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Abstract. We construct the first examples of non-smoothable self-homeomorphisms of
smooth 4-manifolds with boundary that fix the boundary and act trivially on homology.
As a corollary, we construct self-diffeomorphisms of 4-manifolds with boundary that fix the
boundary and act trivially on homology but cannot be isotoped to any self-diffeomorphism
supported in a collar of the boundary and, in particular, are not isotopic to any generalised
Dehn twist.

1. Introduction

1.1. Results. Let X be a smooth, compact, oriented 4-manifold with boundary. We will de-
note by Homeo+(X, ∂X) the topological group of orientation-preserving self-homeomorphisms
of X that restrict to the identity map on ∂X, topologised using the compact-open topology.
We say that a homeomorphism f ∈ Homeo+(X, ∂X) is non-smoothable if it is not isotopic
relative to the boundary to any self-diffeomorphism of X.

We denote by Tor(X, ∂X) ⊂ π0Homeo+(X, ∂X) the (topological) Torelli group of (X, ∂X),
the subgroup of isotopy classes of homeomorphisms that induce the identity map on H2(X).
WhenX is simply-connected and closed, Perron–Quinn [Per86, Qui86] showed that Tor(X, ∂X)
is trivial and hence all of its elements are smoothable. However, if ∂X ̸= ∅ then Orson–Powell
[OP23] showed that it is in general non-trivial and hence could contain non-smoothable
homeomorphisms. Our first result shows the existence of such non-smoothable elements
of Tor(X, ∂X).

Theorem 1.1. There exists an infinite family of pairwise non-diffeomorphic compact, ori-
ented, smooth, simply-connected 4-manifolds with connected boundary {(Xn, ∂Xn)}n∈N and
Tor(Xn, ∂Xn) of infinite order such that, for each n, all non-trivial elements in Tor(Xn, ∂Xn)
are non-smoothable.

In fact, we construct two separate such families, one such that the boundaries ∂Xn are pair-
wise non-diffeomorphic (Theorem 4.1) and another family {Zn}n∈N such that the boundaries
∂Zn are all diffeomorphic and the Zn are all homeomorphic relative to their boundaries (The-
orem 4.4). Furthermore, the first of these families is minimal in the sense that the produced
manifolds have the simplest possible intersection forms. See Remark 2.8 for more details.

We also note that the homeomorphisms of Theorem 1.1 are not isotopic to any diffeo-
morphism even ‘absolutely’, i.e. when considering isotopies that do not fix the boundary
pointwise. Indeed, we will see in Section 5 that relative and absolute non-smoothability are
equivalent notions for 4-dimensional manifolds.

It is easy to describe a class of smoothable maps in Tor(X, ∂X). Given a loop γ of
orientation-preserving diffeomorphisms of the boundary based at the identity, we can form
a diffeomorphism φγ : (X, ∂X) → (X, ∂X) by inserting γ into a collar of the boundary and

1



2 DANIEL GALVIN AND ROBERTO LADU

extending via the identity map. Such diffeomorphisms are called generalised Dehn twists, and,
since they are supported on a collar of the boundary, they represent (smoothable) elements in
Tor(X, ∂X). It is an interesting question whether a given smoothable element of Tor(X, ∂X)
is realised by a generalised Dehn twist.

Our second result shows the non-realisability of smoothable elements of Tor(X, ∂X) by
generalised Dehn twists.

Theorem 1.2. There exists an infinite family of pairwise non-diffeomorphic compact, ori-
ented, smooth, simply-connected 4-manifolds with connected boundary {(Wn, ∂Wn)}n∈N and
Tor(Wn, ∂Wn) of infinite order, such that all mapping classes in Tor(Wn, ∂Wn) are smooth-
able, but only the identity map is supported on a collar of the boundary and, in particular,
only the identity map is realised by a generalised Dehn twist.

1.2. Background. The question about smoothable versus non-smoothable homeomorphisms
for closed, oriented, simply-connected 4-manifolds has been studied extensively. If X is such
a manifold (or has boundary a homology sphere) with indefinite intersection form or the
rank of H2(X) at most 8, then Wall [Wal64] showed that all isometries of the intersec-
tion form Aut(H2(X#(S2 × S2)), λX#(S2×S2)) can be realised by diffeomorphisms (and hence

all self-homeomorphisms of X#(S2 × S2) are smoothable by Perron–Quinn [Per86, Qui86]).
Ruberman and Strle [RS23] extended this result to show that any self-homeomorphism of
X#(S2 × S2) that acts trivially on the homology of the S2 × S2-summand is smoothable.

Conversely, for closed 4-manifolds, Friedman and Morgan constructed the first examples of
non-smoothable homeomorphisms by considering self-homeomorphisms of Dolgachev surfaces
[FM88]. The general argument for producing such non-smoothable homeomorphisms goes in
the following manner. Firstly, by Freedman [Fre82], we know that any automorphism of the
intersection form is realisable by a homeomorphism. Then one uses a gauge-theoretic invariant
(e.g. Seiberg-Witten invariants) to show that certain automorphisms of the intersection form
are not realisable by a diffeomorphism, since diffeomorphisms must preserve certain homology
classes (e.g. Seiberg-Witten basic classes). This style of argument has been used to produce
many more examples. In particular, Donaldson [Don90] showed that the K3 surface admits
a non-smoothable homeomorphism. Further instances are known, see [MS97], [Bar21].

