take the Lyapunov functional

s2
e8 as s — oo. This implies that

F(s) ~

(25) Viul(t) = / | v u’dz — 26 ln/ e'dz.
Q Q
Then V'[u] = —2/ uldz <0 and
Q
(26) / | v ul?dz < Eg + 26 ln/ e'dx.
Q Q
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1 1
By assumption uy is radially symmetric so g(t) = / ruldr = o / | v
0 T JQ

u|?dz satisfies
27

(27) g(t) < Lo +— ) ln/ edx.
Q

1 1
Recall F(s) :/ rexp(s|lnr|2)dr. Since
0

1
u(r) = —/ o (r)dr < fl |u’|r%r7%dr

| V / 1;’2“4 /

)2(|In7r])2

we have from (27):

E 1
g(t) < 2—0 + ° In <27r/ re“dr)
0

5 1
(28) < %—i—%ln <27r/0 rexp(\/gﬁ-\/ﬂnﬂ)) dr
- <27TF( o) ))
But
(29) In(27F(\/g)) =In27 +In F(,/g) ~ % for g large

Thus, if § < 8w, ¢g(t) is bounded.

As in 1), this implies u is a global, bounded, classical solution.
Remark. If the Dirichlet boundary condition in IBVP(1) is replaced by a
Robin condition of the type

Ou
1) a—N—i—au—O zed, t>0, 0<a<oo

where Q = B1(0) C IR?, f(u) = e*, and p > 1, then similar results hold for
radially symmetric initial data u(z).
For p > 1, the Lyapunov functional

26 1-p
:/|vu|2+—</e“> + [ au?
Q p—1\Ja B
satisfies V'[u](t) = —2/ u? < 0 and hence V[u|(t) < Ey = V]ug]. Thus,
Q

2rau?(1,t) < / au® < Ey and v?(1,t) < Ep/2ma = C?. This im-
o0
plies that u(1,t) is bounded. As in the proof of Theorem 4-2, u(r,t) —
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1
u(1,t) < C|lnr|"/? and hence for 1 < < oo, / e = 277/ rePtdr <
Q 0

1 1
27r/ ref L+ 2 g — 9n K. / refClnrl'? g — 2nKF(BC) where
0 0

1
F(s) = / rexp(s|Inr|"/?)dr. This implies that u is a bounded global clas-
0

sical solution of IBVP(1').
If & = 0 so that a Neumann boundary condition is imposed, then u(1,t)
is bounded from below and u(r,t) > u(1,t) — C|Inr|"/2. This gives

< <
(Joe) = F(=Cp  ~ F(=C)p

This in turn implies for p > 1, [ € [1,00), that

. \B Bl
_c -(Bp-1€ 7
/Q ( : fﬂeu)p> da < (am) o P (BO)

u

Thus, 5 € LP for 1 < B < oo and hence IBVP(1”) with Neumann

e
(Joe*) o ) )
boundary conditions has a global classical solution wu.

For Robin and Neumann boundary conditions 0 < a < oo in the case

p =1 with Q = B1(0) C IR?, the Lyapunov functional

V[u](t):/ﬂ|Vu|2—25ln/Qe“+ 8Qau2

/|Vu|2—|—/ au2§E0+2(51n[/e"].
Q o0 Q

Again assuming radial symmetry, as in Theorem 4.2, part 2, set g(t) =

1 1
/ ruldr = —/ | v u|?*dz. Then
0 27 Jo

gives

g(t) + au?(1,t) < = + éln [/ e“]
2T Q

s

Ey 1) /
< u(]-:t)
D) + In <2 e F g(t)

= 2E_7(; + %1112774— %u(l,t) + ;lnF(\/g)
For § < 8, this implies ¢g(¢) and u(1,¢) are bounded. As before, this implies
u is a bounded, global, classical solution for § < 6* = 87 and a > 0.
Theorem 4.3. Let n =2, f(s) = e°, and let Q@ C IR? be a smooth
bounded domain. If p > 1, § > 0, then IBVP(1) has a unique globally
bounded solution on 2 x [0, 00).
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Proof. Let u(x,t) be the solution of IBVP(1) on Q x [0,T), and again
consider the Lyapunov functional (23):

Vul(t) = /Q | v ul?dz + ;z% </Q e“dx)l_p.

