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Plan of the talk

Quick review of discrete KdV equation (dKdV eq.), ultradiscrete KdV
equation (udKdV eq.) and Box-Ball system (BBS).

[ relations to (continuous) KdV equation, Lax form, conserved
quantities, periodic case etc.]

Negative soliton (background solution) in the udKdV eq.

[ gauge transformation, conserved quantities and definition of the
background solutions, general solutions constructed from soliton
solutions of dKdV equation]

Ref.) M.Kanki, J.Mada and T.Tokihiro: “Conserved quantities and generalized solutions of
the ultradiscrete KdV equation”, J. Phys. A44, 145202 (15 pages) (2011).



Discrete KdV equation

The dKdV equation (Hirota, Hirota-Tsujimoto) :

| | 0 N
] - W + 143 (U,i 1 —M,i+1)= 0 nt€Z, 6 <R :parameter

n+l n

Relation to continuous dKdV eq.: u, =1+ AU(T,X)

T=e(t=1),X =8(n-1)-n(t-1); A=(1+20)5, n=26°, ¢=16",
ﬂ 5—0 (Aen —0)

u=U{T,X): U,+6UU,+U,,,=0 ---KdVeq.



From dKP eq. to dKdV eq.

Bilinear form of the dKP eq.: a,b,cEC; (I,m,n)EZ’

(a b)Tl+1 m+1,n l ,m,n+l1 + (b C)TI m+1,n+l1 l+1,m,n
+ (=), 0Ty it = 0
Reduction to dKdV eq.: . §.=2=¢
eduction to €4-l Ty iin =Timn > Oy =T,0,, 0=
a-b
t+1 -1 __r+1
(1+d)o 0~ =d0, 0" +0,, 0

t -1
OO0 1 1 )
I/l; ‘= n n+1 —s — _ t (ut+1 _ u,tH_l )= O
0.0 u u, 1+ 0

n+l



Lax form

(1) Linear equation associated with dKdV eq. :

shift operator S Sp. =@, , spectral parameter A

(01 -5 o, = 2 5
N R B Y _ -l ((S':=m)
(@) =57 s =

(2) Lax equation for the periodic boundary condition: (“;+N =u, (;0;+N = n(p,i)

J\

O'u; -1 ()" -
-1 0} -1 ()™

R(t-1):= , M(t):=

-1 ouj -1 ()

Lt)=R(t-1)M(t), = L(tO)M(t+1)=M@t+1)L(t+1)




Alternative form of the dKdV eq.

1 1 1 1
From the bilinear form: (1+d)o. 0. =do. 0" +0, O,
t -1 t+1 -1
_ oo _o, o,
when we define; u, =—"1 | V=

On+la (G )

— —S5u' 1 S I .

- un +_t’ un vn+l - unvn

For the boundary condition:  lim «, = lim v, =1

n—>— n—>—0o0
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Soliton solutions

N soliton solution:(determined by 2N parameters {p}1 ,{yi};)

! = _ l_pi t p,.+c3 ’ Hi>j7,.7jej(pi—pj)2
Gn(N)_JgV] ];[( Yi)( P )(1+5—pi) Jni’ja(l—pi—pj)'

(= P, = ), INT=(1,2,,V})

n

t
Ex.) o,i(l)=1+(—y)(1_p )( o )
p 1+<5—p
t B _ 1-p, t p+0 " - I-p t Py +0 n
omtocn8] (25 2] (12522

) (-1, ) ((1—p1><1—p2>)t( (p, +0)(p, +0) )
(1-2p)(1-2p,)(1-p,-p,) PP (1+8 - p)(1+5 - p,)



Conserved quantities (periodic case)

Using Lax form: (Rem.) L(r) = L(t;n))
M@E+DLt+)=LOM@(E+]1) = Lt+D)=M"t+DLEOM@+1)
- f(A,n):=det(Al - L(r)) does not depend on time step .

. Each coefficient of the monomimalin f(A,n) is conserved.

