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Local Darboux transtormations
and geometric crystals (1) :

the dKP hierarchy and its reductions

S. Kakei, J.J.C. Nimmo, R.W.
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Motivation

— clarity the relationship between integrable sys-
tems and geometric crystals

— in particular : to clarify this relationship in
terms of the fundamental symmetries of these

(discrete) integrable systems

— pretferably : to do so in a general framework
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KP hierarchy el 141 dim. integrable
(gl(c0)) systems
(An))

continuum limit

dKP hierarch reduction ] +] dim. discrete
y integrable systems

"G, Hatayama ot al., J. Math. Phys. 42 (2001), 274 308 ] | ud-limit

soliton CA
(1)

generalized BBS, corresponding to A;,’ crystal basis for symmetric tensors

nonautonomous dKP
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dKP equation : r(6mn) © Z2—C  abeceC

(b — ¢)myTmn + (¢ — a)Tim T, + (@ — b) T 7y, = 0

(Tg :T(£+ laman)a )
— has gl(co) symmetry <« free-fermionic description of 7(¢, m,n)
[E. Date et al., J. Phys. Soc. Jpn. 51 (1982) 4125-4131.]

— has Wronskian and Grammian type solutions, the entries of which are
expressed in terms of

14 m n
a—q b—q c—q
— - ,qeC
r (a—p) (b—p> (c—p) i
2) _ (p1 — p2)(q1 — @)
T =14 + +
Pr1,q1 P22 <p1 . q2)(q1 . p2>

)

e.g.: =1+, Pp1,a1Pp2.02

— has the KP equation as its continuum limit for a, b,c — o0 :

1 1
t+—), Tm=T7(x+-,y+

1
— — I _ t _
=Tt oyttt oy p Yttt am)
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Problems 1) Reduction : Tmn = T

Ty + 0T Ty — (1 + 0) 7o Ty = 0 (dKdV)
(T =7(l,m —1,n))

_c—a 2nd cont.

) 0 — 0 : Lotka-Volterra > KdV

b—c’ limit
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PfOblemS 1) Reduction : Tmn = T

o AV prg=07

continuum limit : p+ ¢ =ct  (“pseudo-reduction”)

cont. case : symmetry algebra related to Agl) |G. Post, J. Phys. A 20 (1987) 6591-6592]
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Problems 1) Reduction : Tmn = T

— AV ptrg=07
continuum limit : p + g = ct (“pseudo-reduction”)

cont. case : symmetry algebra related to Agl) |G. Post, J. Phys. A 20 (1987) 6591-6592]

discrete case 7
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Problems 1) Reduction : Tmn = T

— AV ptrg=07

continuum limit : p+ ¢ =ct  (“pseudo-reduction”)

cont. case : symmetry algebra isomorphic to Agl) |G. Post, J. Phys. A 20 (1987) 6591-6592]

2) dKP Hierarchy :

E. Date et al., JPSJ 51 (1982) 4125-4131] : higher order lattice eqns. from bilinear identity
Y. Ohta et al., JPSJ 62 (1993) 1872-1886] : explicit determinant form of hierarchy

|
|

— [F. Nijhoff et al., PLA 105 (1984) 267-272] : formulation in terms of linear integral equation
[S. Tsujimoto, Publ. RIMS 38 (2002) 113-133] : “Sato-like” construction of dToda hierarchy
|

M. Biatecki (unpublished)] : “Sato-like” construction of dKP over a finite field
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Sato construction of the dKP hierarchy
For f(¢,m)= f({,mq,...,my):
Tif(6,m) = f(l+1,m), T, f({,m)=f(l;my,....,m;+1,....my) (j=1.M)

Sato-Wilson operators : Ueno-Takasaki [Adv. Stud. Pure Math. 4 (1984) 1-95]
W, m) = I +w T, +wT, 2+
W(l,m) .= wy+w, Ty +wo T, +
for w;(¢, m), w;(¢,m), wy # 0

projection to non-negative part : A(Ty) =) e ATy [Alsg = 200 AT

discrete Sato-equations : (ijW) (1 —a; +a;T;) = BiW ( Vi=1--. M)
(ijW) (1 —a; +aT;) = BW

Bj = [(TnW) (1 = aj + o T)W ] = Ty + (1= aj)uy
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Construction :  Ay=am-1), A, =

bj(ij — 1) QL

a
b

consider solutions of W, f*) =0 (k = 1..n) that satisfy | A f*) = Amjf(k)