There is a natural generalisation of this idea to the case of 4-manifolds with boundary
using Monopole or Heegaard-Floer homology [KM07][OS06] which consists of looking at the
cobordism maps induced in Floer homology by the 4-manifold together with a spinc-structure.
Indeed, two spinc-structures related by a diffeomorphism fixing the boundary induce the same
cobordism map up to multiplication by ±1, depending on the action of the diffeomorphism
on homology. However, this approach cannot obstruct the smoothability of homeomorphisms
in the Torelli group because, as we will see in Section 2, such homeomorphisms preserve the
relative isomorphism class of a spinc-structure since they act trivially on H2(X, ∂X).

A different approach, based on Seiberg-Witten Floer stable homotopy type [Man03], has
been used recently by Konno and Taniguchi [KT22, Thm 1.7] to construct non-smoothable
homeomorphisms for a large class of 4-manifolds with boundary a rational homology sphere.
The technical results underpinning this approach require b1(∂X) = 0 and therefore this ap-
proach cannot be directly applied to find non-smoothable elements in the Torelli group because
the latter is non-trivial only when b1(∂X) ≥ 2 (see Theorem 2.7). An enhancement of this
approach to the case b1(∂X) > 0 might become available in the future using generalisations
of [Man03], e.g. [KLS18],[SS21]. Regardless, in this paper we take a different approach based
on embedding X into a closed 4-manifold (see Section 2.3).
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1.3. Outline. We briefly outline the contents of the paper. In Section 2 we recall the classi-
fication of Tor(X, ∂X) in terms of algebraic objects called variations, and prove a key lemma
(Lemma 2.9) which we will use to detect elements of the Torelli group. In Section 3 we prove
technical conditions under which we can guarantee the existence of non-smoothable elements
of the Torelli group. In Section 4 we use the conditions from the previous section to produce
our two infinite families of examples and hence prove Theorem 1.1. Finally, in Section 5 we
consider generalised Dehn twists and prove Theorem 1.2.

1.4. Acknowledgements. Both authors would like to thank Mark Powell for bringing this
problem to their attention, answering their many questions and for his insightful comments,
and Simona Veselá and Burak Özbağcı for their suggestions and careful review of previous
versions of this paper. The second author would like to thank Paolo Ghiggini, Arunima
Ray, Steven Sivek and Peter Teichner for helpful conversations and encouragement. The first
author was supported financially by the University of Glasgow. The second author is thankful
to the Max Planck Institute for Mathematics in Bonn for hospitality and financial support.

2. Variations

2.1. Definitions. The aim of this section is to describe the classification of homeomorphisms
up to isotopy for simply-connected, topological, oriented 4-manifolds with boundary. This
classification is due to the work of Osamu Saeki, Patrick Orson, and Mark Powell [Sae06,
OP23]. We will begin by defining what a variation is, which is the central object involved in
the classification. Unlike the rest of this paper, all of the statements in this section are purely
topological in nature, and so hold regardless of whether the manifolds in question are smooth
or topological.

Definition 2.1. Let X be a simply-connected, oriented 4-manifold with boundary and let
f ∈ Homeo+(X, ∂X) be an orientation-preserving homeomorphism relative to the boundary
∂X. Then the variation induced by f , denoted as ∆f , is defined as

∆f : H2(X, ∂X) → H2(X)

[Σ] 7→ [Σ− f(Σ)],

where Σ denotes a relative 2-chain. Note that the homology class [Σ−f(Σ)] does not depend
on the choice of representative relative 2-chain Σ [OP23, Sec. 2.2].

We can also define variations without reference to a homeomorphism.

Definition 2.2. Let X be a simply-connected, oriented 4-manifold with boundary and let
∆: H2(X, ∂X) → H2(X) be a homomorphism. Then we say that ∆ is a Poincaré variation
if

∆ +∆! = ∆ ◦ j∗ ◦∆! : H2(X, ∂X) → H2(X),

where j is the inclusion map of pairs (X, ∅) → (X, ∂X) and ∆! denotes the ‘umkehr’ homo-
morphism to ∆, defined as the following composition:

∆! : H2(X, ∂X)
PD−1

−−−→ H2(X)
ev−→ H2(X)∗

∆∗
−−→ H2(X, ∂X)∗

ev−1

−−−→ H2(X, ∂X)
PD−−→ H2(X).

Following the notation of Orson-Powell, we will denote the set of Poincaré variations of
(X, ∂X) as V(H2(X), λX), where λX denotes the intersection form ofX. This notation is used
because it is shown in [OP23, Sec. 7] that the set of variations only depends on the isometry
class of the intersection form (H2(X), λX), rather than on the 4-manifold specifically.

We can give V(H2(X), λX) the structure of a group due to the following lemma of Saeki.
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Lemma 2.3 ([Sae06, Lem. 3.5]). The set V(H2(X), λX) forms a group with multiplication
given by

∆1 ·∆2 := ∆1 + (Id−∆1 ◦ j∗) ◦∆2,

identity the zero homomorphism, and inverse given by

∆−1 = −(Id−∆ ◦ j∗) ◦∆.

Further, we have

Lemma 2.4 ([Sae06, Lem. 3.2]). Let X be a compact, simply-connected, oriented, topological
4-manifold with boundary ∂X and let f ∈ Homeo+(X, ∂X). Then ∆f is a Poincaré variation.

The converse of the above result, that all Poincaré variations are induced via homeomor-
phisms, is given by [OP23, Thm. A].