Then Vu|(t) is non-increasing with V{u|(t) < V[ug] = Ep which implies
/ | v u?dz < Ep.
Q

By the Gilbarg-Trudinger sharpening of the Sobolev inequality (see Fila
[10], p. 237),

2
/eXP {QM] < Co|Q|
Q

|||
for any u € H}(£2). This gives via Young’s inequality
/ ePudr < C’2|Q|eB||”” , B>0.
Q
This implies €“ € Lg and e* is bounded in Lg for 1 < 8 < co. By standard
L,, estimates and Sobolev imbedding, u is Holder continuous for 0 <¢ < T

for any T' > 0. Thus, u is a bounded global classical solution of IBVP(1) on
Q x [0, 00).
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Theorem 4.4 Let f(u) =e".

1)

For any nonnegative ug € HJ(2) for n = 1 and p > 1, the unique
global, bounded solution u(x,t) of IBVP(1) converges in H}(2) to the
unique solution ¢(x) of BVP(2) for any ¢ > 0.

Let n = 2, p > 1, Q = By(0). Assume ug(z) € HF(Q) is radially
symmetric and nonnegative, then the unique global, bounded solution
u(z,t) of IBVP(1) converges in H{ () to the unique solution ¢(x) of
BVP(2) for any § > 0.

Let n = 2, p = 1, Q = By(0). Assume ug(z) € H(Q) is radially
symmetric and nonnegative, then the unique global, bounded solution
u(z,t) of IBVP(1) converges to the unique solution ¢(x) of BVP(2)
for any § < 8.

Proof. The result is immediate since in each case a Lyapunov functional
exists and u(z,t) is the unique globally bounded solution (see Bebernes and
Talaga [3]).

Stability of steady states in the one-dimensional problems with f(u) = e*
or linear was shown by Freitas [11]. For problems where f is decreasing
stability of minimal steady states and global stability of unique steady states
can be proved by using comparison methods (c.f. Lacey [18, 19]).

26



5. Finite-Time Blow-up for the Exponential
In this section, we consider IBVP(1) and the associated steady-state
problem BVP(2) when f(u) =e% p<1l,andn =1 or 2.
In spatial dimensions n = 1 or 2, IBVP(1) defines a local semiflow in
a =1, where X = L?(Q) (Henry [13]).
For 0 < p < 1, this local semiflow has a Lyapunov functional given by

1 5 1-p
VM@):/|vM%m+</ﬁMQ
2 Ja p—1\Jg
(30) i
—1||u||2+i</ e“dx) !
S 2 p—1\Ja '
This semiflow is gradient-like in the sense that for any t € [0, 0)
t
(31) [ sl + Vi (®) = Vol

We now proceed as in Fila [10].
Lemma 5.1. If u is a global solution of IBVP(1), then there exists k =
k(up) such that

1
(32) [|u(t, up)||2 = (/ |u|2> ’ <k forall t > 0.
Q
Proof. Multiplying (1a) by w and integrating over 2, we have

(33) s ot == [l + [ e

For e > 0, using (30) and (31), from (33) we have
/||2 —2V [uo] + [/{ue"—(i—#e) }—l—e/e“}
2& 0 (fw) 1— a |
It is straightforward to verify that there exists C(e) > 0 such that
2
(35) ue® — <1 + 5) e > —Ci.
From (34), we have using (35):

2dt/| * = —2V{uol + (f(;%)p[—oﬂf”-i-é/ﬂeu}

(36) 1-p
> —2V[UO] — 501|Q|1—p + de </ 6u> .
Q
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Hence,

d 1-p
(37) —/ lul? > 20 </ e“d:c) — Co
dt Ja Q

where Cy = 2(2V[UO] + 501|Q|1—p)_
Setting « = 1 — p, § = 4/« and applying Holder’s inequality, there are
constants C’3, C3 > 0 such that

(38) </Qe“)azc’3 </Qu5dx>azcg </Qu2>2.

From (37) and (38), we have

(39) % (/Q |u|2> > 20eCs3 </Q |u|2)2 — Oy,

and w(t) = / |u|? is an upper solution of
Q

(40) y = 20eC3y* — Cs.
: : Cy \2 :
If there is a tg > 0 for which w(tg) > k = , then w(t) blows up in
20eCs3

finite time. This is a contradiction since u is global. Hence |u(t, ug)|2 < k.

Lemma 5.2.  If ||u(t, uo)|| = </ |vu|2dac>2 — 0o ast — t,,, then
Q

tm < 0.
Proof. Assume t,, = co so that u(t,ug) exists globally.

> M(t)z//tu2://t|u|2.
Then ') = [ = [ i+ [ [ wir= [ sz [ (—||u||2+/ﬂ(g‘—j:)p>
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and, using (30) and (31),

M”(t) — <—||U,||2+/ due" )

= 2<_(2+5)V[u](t) §||u||2

+/g)(f‘:tj)19+( +e) 51</e">1p>

oue" 1) 1 p2
+/(fgeut)p +5)p >
(

By (35),

/ buc* | (2+¢)3 (/ eu>1"’ > —36C1(e/(1-p))|Qf " = ~C.