Ex.) period = 3
o' n X, |
Li)=|-X, o' n |, X.=—+0d8"u

i ¢ i+l

u.
1 -X, o Z

fOM) =(8'-A) +7° - X X, X +(0'- M) (X, + X, + X,)

oo X, X, X, and X, +X,+X, areconserved.



Box-ball system (BBS)

BBS is a reinterpretation of a 2 states soliton CA

proposed by Takahashi-Satsuma (1990).

The number of active cells does not change in the

updating process.
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Time evolution rule

& /N
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t=1 xe Qd | © 00O

U’ = (#ball in n-box at )€ {0,1}

n-1
imU' =0 = U™ =min[1—U,i, E U, —U;?l)]
n—>—o P



Conserved quantities of BBS
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p; - #lines with indexj =
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Time evolution patterns of the BBS

= O] =1 U'€{o,1

> N
t=0 1111 111

t=1 1111001101

t= 110101111

t=3 111 1111
t=4 111 1111

t=5 1011 1111
t= 100011 1111

Every state consists of KdV solitons .
Every state has sufficient number of conserved quantities as an integrable

dynamical system.

") BBS is constructed by ultradiscretization from KdV eq.



Ultradiscrete KdV equation

. t 1 t n-1 MHI

lim #/=1 = (1+9) ,+1=5un+ﬂ ~ (1) (dKdV eq.)

n—>—oo un il l/lk
n-1

limU, =0 = U,i”=min[1—U,i,2(U,i—U,i”)] ...(2) (Eq. for BBS)
k=—

Simple identities:

a,b ER; lim—elog[e‘“/£°e‘b/8] =a+b,

e—+0

lim- ¢ log [e“’/g +e " ] = min|a,b ]

e—+0

d=e"", u' =" = Eq.(1) turns to eq.(2).

Eq.(2) is called the ultradiscrete KdV equation.




From KdV eq. to udKdV eq.(summary)

(1) KdV eq. : w+oww +w_ =0
Discretization of
1 1 independent variables

-—+0 (ufjl -u )= 0

(2) dKdV eq.: ”f:l u;
lim u =1
t+1
(1+5) o
k=—00 uk
6=e", Discretization of
lim glogu! =U! dependent variables

e—+0

=—00

n-1
@uokaveq.: U =min(1-UL, § (Ui -U;")



Facts on the BBS

Any state of the BBS is obtained through ultradiscretization from a
soliton solution of the dKdV equation.

Conserved quantities of the BBS are constructed from those of the
dKdV eq..

Initial value problem is solved by various methods.(cf. talk by lwao ).

BBS is also obtained from integrable lattice model (Crystallization:
Hikami-Inoue-Komori 1999).

Generalisation of the BBS is widely studied—the original BBS
corresponds to A" symmetry lattice (Fukuda et.al, Hatayama et al.
2000).

Straight forward generalization is the BBS with larger capacity of box
(Takahashi1991). BBS with carrier is also well-known (Takahashi-
Matsukidira 1997)



BBS with larger box capacity

Box capacity 1 — L; time evolution rule is essentially the same.
This BBS is also obtained by the udKdV eq.

n-1
U = min(i—U;,ka(U,i -u ))

- (I8
- (T




Negative soliton

In 2009, Hirota considerd the udKdV eq. :

#) U2+1 =min(1—U2, HE_I (Uli _Ul£+1 )), limn_>_oo U;Z =0

k=—00

in the case U;E{Oji]’izj...} (instead of U, E€1{0,1} ).

He called a negative soliton for an array of negative integers, which
move at speed one, and proved that it cannot be obtained by
ultradiscretization of any travelling wave solution of the dKdV eq..

Ex.) 1:=-1, 2=-2, etc.
t=0 1111 3 1212
t=1 1111 3 1212

t= 1111 3 1212



Negative soliton and background solution

> Background solution: a state with only negative solitons. (Willox

et al.2010)
U €{0,£1,+2,...} -1=1, —2=2, etc.
t=0 1111 21003
t=1 1111 21003
t=2 1111 21003

Ex.) a state with negative and ordinary solitons

t=0 [ O A NI b R 1

t=1 1210111 1

t=2 11110021 1

t=3 Tt

t=4 1 21 211

t=5 1 12 o111

t=6 1 1110001 11111



Corresponding objects in continuous systems

Hirota proved that no travelling wave solution of the dKdV eq. gives
a negative soliton state by ultradiscretization.