2.2. The Torelli group. The map which sends a homeomorphism to its variation gives a
factorisation of the map which takes the induced automorphism of the form for a homeomor-
phism:

(2.1) π0Homeo+(X, ∂X)
f 7→∆f−−−−→ V(H2(X), λX)

∆ 7→Id−∆◦q−−−−−−−→ Aut(H2(X), λX),

where q : H2(X) → H2(X, ∂X) is the quotient map. It is the result of Freedman–Perron–
Quinn [Fre82, Per86, Qui86] that, for a closed, simply-connected 4-manifold X, the above
composition is a bijection. Hence, all homeomorphisms of a closed simply-connected 4-
manifold that map to the trivial element of Aut(H2(X), λX) are isotopic to the identity map.
For manifolds with non-empty boundary, the classification is more subtle [OP23, Thm. A],
and in particular we can have homeomorphisms that are not isotopic to the identity but still
induce the trivial element of Aut(H2(X), λX) under 2.1.

Definition 2.5. Let X be a compact, simply-connected, oriented, 4-manifold with boundary
∂X. We define the Torelli group Tor(X, ∂X) ⊂ π0Homeo+(X, ∂X) to be the subgroup of
homeomorphisms that induce the trivial element of Aut(H2(X), λX) under 2.1.

Note that the subgroup of variations which are induced by elements in the Torelli group
is exactly the subgroup of variations satisfying that ∆ ◦ q : H2(X) → H2(X) is the zero map.
For such Poincaré variations, we can construct a skew-symmetric pairing in the following way.
Let ∆ be a Poincaré variation. Then this gives rise to a map

(η∆)
ad : H1(∂X) → H2(∂X) ∼= H1(∂X)∗

(note that the last isomorphism is given by Poincaré duality and universal coefficients) by first
lifting an element in H1(∂X) to an element in H2(X, ∂X), mapping to H2(X) using ∆ (note
that this image does not depend on the choice of lift) and then noting that by the definition
of Poincaré variations, this element lifts uniquely to an element in H2(∂X). As suggested by
the notation, we can interpret this map as the adjoint of a pairing:

η∆ : H1(∂X)×H1(∂X) → Z
and it is stated in [Sae06, Prop. 4.2] that this form is skew-symmetric. To see this, it is enough
to verify that ηad∆ (x)(x) = 0 for any x ∈ H1(∂X), and this fact is geometrically clear from the

definition of ηad. More crucially, we can go the other way. Let η : H1(∂X)×H1(∂X) → Z be
a skew-symmetric pairing. Then we can define a variation ∆η as the following composition:

(2.2) H2(X, ∂X)
∂−→ H1(∂X)

ηad−−→ H1(∂X)∗
ev−1

−−−→ H1(X)
PD−−→ H2(∂X)

i∗−→ H2(X)



NON-SMOOTHABLE HOMEOMORPHISMS OF 4-MANIFOLDS WITH BOUNDARY 5

where the map ∂ denotes the connecting homomorphism in the long exact sequence of the
pair and i : ∂X → X denotes the inclusion. We have the following sequence, due to Saeki.

Proposition 2.6 ([Sae06, Prop. 4.2],[OP23, Thm. 7.13]). Let X be a compact, simply-
connected, oriented, topological 4-manifold with connected boundary ∂X. Then the following
is a short exact sequence:

0 → Λ2H1(∂X)∗ −→ V(H2(X), λX) −→ Aut(H2(X), λX) → 0.

So it follows that, in the connected boundary case, we have that the variations which induce
the trivial map on homology are in one-to-one correspondence with skew-symmetric forms on
H1(∂X).

We have the following classification of the Torelli group, due to Orson-Powell.

Theorem 2.7 ([OP23, Cor. D]). Let X be a compact, simply-connected, oriented 4-manifold
with connected boundary ∂X. Then there is an isomorphism of groups:

Tor(X, ∂X)
∼=−→ Λ2H1(∂X)∗,

[f ] 7→ η∆f
.

Remark 2.8. It follows from this that Tor(X, ∂X) is non-trivial if and only if b1(∂X) ≥ 2. In
fact, we can say more. Since X is simply-connected, it must also have b2(X) ≥ b1(∂X) and,
if b2(X) = b1(∂X), vanishing intersection form. This follows from the exact sequence

0 → H2(∂X) → H2(X)
λad−−→ H2(X)∗ → H1(∂X) → 0,

where λad is the adjoint of the intersection form and the penultimate map is the composition
of the inverse of the evaluation map, Poincaré duality and the connecting morphism of the
long exact sequence of the pair. After tensoring with Q and using that b2(X) = b1(∂X), the
claim is clear. It follows that examples of 4-manifolds with Tor(X, ∂X) non-trivial must have
b2(X) ≥ 2.

2.3. Applying variations to closed manifolds. Let W be a simply-connected, oriented
manifold with boundary ∂W . In Section 3 we will want to use variations to prove that a
homeomorphism f : (W,∂W ) → (W,∂W ) is non-smoothable. In doing so, we will need the
following lemma.

Lemma 2.9. Let W1 be a simply-connected, oriented 4-manifold with boundary ∂W1
∼= Y ,

W2 be an oriented 4-manifold with boundary ∂W2
∼= −Y and let X := W1 ∪Y W2 be the

closed, oriented union. Let η : H1(∂W1)×H1(∂W1) → Z be a skew-symmetric pairing, denote
by ∆η the induced variation (given by Equation (2.2)) and denote by φη : W1 → W1 the
induced homeomorphism (given by Theorem 2.7). Consider the umkehr map to the inclusion
i1 : W1 → X,

i!1 : H2(X)
PD−1

−−−→ H2(X)
i∗1−→ H2(W1)

PD−−→ H2(W1, Y ).