—~—

for :

Wy =T + w1 T+ -+ wp

f(l)
fﬁn)

Ag—lf(l)

A?—l fn)

Tg T
= wy = ——, 7({,m) =
T
— two Sato-Wilson operators are needed to construct By, when n — +00
_ Ty
Wy — Wy = —
-

——

as opposed to the continuous case : W, = 0" + a,_10" " + -+ -+ ag , /anf(k) =0

Ty
T
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Linear equations o, = (

1=

) ()

Uy(6,m) =W (,m)oy = (14> wi(l — A a)F)p,

k=1

@/\@, m) = W(f, m)gpA = (@0 + Z@]g(l — >\/a>k)90)\

k=1

These satisty : = T, = B;® = q (Tg CI)) + (1 — a;)u;®

1 1
& O = T, ® — b.T, O Vi=1.-.-M
a—bjuj (Cl ¢ J J ) ‘7
T Tim.
with  |u; = o if one takes E():E
0 T, T




ISLAND 3

Compatibility condition : (1, B.)B; = (7., B)) B,

{ wj (T ug) = up(Tnyuj)
(1 — ap) (T, up) + a(l — o) (Tr uj) = ag(l — o) (T, uy) + o (1 — g ) (T ug)

In particular, for M =2, m;=m, mo=mn, by=>5, by =c:

TTim TTin
ul - — , U2 f—
TVTm T¢Tn
& (b— )70 Toun + (¢ — )T Ten + (@ — b)TpTom =0 (%)

The linear problem can be symmetrized :

I
¢ = — p— (aTy®—0bT,9)
= L T 0T e T )
a— C T Typ
AR S I (b T, — T,P)

T) T Tn b—c T Ty
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Denote the dKP equation involving (¢, m;, my) as E(¢, m;, my)

i) E = { E({, mj, my,)| mj,my € {ma,...,mu}, m;# my} generates all
bilinear equations in E = {E(fl, 62, 63)’ 61, 62, 63 © {K, m}, 61 7é 52 7é 53}

E (or E) for M — +oco : dKP hierarchy

ii) The equations in E generate the bilinear equations proposed by Ohta et al.
Y. Ohta et al., J. Phys. Soc. Jpn. 62 (1993) 1872-1886] as the dKP hierarchy

7_617_21 TEQTZQ T TENTZN
1 1 1
N=3...M+1 : ai ay - ay | =0
N-2 _N-2 N—-2
al a2 o o o CLN

Tz\k:7-<€1+17"'7€k—1+17 gk,€k+1+1,...,l]\f—|—1>

a (j=1)
for N- | -9 tn) — X, AR - Y T )
or N-tuples  (y,...,0,) = ({;ma,...,my-1) 5 q { bji—1 (j >2)
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Bilinear 1dentity

¢, Tg
Lattice equation of order M + 1 : Z -
Hk;«én Up — ak)
M+1 M+1
@ 3 Re[rbemeb ) e ) [La—2]
M+1 X CQ CM~|—1
X = (T1,%9, ..., Tpp1) = Zéne[a;] . el = (§7?7 M1
M+1 n=1
x =x— Z ela; ]
n=1
dA ~ /\yn
& o TO— ST + ) R
Neoo 2701

KP bilinear identity as M — +o0
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Darboux transformation

~

— Fundamental symmetry of the dKP hierarchy : 7 — 7=7®

o
® : solution to the linear problem associated to 7 ; the operator G := a(Ty — —E)

D

maps solutions of the linear problem for 7 to that for 7.

— Darboux transformations for 7 functions are equivalent to shifts.

+00
Particularly : T — 17VU,, U,= ( T/ T + Zm(l — )\/a)k ) O
k=1
Remark that the dKP equation and the potentials u; are invariant under linear
gauge transformations 7 — T,

400
Hence, T=1Ue ! = 7+ TZm(l — M a)*
k=1

is a Darboux transformed tau function, and so is ﬂ =T
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Comment

F. Nijhoff et al. [PLA 97 (1993) 125-128 ; LMP 9 (1985) 235-241] have shown that linear

integral equations such as
(k) = /) _ 0 //
C

can be used to generate linear problems and Backlund transformations for integrable lattice

- M

equations, notably for the dKP lattice.