In the BBS with large box capacity or 2D ultradiscrete KP eq., similar
solutions were observed and considered as ‘wiggle’ in the continous
equations. (Solitons corresponds to point spectrum of linear
operator, but wiggles correspond to continuous spectrum.)

Usually the initial value problem for continuous spectrum cannot be
solved, but Willox-Nakata-Grammaticos-Ramani-Satsuma have
solved initial value problem for the udKdV eq. with negative solitons.

Negative solitons (background solutions)
are some special solutions appeared only
in ultradiscrete systems?



Preceding studies on negative solitons

2009~ Hirota, Willox et al. started on the studies of the udKdV eq. over
negative integer values.

(1) Hirota gave explicit form of 2 solion solutions of the udKdV eq. with
negative solitons.(They are defined on integer points only.)

He gave the proof that these solutions cannot be constructed by
ultradiscretization of the discrete KdV equation.(Hirota[A])

(2) Solution of the initial value problem (Willox et.al.[B])

(3) Decomposition of the state into a soliton part and a negative soliton part
(Gilson et.al.[C])

A) R. Hirota: “New solutions to the Ultradiscrete Soliton Equations”, Stud. Appl.
Math. 122, (2009), 361-376

B) R. Willox, Y. Nakata, J. Satsuma, A. Ramani and B. Grammaticos :“Solving
the ultradiscrete KdV equation”, J. Phys. A: Math. Theor. 43, (2010),
482003(7pp)

C) C. Gilson, A. Nagai and J.C.Nimmo: private communication



Known results

BBS: U €{0,1}

U EZ

explicit solutions

v" Arbitrary solutions

up to 2 solitons

(Hirota 2009)
Conserved quantities v x
Initial value problem v' Many methods v" Willox et al.
(geometrical, algebraic, 2010
combinatorial methods)
Relation to integrable lattice | v x
model
v x

Periodic boundary
conditions




Problems on negative solitons

How to construct the conserved quantities?

(cf.) For cyclic boundary, we can use Lax form.

However can one find conserved quantities similar to the BBS?)
What is the relation to an integrable lattice model?

What is the rigorous definition of a background solution?
t=0 1 t=0 1 111

t=0
t=1 1 t=1 1 t=1 111
t=2 1 t=2 1 t=2 111

1-soliton negative soliton ?7?

How to construct explicit formulae of the background solutions and
general solutions including both negative and ordinary solitons?

A simple gauge transformation will solve all these
:D problems.




From dKdV eq. to udKdV eq. (revisit)

Bilinear form of dKdV eq.: (1+d)o' 0" =0 0" +0!, 0!

t __t-1 t+1 __t-1

. ., O.0. o'to!
when we define: u, :=—""%, v =——5-
On+10n (O';)
1 t 1 t+1_t t
=  (1+0)—7F=0u,+—, u, v, =uy
n vl’l
Ut = mln(l—U;,Vn’)
= (%) t 07 L.udKdV eq. (new form)
I/n+1 = Un + I/n _Un

Note: (%) is a special case of (lattice of the) ultradiscrete
version of the Yang-Baxter map (Veselov 2003, Kakei-Nimmo-
Willox 2009)



Ultradiscrete Yang-Baxter map

Def.: ultradiscrete Yang-Baxter map lattice (cf. Kakei-Nimmo-Willox(2009))
Ut =U! -min(U!, L~V )+min(V},C-U})
Vl‘

n+l

%v
( ) =U;+V,;_U,tz+l

where L,CER are parameters.