Then for any class x ∈ H2(X) we have that

(2.3) (φη ∪ IdW2)∗(x) = x− (i1)∗∆η(i
!
1(x)) ∈ H2(X),

where φη ∪ IdW2 : X → X is the homeomorphism defined as φη on W1 and as IdW2 on W2.

Proof. Let Σ ⊂ X be an embedded, closed, oriented surface representing x, transverse to Y
(for topological transversality see [FQ90, Thm. 9.5A]).
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The statement i!1(x) = [Σ ∩W1] ∈ H2(W1, Y ) is equivalent to the commutativity of the
following diagram:

H2(X) H2(X,W2) H2(W1, Y )

H2(X) H2(W1)

q∗ ∼=

i∗1

PD ∼=
PD

∼=

where q∗ is the map induced by the inclusion q : (X, ∅) → (X,W2) which sends [Σ] to [Σ∩W1]
and the written isomorphism H2(W1, Y ) → H2(X,W2) comes from excision.

We now prove the commutativity of the diagram. Let y ∈ H2(X). Going first to the
right, this maps to i∗1(y) ⌢ [W1, Y ] ∈ H2(W1, Y ) and then to y ⌢ (i1)∗[W1, Y ] ∈ H2(X,W2)
by naturality of the (relative) cap product. Going the other way, y ∈ H2(X) is mapped to
q∗(y ⌢ [X]) = y ⌢ q∗[X] ∈ H2(X,W2), again by naturality of the (relative) cap product. It
remains to be shown that these are equal, i.e. that q∗[X] = (i1)∗[W1, Y ], but this is clear by
the definition of q∗. This completes the proof that the diagram commutes.

As a singular 2-chain, Σ = (Σ ∩W1) + (Σ ∩W2) ∈ C2(X). Similarly, the singular 2-chain
induced by (φη ∪ IdW2)(Σ), i.e. the left hand side of 2.3, is equal to the sum φη(Σ ∩W1) +
(Σ ∩W2) in C2(X). Hence we have that:

Σ− (φη ∪ IdW2)(Σ) = (Σ ∩W1)− φη(Σ ∩W1) ∈ C2(X).

The right hand side is homologous to the cycle induced by the glued-up surface (Σ ∩W1) ∪
−φη(Σ ∩W1) which is equal to (i1)∗∆η([Σ ∩W1]) by Definition 2.1. □

3. Sufficient conditions for non-smoothability

In this section, all manifolds will be considered to be smooth. For any closed, oriented,
4-manifold X, we will denote by Spinc(X) the set of isomorphism classes of spinc-structures
on X, and by I(X, ·) : Spinc(X) → Y a map taking values in an abelian group Y such that
the action of Diffeo+(X) on H2(X) by pull-back preserves the set of I-basic classes, defined
as

BI(X) := {c1(s) ∈ H2(X) | I(X, s) ̸= 0, s ∈ Spinc(X)},
and moreover this set is finite. For example, if b+2 (X) ≥ 2, and s ∈ Spinc(X), I(X, s) may
be taken to be the Seiberg-Witten invariant SW (X, s) [Wit94], the Ozsváth-Szabó mixed
invariant ΦX,s [OS06], or the Bauer-Furuta invariant BFX,s [BF04]. The finiteness of BF -
basic classes is not stated explicitly in [BF04], but can be proved using curvature inequalities
as observed in the proof of [MMP20, Thm. 4.5].

We now prove the main lemma that we will use to detect non-smoothability for homeo-
morphisms in the Torelli group.

Lemma 3.1. Let W 4 be a compact, oriented 4-manifold with connected boundary Y . Suppose
that π1(W ) = 1 and that b1(Y ) ≥ 2. If W embeds in a closed, oriented 4-manifold X such
that for some s ∈ Spinc(X),

(1) I(X, s) ̸= 0,
(2) i∗Y,X(c1(s)) ∈ H2(Y ) is non-torsion where iY,X : Y ↪→ X is the inclusion,

(3) H1(X \W ) = 0,

then there exists infinitely many non-smoothable mapping classes in Tor(W,Y ). If in addition
b1(Y ) = 2 then any non-trivial element of Tor(W,Y ) is non-smoothable.
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Proof. To avoid clutter, it is convenient to denote ζX := c1(s) and its restrictions by ζW :=
i∗W,Xc1(s) and ζY := i∗Y,Xc1(s).

Since ζY ∈ H2(Y ;Z) is not torsion PD(ζY ) = dv1, for some d ∈ Z \ {0} and an indi-
visible element v1 ∈ H1(Y ;Z). Extend v1 to v1, . . . , vb1(Y ) ∈ H1(Y ), a lift of a basis of

H1(Y )/Torsion(H1(Y )). Now we set η := v∗1 ∧ v∗2 ∈ Λ2(H1(Y )∗) where v∗i denotes the Hom
dual with respect to the above basis (note that v2 ̸= 0 exists since we assumed b1(Y ) ≥ 2).

By Theorem 2.7, for each k ∈ Z \ {0}, there is a unique mapping class in Tor(W,Y )
associated to kη, and we define φk ∈ Homeo+(W,Y ) to be an arbitrary representative of that
class. By construction, each φk acts trivially on H2(W ). The rest of the proof is devoted to
showing that φk is non-smoothable for infinitely many values of k.