Joer)? p—1

Thus,
t
M0 222 +) [ fulh+2 (~@+ )V iuol + 5llulff - C)

Since € > 0 and |[u|| - oo as t — oo, M"(t) — oo as ¢ — co. But
by Lemma 5.1, M'(t) < x? for t > 0. This is a contradiction and we must
conclude ¢, < oco.

Lemma 5.3. Let u(t, up) be a global solution with w(ug) # 0. If w € w(uyp)
is an equilibrium solution, then ||w|| < K = K (up).
Proof. By (31), we have V[ug] > V]u|(t). Thus, for an equilibrium
w € w(up)

(2 +e)V]upl > (24 ¢)V]w].

But ||w||? = 5/ > gives

(2+e)V[w] = gllwll2+ (fﬂiw)p [/Q“’e” (12:? (/gew>] '

There exists C > 0 such that

/we“’—(2+€)/e“’>—C.
Q 1-p Ja
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Hence

Elglz_ 9
@+ eWVlm] > Gl - O
€2 — ¢
> Sl — g
and we have
|Jwl|| < K (uo)

for all equilibria w € w(ug).
Lemma 5.4. Assumen = 1 or 2 and ug € Hg(9). Let u(t,up) be a global
solution with

(41) liminf ||Ju(t, uo)|| = k < o0 lim sup ||u(t, ug)|| = +o0
t—o0 t—s

[o.e]

then for every B sufficiently large there is an equilibrium w € w(ug) with
||wl|| = B.
Proof. By (41), there exist sequences {t,},{sn}, Sn, tn — 00 satisfying
a) ||u(tn, uo)ll = B
b) ||u(t7u0)|| < B ) te [t2n7 t2n+1]
) Sn € (tan,ton+1), with |[u(sp,uo)|| =k + 1.

By the variation of constants formula (Henry [13]),

t Seu(s)
_ _(t—to)A (t—s)A
(42) u(t,up) =e u(to) + \ e oy e dal? ds.

There exists M > 0 such that for tg = s, , t = tont1
ton41 1 (s)

(43) |[u(tant1)|| < Mllu(sn)|| + M/ (tont1 — ) 2[e"*|ads.
Sn

On [ton, ton+1], |e”(5)|2 is bounded by a constant L(B) = L. Let B >
M(k + 1), then, since ||u(t2n+1)|| = B and ||u(s,)|| = k + 1, we see that

there exists § > 0 such that to,11 — t2, > 6 > 0 for all n. For any
B € (3,1), from (42) we have
(44)
1 ton+1
lu(tani1)lls < M6™F=2) Ju(tan i1 - 0| + M (tans1— 5) P le")]|ods

tont1—0

where || - || is the norm in X#. Since the right-hand side of (44) is bounded
and X* is compactly embedded into X if B > a, there exists a convergent
subsequence of {u(ta,+1)}, converging in X = H}(f2). Because the local
flow admits a Lyapunov functional V' given by (30), the limit w is a steady
state solution of

eu
—“Au=0—— Q 1
U (Iﬂeudx)p,:ce , p<l,
u(z) =0 , x €00
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with |jw|| = B.
Lemma 5.5. Ifn=1or 2, up € H} (), and if u(t,uo) is a global solution
of IBVP(1), then
i) sup ||u(t,up)|| < oo
>0

and
i) sup|u(t,up)|eo < oo for any 7 > 0.
>T

Proof. By Lemma 5.2, ||u(t, ug)|| 4 oo as t — co. By Lemma 5.4, if
lim sup ||u(¢, up)|| = +o0 and litrginf ||u(t, up)|| < oo, then for B sufficiently
t—00 o]

large there exist w € w(up) where w is a steady state solution of IBVP(1)
with |Jw|| = B. This contradicts Lemma 5.3. Hence, sup ||u(t,up)|| < .
>0

Conclusion ii) follows by (42) and the continuity of the embedding X#
into L for B € (3, 1).
Theorem 5.6. Let n=1or2, p<1anduy€ HYQ). If § > 5%, u(t,up)
blows up in finite time 7.
Proof. Ifu(t, up)is global, then, by Lemma 5.5, sup ||u(t,up)|| < oo and
>0

sup |u(t, up)|oso < 00, 7 > 0. This implies the existence of a steady state solu-
>T

tion
w € w(up). But § > ¢0* implies no such steady-state solution exists.
Thus, ||u(t,up)|| = co ast — T. By Lemma 5.2, T < oc.