(1) When L,CEZ,, (%) is equal to a time evolution equation of the box-ball
system with carrier. [Takahashi-Matsukidaira 1997]

(2) It also equals to the action of the R-matrix of Al(l) integrable lattice model in
the crystal limit ¢ — (. [Hatayama et al. 2000] . -

(3)When L=1,C — o, lim V' =0,lim U’ =0, , i+l
(%") turns into the (ordinary) BBS (%) . v Vi Vi

Ut+1 Ul+1

i+1



Gauge transformation on the udYB map

Key Lemma:
For a given initial data {U,TO EZ}HHO , variable transformation :

U =U +m, V'=V'+m, m:=max[-U’,U’-L]

changes the udYM map (%) to
U =U}§—min(U;,L+2m—17,1’)+min(17n’,C+2m—Ufl)
0/ \ "N
(A)) I}t =Uz +I7t _Um

n+l

In particular, if LEZ,and lim V' =0, (%)" is closed under

n——©

U €{0,1,---,L+2m}, V'E{0,1,---,C+2m}.

Corollary: The udKdV eq. with negative integers is equivalent to the
BBS with larger box capacity and the boundary condition: |im U’ = m.

n——o




Conserved quantities

From the corollary, we found:
(1) ‘udKdV eq. with negatige integers’ = ‘BBS with box capacity 2m+1’

= 4" integrable lattice model’

(2) Extension to a periodic system (and those with other boundary
conditions) is straightforward. [Kanki 2011]

The conserved quantities of this general BBS are already known.

(1) Energy functions of the A integrable lattice model [Fukuda-Okado-
Yamada 2000]

(2) Path representation related to the Wyle group action [ Mada-ldzumi-T
20035]

Can we construct the conserved quantities in a similar way to that of the
BBS?.



Construciton of conserved quantities
—an example of periodic case —

Ex.) initial state:001101101000
up-shift (m=1,=3) : 112012212111

NN O
J=1 L@ L ele eI '] C, =6
ool |ole]e/e]elele/e]

DDDD@EDDDDDD A
®
]

T

el ¢ =11-6=>5

®
AN

AL A
¢

]

L]

[ A

Ci

i

/o

C,=15-14=1

(C,,C,,C,,C,) = (6,5,3,0)

vacuum:000000000000
up-shift:111111111111

N R O [
R R 0 [
velvleloelolelv]elo]e

AN

GrUOUONOTO0n

same as above(/ =2)

same as above(/ =2)

(Cl,C} ,C},Cy) = (6,6,0,0)



Conserved quantities and Young diagram

LI L] L] o
HEN L] L]
% L] c L[ C=C_C L1
. DD DD l. [ [ D
(1] : HE difference= [ | ]
L] L] L IG<]
(G, G, G5, C) = (653D, (GLGLGLCH=(66000 (¢ ¢ C.C)=(0-13])

7

normalized conserved quantities

Prop1: (# disappeared squares*) = (total amplitude of negative solitons)

Prop2:squares located at /=2m+1 (C,,,,,C,,.,.") ** constitute a Young
diagram corresponding to ordinary solitons.  (In this example, there
are 3 solitons with amplitudes 1, 1, 2.)



Definition of a background solution

Def.(background solution):

A background solution of the udKdV eq. is a solution corresponding to a
state with C, =0 for /=2m+ L.

ex) t=0 ..000111 (o020 L)
t=1 ... 111
t=2 ... 111 (C19C29C39C49)=(Oa_190909)

This is a background solution.

ex.) t=0 ...000121 . (& ...711030 )
t=1 ... 121
t=2 121000...  (C,C,,C,,C,,--)=(0,-11,0,---)

This is NOT a background solution.



Construction of background solutions

Hirota’s argument for nonexistence of corresponding solutions
to dKdV equation.
t+1 _t-1 -1 _t+1 t

From the bilinear eq.: (1+0)0. .0~ =60 0"~ +0O

n+l~"n n+l~"n n+l

t
o,,

O,t+lo,t—1 O,z‘—lo,t+1

we have (1+0)—r =52 41 ---(1)

t t t t
On+10n O~n+lO’n
O_,l—lo_,t
Since negative solitons move at speed 1, wu,:=—"*—"1-= f(n-t)---(2)

n t
n+l~"n

so that we can essentially put o) =o(n-t), and from (1) and (2)
wehave 1+0=0uu,  +1 ---(3).