For each k, we define φ̂k := φk ∪ IdX\int(W ) ∈ Homeo+(X) as in Lemma 2.9 to be the
homeomorphism obtained by extending φk as the identity on X \W . The non-smoothability
of φ̂k for infinitely many k, which we are now going to prove, implies the analogous statement
for φk.

We will show that {φ̂∗
kζX}k∈Z\{0} is infinite. Since BI(X) is finite, and is preserved by the

action of Diff+(X), we will reach a contradiction.
It follows from Lemma 2.9 that

(3.1) (φ̂k)∗(PD(ζX)) = PD(ζX)− (iW,X)∗ ◦∆φk
(PD(ζW )) ∈ H2(X).

From (2.2) we see that

(iW,X)∗ ◦∆φk
(PD(ζW )) = k · (iY,X)∗ ◦ PD ◦ev−1 ◦ ηad ◦ ∂ ◦ PD(ζW ) ∈ H2(X).

We claim that the right hand side is equal to a non-torsion element times k. This will imply
the desired result by (3.1). We have that

(iW,X)∗ ◦∆φk
(PD(ζW )) = k · (iY,X)∗ ◦ PD ◦ev−1 ◦ ηad ◦ ∂ ◦ PD(ζW )

= k · (iY,X)∗ ◦ PD ◦ev−1 ◦ ηad ◦ PD(ζY )

= k · (iY,X)∗ ◦ PD ◦ev−1 ◦ ηad(dv1)
= kd · (iY,X)∗ ◦ PD ◦ev−1(v∗2).

Since v2 is non-torsion and the maps ev−1 and PD are isomorphisms, the claim will follow
if we prove that (iY,X)∗ : H2(Y ) → H2(X) is injective. Now (iY,X)∗ = (iW,X)∗ ◦ (iY,W )∗. The
kernel of (iY,W )∗ is equal to the image of H3(W,Y ) → H2(Y ) in the long exact sequence of the
pair, which is trivial since H3(W,Y ) ∼= H1(W ) = 0. Similarly the kernel of (iW,X)∗ is equal
to the image of H3(X,W ) → H2(W ) which is zero because H3(X,W ) ∼= H3(X \ int(W ), Y )
by excision and by assumption 0 = H1(X \W ) ∼= H3(X \ int(W ), Y ). Being the composition
of injective maps, iY,W is injective. This completes the proof that there are infinitely many
non-smoothable mapping classes in Tor(W,Y ).

To prove the last statement we assume now that b1(Y ) = 2. Then, under the isomorphism
from Theorem 2.7, we can identify Tor(W,Y ) with the infinite cyclic group generated by η.
Above we showed that there exists k0 > 0 such that φkη is non-smoothable for any |k| > k0.
The non-smoothability of Tor(X,Y ) \ {IdX} follows from this by using the fact that smooth-
able mapping classes form a subgroup of Tor(X,Y ) and that all non-trivial subgroups of Z
are infinite. □

Lemma 3.1 has an immediate application to symplectic fillings. For the reader’s convenience
we recall that a strong symplectic filling of a contact 3-manifold (Y, ξ) is a compact, symplectic
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4-manifold (W,ω) with oriented boundary Y such that such that there exists a Liouville vector
field V defined in a neighbourhood of ∂W pointing outwards along Y and such that the pull-
back of the 1-form ω(V, ·) to Y induces the contact structure ξ on Y . The interested reader
is referred to [Gei08, OS04].

Corollary 3.2. Let (W,ω) be a strong symplectic filling of (Y, ξ). Further suppose that W
is simply-connected, b1(Y ) ≥ 2 and that c1(ξ) ∈ H2(Y ) is not torsion. Then the same
conclusions of Lemma 3.1 hold.

Proof. It is possible to embed (W,ω) symplectically into a closed symplectic 4-manifold
(X,ωX) [Eli04, Etn04] (see also [LM97] for the Stein case). Furthermore, we can arrange
that π1(X \W ) = 1 and that b+2 (X) ≥ 2 [EMM22, Sec. 6] (note that the symplectic cap
called X in [EMM22, Sec. 6] plays the role of X \ int(W ) in our proof). Being symplectic,
it follows from Taubes’ work [Tau94] that c1(X) is a Seiberg-Witten basic class. Because
the embedding is symplectic, we have that i∗Y,Xc1(X) = i∗Y,W ◦ i∗W,Xc1(X) = c1(ξ), which is
non-torsion by assumption. Now apply Lemma 3.1. □

4. Constructing examples

In this section we will construct two infinite families of 4-manifolds, each supporting an
infinite family of non-smoothable mapping classes in their Torelli groups.

4.1. Family from Legendrian surgery. Stein domains (see [GS99, Sec. 11.2] for an in-
troduction) are a particular case of symplectic manifolds which are also strong symplectic
fillings of their boundary [Gei08, Prop. 5.4.9]. A 4-manifold can be given the structure of a
Stein domain if and only if it can be described by a special type of Kirby diagram [Gom98]:
a Legendrian link diagram in standard form [GS99, Def. 11.1.7] where the framing coefficient
on each link component K is equal to tb(K)− 1, where tb denotes the Thurston-Bennequin
invariant. Given such a diagram, we can easily compute the first Chern class of the Stein
domain as follows [Gom98, Prop. 2.3]:

(4.1) c1(ξ) =

[
N∑
i=1

rot(Ki)h
∗
Ki

]
∈ H2(W ),

where W is the Stein domain specified by the diagram, K1, . . . ,KN are the oriented Leg-
endrian components in the diagram, h∗Ki

∈ C2(W ) denotes the cochain associated to the
2-handle attached along Ki and rot(Ki) is the rotation number of the component Ki.