Remarks

1) If p <1 and f(u) = e*, then for every § > 0, the solution u of IBVP
(1) with sufficiently large data blows up in finite time. This follows from
Lemma 5.1.

2) Blow-up for radially symmetric problems with all of 6§ > §*, p > 2,
f decreasing, and [*° fdu < oo, can again be proved using comparison
arguments (see [18, 19] or Tzanetis [23]). The same methods quickly yield
unboundedness of solutions for all cases of § > §* with f decreasing.

31



Acknowledgment

The authors wish to thank Marek Fila for several useful comments par-
ticularly regarding Theorem 4.3, Lemma 5.2, and Remark 1 above.

32



References

[1]

2]

[10]

[11]

[12]

[13]

[14]

J. Bebernes and R. Ely, Existence and invariance for parabolic func-
tional equations, Nonlinear Analysis—TMA, 7 (1983), 1225-1235.

J. Bebernes and D. Eberly, Mathematical Problems from Combustion
Theory, Appl. Math. Sci., Vol. 83, Springer-Verlag, Berlin—-New York,
1989.

J. Bebernes and P. Talaga, Nonlocal problems modelling shear banding,
Comm. Appl. Nonlinear Anal. 3 (1996), 79-103.

T.J. Burns, A mechanism for shear band formation in the high strain-
rate torsion test, J. Appl. Mech. 57 (1990), 836-844.

T.J. Burns, On a combustion-like model for plastic strain localization,
Shock Induced Transitions and Phase Structures in General Media, R.

Fosdick, et al., editors, Springer-Verlag, New York, Chapter 2.

T.J. Burns, Does a shear band result from a thermal explosion?, Me-
chanics of Materials 17 (1994), 261-271.

T.J. Burns, Connections between localized behavior in plasticity and
in combustion, Material Instabilities— Theory and Application, Editors,
R.C. Batra and H.M. Zbib, The American Soc. of Mech. Engineers,
Book No. G00895, (1994), pp. 87-93.

E. Caglioti, P.-L. Lions, C. Marchioro, M. Pulvirenti, A special class
of stationary flows for two-dimensional Euler equations: A statistical
mechanics description, Comm. Math. Phys., 143 (1992), 501-525.

J.A. Carrillo, On a non-local elliptic equation with decreasing nonlin-
earity arising in plasma physics and heat conduction, preprint.

M. Fila, Boundedness of global solutions of nonlinear diffusion equa-
tions, J. Differential Equations 98 (1992), 226-240.

P. Freitas, A nonlocal Sturm-Louville eigenvalue problem, Proc. Roy.
Soc. Ed., 124A (1994), 169-188.

V.A. Galaktionov and A.A. Lacey, Monotonicity in time of large solu-
tions to a nonlinear heat equation, preprint.

D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture
Notes in Mathematics, Vol. 840, Springer-Verlag, New York, 1981.

B. Hu and H.-M. Yin, Semilinear parabolic equations with prescribed
energy, Rendiconti di Palermo, to appear.

33



[15]

[16]

[17]

[20]

[21]

[22]

[23]

D.D. Joseph and T.S. Lundgren, Quasilinear Dirichlet problems driven
by positive sources, Arch. Rat. Mech. Anal., 49 (1973), 241-269.

U.F. Kochs, A.S. Arrgon, and M.F. Ashby, Thermodynamics Kinetics
of Slip, (1975), Pergamen Press, Oxford.

A. Krzywicki and T. Nadzieja, Some results concerning the Poisson-
Bolzmann equation, Zastosowania Mat. Appl. Math.,, 21, 2 (1991),
265-272.

A.A. Lacey, Thermal runaway in a nonlocal problem modelling Ohmic
heating: Part I, Europ. Jnl. of Applied Mathematics, 6 (1995), 127-144.

A.A. Lacey, Thermal runaway in a nonlocal problem modelling Ohmic
heating: Part II, Furop. Jnl. of Applied Mathematics, 6 (1995), 201-
224.

A. Marchand and J. Duffy, An experimental study of the formation of
adiabatic shear bands in a structural steel, J. Mech. Phys. Solids, 36
(1988), 251-283.

W.E. Olmstead, S. Nemat-Nasser, and L. Ni, Shear bands as surfaces
of discontinuity, J. Mech. Phys. Solids, 42 (1994), 697-7009.

L. Payne, Improperly Posed Problems in Partial Differential Equations,
CBMS Regional Conference Series in Applied Mathematics, Vol. 22,
SIAM Philadelphia, 1975.

D.E. Tzanetis, Blow-up of radially symmetric solutions of a non-local
problem modelling Ohmic heating, preprint.

34