In fact, one can show that any 7(x) satisfying

d > 21 (A —p")
r(x — e[k / / AW i r(x— A1)
2wt ) 2mi k— i

for a given kernel h(\, pu) satisfies the KP bilinear identity. Conversely, a KP tau function
satisfies the integral equation for the kernel

L (7 —e[p T+ M) soroo s oy
h()\"u):,u—)\[ 7(x') et A)_l]

for arbitrary x’. [R.W., RIMS kokytiroku 1170 (2000) 111-118]



ISLAND 3

Reductions of the dKP hierarchy

i) reduction to dKdV : Tmn =T

What does this imply for solutions of the dKP equation, in the continuum
limit 7

Sot €+m+n €+m+n , €+m+n
e rT = — e —_— _— g
a b ¢’ 4 202 2b2  2¢2 3a3 33 3¢
1 1 11 1 11 1, _3
:>Tmn:T—f—(g—l—E)Tx—l—i(ﬁ—l—E)Ty—|—§<g+g> TQI—FO(Z) X )

To obtain nontrivial solutions one needs : b + ¢ = 0| in which case

_ b
Ty = O(b 1) = Ty — 0 (KdV reduction)

1
and for the soliton solutions : p+ g = 0 (<—> A<1 ) symmetry)
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Soliton solutions :

o b+c=0 a-+p ‘ b+p e
PA pig=0 a—Dp b—1p

14
:exp[Qp(aJr

Bilinear equation :

3
S
DO
3

w
~
3

|
S

a,b—o00

= exp[2pz + 2p°t]

207 179 — (b+ a)Tim Ty + (@ — b) Ty, Ty = 0

__b+a 1 1 T T
or : ufm_u_b_a(um Ug) (U_Tng
)\2
Lax pair : (T o)y = (1 — ﬁ) ()
2 2 12
Lpy = [T7 + (g — Dug — (2+ DTy + (1 — 5)]oy = 255 4y

Ttpy = By = |$Ty + (1 — $)u] ey
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ultra-discretization

b
Introduce § = _a;; (14 8) Ty Tom = T Te + 6 T, Towy
and define § = e P¢, D>0, T := lim+5log7'(8)
e—0
ud—limit, Tom + Ty = max(T + T, , Ty + Ty — D) (udKdV)

[T. Tokihiro et al., PRL 76 (1996) 3247-3250]

To ultra-discretize the soliton solutions one introduces

b+p g atp _ 14 e (1 4 eP/e) /e

— =e V", — =: e

b—p a—p  1+e¥eteDlle
k{—Qm

= lim elog (1 + exp| ) = |max(0,x ¢ —Qm)

e—0t

k =max(0,2 + D) — max(£2, D) = sgn(Q2) min(D, |Q|)

(if D =1 : Takahashi-Satsuma CA)
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ii) reduction to discrete Boussinesq : [7/,,, =T

+(1+1+1) +1(1+1+1) +1(1+1+1)2 +1(1 1 1)
mn — — Tt T )Ty T s\ T 5 T )T S\ T T ) T2 T g T
T a a b ¢ 2 a? 1192 102 yl 21a1b10 2113ai’ 1193 t
1
“\ T 5 To o)\ " )iz x O
2(a2 b? 02)<a+b+c)7y+6(a+b+ )Tg—i_ (

Impose |b=wa, c=w’a, l+w+w’ =0
14 m 9 n

a—q wa — q wa — q

w-(im) G5) ()

a—p wa — p w=a — p

1
(pa)y =9 = =0 (q#p) : AV symmetry

set q=jp (1+j+42=0) :

A+ wPm+wn . {4+ wm + wn _
Ppjp = €EXP [(1_])19 +(1—j2)p2 + O(a 3)}

—— explkr £iV3kY%] (k= (1—j)p)

a—00

- )
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dBSq : Ty Ty + WTm Ty T szngglm/ = 0

Uy =+ wQW
Um =0 , U Um = UV Upl,,!
u + w?w &m
T Tom, T Ty
(u: , _—
T0 Tm T Tohm!

Lax pair :

Lp = TP + [(w — Duge + (w? — Dvgn)TZ + Bugvpn Doy =
T = By = [Ty + (1 — w?)uly

gauge transformation : 7 — W71 = U —wu, v — WV
Uy + Uy B
= Uy =V o 0 WUm = Uty
and : Ty Ty = —W [Tm T/ + Tim Tg/m/]

(which is ultra-discretizable)
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Conclusions:

— Sato construction of the dKP hierarchy

— One should not forget about the solutions
when “discretizing” integrable systems

— interesting form of a dBsq in a equation