We are now ready to define our first family of manifolds. For any n ∈ N, we define Xn

to be the Stein domain specified by the two component Legendrian link diagram in standard
form in Figure 1.

Theorem 4.1. For each n ∈ N the 4-manifold Xn is simply-connected, has H2(X) ∼= Z2 and
vanishing intersection form. Moreover, all the non-trivial elements of the topological Torelli
group Tor(Xn, ∂Xn) are non-smoothable. Furthermore, define nr := 5 · 2r−1 − 3 for r ≥ 1.
Then ∂Xnr is not diffeomorphic to ∂Xnm for any r ̸= m.

Proof. The first part follows from the fact that Xn is a link trace on a link with two compo-
nents which are both 0-framed and with vanishing linking number. From this it also follows
that H1(∂Xn) ∼= Z2.

We want to invoke Corollary 3.2. By construction Xn is a Stein domain, hence it only
remains to show that c1(ξn) ̸= 0, with ξn being the contact structure induced on ∂Xn.
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K1,n

K2,n

n− 1

2n− 1 cusps{

0

0

Figure 1. A Legendrian link diagram in standard form forXn. The knotK1,n

with the specified orientation has 2n + 3 crossings, 2n + 2 right cusps and
rotation number 2n. The knot K2,n has rotation number 0.

Denote by x1,n, x2,n ∈ H2(Xn) the homology classes induced by the 2-handles attached
along K1,n and K2,n, respectively.

By (4.1), we have that:

c1(Xn) = rot(K1,n)x
∗
1,n + rot(K2,n)x

∗
2,n = 2nx∗1,n,

with respect to the dual basis x∗1,n, x
∗
2,n ∈ H2(Xn). The first Chern class of the Stein structure

restricts to that of the contact structure on the boundary and the inclusion map i∂Xn : ∂Xn ↪→
Xn induces an isomorphism H2(Xn)

∼=→ H2(∂Xn), as can be seen from the long exact sequence
of the pair and using the fact that the intersection form of Xn is trivial and H1(Xn) = 0. It
follows immediately that Corollary 3.2 applies.

It remains to show that ∂Xnr ̸= ∂Xnm for r ̸= m. In the rest of the proof we will identify
H2(Xn) ∼= Z2 via xi,n 7→ ei, i = 1, 2, and then identify H2(∂Xn) ∼= Z2 by composing the

previous identification with the isomorphism H2(∂Xn)
∼=→ H2(Xn) given by the inclusion.

For A ∈ GL(Z, 2), we define

GXn(A) := max{gXn(A · e1), gXn(A · e2)},
where gXn : H2(Xn)/Torsion(H2(Xn)) → Z≥0 is the minimal genus function [GS99, p. 37].

The adjunction inequality for Stein domains [LM97] (see also [Akb16, Prop. 9.2] or [GS99,
Thm. 11.4.7]) gives:

(4.2) GXn(A) ≥ 1 +
1

2
max
i=1,2

|⟨c1(X), A · ei⟩| ≥ 1 + 2nmax{|A11|, |A21|} ≥ 1 + 2n

where in the last inequality we have used that det(A) ̸= 0.
Now suppose for a contradiction that f : ∂Xnr → ∂Xnm is a diffeomorphism. By swapping

to f−1 if necessary, we can suppose that r < m.
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Figure 2. The pictures show, in a surgery presentation for ∂Xn (every link
component is 0-framed), the two surfaces Σ1,n (on the left) and Σ2,n (on the
right) for the case n = 1. They have genera g(Σ1,n) = 2n+3 and g(Σ2,n) = 7.

Under the identifications introduced above, f∗ : H2(∂Xnr) → H2(∂Xnm) induces an ele-
ment A ∈ GL(Z, 2).

We can find closed, orientable surfaces Σi,nr ⊂ ∂Xnr representing ei ∈ H2(∂Xnr), for
i = 1, 2 of genera g(Σ1,nr) = 2nr + 3 and g(Σ2,nr) = 7; see Figure 2. Hence f(Σi,nr) ⊂ ∂Xnm

provides us with the upper bound GXnm
(A) ≤ max{2nr + 3, 7} ≤ 2nr + 3.

This together with (4.2) gives

5 · 2r − 3 = 2nr + 3 ≥ GXnm
(A) ≥ 1 + 2nm = 5 · 2m − 5,

which is impossible for r < m. □

Remark 4.2. By mimicking the construction of the manifoldsXn, it is not difficult to construct
another family of manifolds {Qn}n∈N with b1(∂Qn) → ∞ as n → ∞ and with Tor(Qn, ∂Qn)
containing infinitely many non-smoothable mapping classes. For example, one can define Qn
recursively: start with Q1 = X1 and obtain Qn+1 from Qn by attaching a 2-handle along a
knot Cn+1, where C1 = K2,1 and, for n ≥ 1, Cn+1 is a knot identical to K2,1, but unlinked
from all components besides Cn, and linking Cn in the same way that K2,1 links K1,1. Then
Qn will have a Stein structure satisfying the hypothesis of Corollary 3.2 and b1(∂Qn) = 1+n.