But, for negative solitons, u/ =eU»'¢ <1, which contradicts (3).

we have to consider solutions:
> u (€)= f_(e)A limoelog u(e)=U




Boundary condition changed by the gauge
transfromation

A background solution (1:=-1 etc.)

1100212 IimU =0 < limu =1

Nn—>—00 n—-—x

Gauge transformation (up-shift)

1122010 .. mU =2 < limu =é**

n—>—0oo n—>—0oo

We have to find a solution with different
b.c.

o0

ct) (=Y "™ (v=n(t-n)) gives a solution to dKdV

N=—00

eq. with limu, =a(=1) . (We do not use this fact here.)

n—>£00



Construction of background solutions from soliton
solutions of the discrete KdV eq.

Theorem:
Any background solution can be constructed from N soliton solutions of the
dKdV eq.: %—Lt+5(u;”—u;+l)=0

u

n+l n

through ‘scaling’ and ‘ultradiscrete’ limit.

Method of construction :

t __t+1

When we put u, =—2-=L N soliton solution of the dKdV eq. is given as

t+1 __t
On On—l

t n ’
()‘t(N)= H(—)/) 1_pj pi+5 1 __l->j’l-’]€](pi_pj) .
n J;V] ey ! D, 1+5 —D; 1 __i,je](l_pi _pj)

(pi ;épj(i#j)a [N]={19299N})




Ultradiscrete limit of N soliton solutions

p,(N):=lim elogo,(N) (8 =e"",p,=ce™",~y, =de"")

- max (Eg)r-(zmin(L,g))mE@ - E min(P, P,)

i=j
i,jel

VASY SNASY 4
¢,d; >0(c; =c;)

F,:amplitude of the ith soliton, £, = P (i = j)is allowed.

6. : phase of the ith soliton
Important fact: Solitons can have the same amplitudes in the udKdV eq.

Ex) p.=max[0,21-2n,41-4n-6] gives a 2 soliton solution
both with amplitude 2.

t+1 t+1 t

U, =p0,+P,5 =P =Py



Scaling limit and background solution

If 0, gives a solution to udKdV eq., O, =P, +an+bt (a,b:const)
gives the same solution.

By subtracting a linear function £.y of x:=n—t depending on N,
the scaling limit P (X) = zvlir?w(pfi+2N(N )=P.x) becomes a function

of x and gives the solution to udKdV.eq.

FACT: By proper choice of an N solition solution,

Ubg(‘x) = pbg(x) + Iobg('x + 2) - 2pbg(x + 1)
gives an arbitrary background solution.

Cf.) For m=1, we need solitons with amplitudes only 2 and 1



Explicit form of background solutions

O000000O0 OO0 0000 O OO

OO O Oo—O

--1111171717001110111101011..
...00000000110001000010100...

+

soliton with amplitude 2  soliton with amplitude 1



General solutions

N soliton solution of the udKdV eaq.:

ol = = max (EP)t—(;mm(LP))rH;H Emln(e,P)

l#]

(PEZ, :amplitude, 6.€Z:phase)

Theorem:

A solution consisting of a background solution 7,,(x) and m ordinary
solitons with amplitudes and phases: (£,0),P =3 (i=1,2,---,m) is given as

Q. = max (EP)I 3|J|n+29 Emln[P P+ p,,(x=2[J )

JCm] 4
J
e /)

back ground solution




A simple example

N N

Background solution: --111101111-- + 1 soliton: £ =4,6,=-6

Py (%) = max |2kx—| k| -2k(k-1)]
{p; = max [pbg(x),4t -3n-6+ pbg(x—Z)]

2210 1101
220 111
30 = 21
03 12
022 111
0122 1011

Note: The phase shift of negative soliton is-2 when it collides with a soliton.

37



Concluding remarks

Conclusion
We showed the following results for the udKdV eq. with negative integers.
1.) conserved quantities
2.) relation to the integrable lattice model ( Al(l) symmetry) .
3.) explicit formulae for general solutions for m=1.

Future problems
1.) extension to the more general cases (A,fll) : several kinds of balls etc.)

2.) solving initial value problems by this approach and compare it to the
previous results




Thank you for your patience