4.2. Family from knot surgery. Now we will construct an infinite family of manifolds
sharing the same boundary. It is possible to give a proof of Theorem 4.4 below by pairing
Corollary 3.2 together with well known compactification results for Stein domains [Eli04,
Etn04, EMM22, LM97] but we decided to use a more elementary approach here which does
not rely on symplectic topology.

Let Z be the 4-manifold with boundary defined by the Kirby diagram in Figure 3 (a).
Let T ⊂ int(Z) be the embedded torus obtained by capping the genus one Seifert surface for
the red trefoil knot with the core of the handle attached along it. From the diagram it is clear
that [T ] ̸= 0 ∈ H2(Z) and [T ]2 = 0.

For any n ∈ N we define the knot K(n) to be the twist knot with Alexander polynomial
∆K(n) = −(2n− 1) + n(t+ t−1), and EK(n) to be the knot exterior of K(n) in S3. Then we

define Zn := E(K)× S1 ∪∂ (Z \ νT ) to be the manifold obtained by performing knot surgery
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(a)

0
0

−2

0 0

µ1

µ2 µ3

µ4

µ5

µ6

2 3 3

(b)

0

0

−2

−1
0

1 1

−1

−1 −1
−1

0

2 3 3 3 3

{

15 copies

Figure 3. (a) Kirby diagram for the 4-manifold Z, (b) Kirby diagram showing

an embedding of Z into K3#2CP2
.

[FS98] on the torus T using the knot K(n). Since the knot surgery only changes the manifold
in the interior, we have an identification ∂Zn ∼= Y := ∂Z.

Proposition 4.3. The 4-manifolds {Zn}n∈N are all homeomorphic to Z relative to Y .

Proof. In [FS98] it is shown that knot surgery preserves the homeomorphism type of a closed,
simply-connected manifold provided that the surgered torus has simply-connected comple-
ment, but an additional argument is required when the manifold has non-empty boundary.
The torus T ⊂ Z embeds in a Gompf nucleus N(2) [Gom91] by construction and so, in
particular, it has simply-connected complement. This implies that all of the Zn are simply-
connected by a routine Seifert-Van Kampen argument. Boyer [Boy86, Thm. 0.7] tells us that
there are two obstructions to extending the homeomorphism Id: Y → Y to a homeomorphism
f : Zn → Z. The first is to find a ‘morphism’, namely an isometry Λ of the intersection forms
such that

H2(Y ) H2(Zn) H2(Zn)
∗ H1(Y )

H2(Y ) H2(Z) H2(Z)
∗ H1(Y )

Λ Λ∗

commutes, where the rows in the above diagram are the same rows used in Remark 2.8.
We can find such a Λ in the following way. Define a map g : Zn → Z as the identity on

the complement of T and as the standard degree one map from EK(n) → D2 × S1 times the

identity map on the S1-factor on EK(n) × S1. Then Λ := g∗ is an isometry of the intersection
forms. The fact that Λ is a morphism in the sense of Boyer follows by replacing the third
column in the above diagram by the relative homology groups and noting that this new
diagram commutes by naturality. Note that the existence of an isometry of the intersection
forms implies that all of the manifolds Zn are spin since they have even intersection forms
(Z having the stated intersection form can be verified by looking at the Kirby diagram in
Figure 3). Boyer’s second obstruction vanishes if we can show that the unique spin structure
on Zn and the unique spin structure on Z restrict to the same spin structure on Y . To show
this, we will now be more explicit about the gluing maps used in the knot surgery.

We have an identification ∂(E(K) × S1) ∼= S1 × S1 × S1 where a longitude to K is identi-
fied with the third S1-factor, a meridian to K is identified with the first S1-factor, and the
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remaining S1-factor is identified with the second S1-factor. Similarly, we have an identifica-
tion ∂(Z \ νT ) ∼= T × S1 ∼= S1 × S1 × S1 in the obvious way. This gives an identification
∂(E(K)× S1) ∼= ∂(Z \ νT ) and we use this to perform the knot surgery. Consider the unique
spin structure σ on Z restricted to ∂(Z \ νT ) ∼= S1 × S1 × S1. Note that σ extends over
νT ∼= T ×D2, and hence there are four possibilities for σ |S1×S1×S1 . Conversely, there are four
choices of spin structures on E(K)× S1, and, by restricting to the boundary, these give rise
to four distinct spin structures on ∂(E(K) × S1) ∼= S1 × S1 × S1. Using the degree one map
E(K) × S1 → T × D2, we see that these are precisely the four spin structures which extend
over T × D2, and so regardless of how σ restricts to ∂(Z \ νT ), we can pick a spin structure
on E(K) × S1 such that σ |Z\νT extends to a spin structure on Zn. By construction, these
two spin structures clearly match on Y , and hence we have a homeomorphism Z → Zn which
restricts to the identity map on Y . □

Theorem 4.4. The 4-manifolds {Zn}n∈N are all homeomorphic relative to Y , but pairwise
not diffeomorphic relative to Y . They are all simply-connected with intersection form (Z2 ⊕
Z2,

[
0 1
1 −2

]
⊕0) and have infinite Tor(Zn, Y ). Moreover, all non-trivial elements of the Torelli

group Tor(Zn, Y ) are non-smoothable.

Proof. The first part of the first statement follows directly from Proposition 4.3. In Figure 3(b)

we depict an embedding of Z into X := K3#2CP2
, whose Kirby diagram has been taken

from [GS99, Fig. 8.16] (see also [AKMR15]). Hence Zn embeds into the closed manifold Xn

obtained by performing knot surgery on T ↪→ X using K(n). From [FS98] and the blow-up
formula [FS95], it follows that the manifolds Xn are pairwise non-diffeomorphic. Indeed, the
Seiberg-Witten invariant of Xn, seen as an element of the group ring Z[H2(Xn)], is equal to

(4.3) SW (Xn) = (E1 + E−1
1 )(E2 + E−1

2 )
(
−(2n− 1) + n(F 2 + F−2)

)
,

where Ei ∈ H2(Xn) are the classes coming from the two blow-ups and F := PD[T ] is the
Poincaré dual to the torus T . Now, since Xn is obtained by capping Zn with a fixed manifold
Q := X \Z independent from n, the manifolds Zn are pairwise non-diffeomorphic relative to
their boundaries.

It remains to prove the last statement of the theorem. We want to apply Lemma 3.1, so
we check that the hypotheses hold. We have that H1(Y ) is isomorphic to Z2 generated by
v1 := µ2 + µ3 and v2 := µ5, where the µi are the meridians to the components as shown in
Figure 3(a). From (4.3) we see that E1 + E2 ∈ H2(Zn) (E1E2 in group ring notation) is a
Seiberg-Witten basic class for Xn, which restricts to ∂ ◦PD(E1+E2) = µ3+µ5 = −2(v1+v2)
in Y . Moreover, the complement Q is obtained by adding only 2-handles and a single 4-
handle to Y and hence H3(Xn, Zn) ∼= H3(Q,Y ) ∼= H1(Q) = 0. Now the final statement of
the theorem follows from Lemma 3.1. □

5. Generalised Dehn twists

5.1. Absolute non-smoothability and generalised Dehn twists. We begin by reviewing
absolute and relative smoothability from the point of view of spaces of maps. Given a smooth,
compact, oriented manifold X with boundary (not necessarily of dimension four) we denote
by Diff+(X) the set of orientation-preserving self-diffeomorphisms of X topologised with the
C∞-topology, and by Diff+(X, ∂X) ⊂ Diff+(X) the subspace of diffeomorphisms restricting
to the identity over ∂X. Similarly we define Homeo+(X) and Homeo+(X, ∂X) using the
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compact-open topology. The inclusion map

(Diff+(X),Diff(X, ∂X)) → (Homeo+(X),Homeo+(X, ∂X))

is continuous. We will denote by

Φ : π0Diff+(X) → π0Homeo+(X)

Φ∂ : π0Diff+(X, ∂X) → π0Homeo+(X, ∂X)

the induced maps on the mapping class groups.
With these definitions in place, (relative) non-smoothability can be given an alternative

definition by saying that φ ∈ π0Homeo+(X, ∂X) is non-smoothable if φ ̸∈ imΦ.

Definition 5.1. Let i : π0Homeo+(X, ∂X) → π0Homeo+(X) be the map induced by the
inclusion. We say that φ ∈ π0Homeo+(X, ∂X) is absolutely non-smoothable if i(φ) ∈
π0Homeo+(X) does not belong to imΦ.

Explicitly, the difference between a relatively and an absolutely smoothable homeomor-
phism is that in the latter case the isotopy at each time does not need to fix the boundary
pointwise. Surprisingly, for 4-dimensional manifolds the two notions of absolute and relative
non-smoothability coincide. An important role in the proof is played by generalised Dehn
twists [OP23, Sec. 1.2], which we now review.

Definition 5.2. Let X be a compact, smooth, oriented n-manifold with boundary. Given
[γ] ∈ π1Diff+(∂X), we define the generalised Dehn twist with respect to [γ] to be the smooth
isotopy class of the diffeomorphism φγ : X → X defined on a collar of ∂X as φ(y, t) =
(γ(t)(y), t) ∈ (∂X)× I and defined outside of the collar as the identity map.

Another point of view is the following. The sequence of inclusion and restriction

Diff+(X, ∂X)→Diff+(X) → Diff+(∂X)

and the equivalent sequence in the topological category are fibration sequences [Las76]. It can
be shown that the connecting morphism π1Diff+(∂X) → π0Diff+(X, ∂X) of the long exact
sequence of homotopy groups is precisely the map that associates to a loop of diffeomorphisms
[γ] its generalised Dehn twist [φγ ] [OP23, Sec. 1.4].

Lemma 5.3. Let X be a compact, smooth, oriented, 4-manifold with boundary. Then a map-
ping class φ ∈ π0Homeo+(X, ∂X) is (relatively) non-smoothable if and only if it is absolutely
non-smoothable.

Proof. We will prove that relative non-smoothability implies absolute non-smoothability, the
other implication is clear.

We have the following commutative diagram with exact rows:

π1Diff+(∂X) π0Diff+(X, ∂X) π0Diff+(X) π0Diff+(∂X)

π1Diff+(∂X) π0Homeo+(X, ∂X) π0Homeo+(X) π0Diff+(∂X)

i

Φ∂

∂

Φ

i ∂

where i denotes the maps induced by the inclusion and we are implicitly using the well known
homotopy equivalence Homeo(Y ) ≃ Diff(Y ) for any 3-manifold Y [Cer59, Hat83]. Note that
this is where we need the assumption that dimX = 4.
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Let ϕ ∈ π0Homeo+(X, ∂X) be non-smoothable. Suppose for a contradiction that there
exists ψ ∈ π0Diff+(X) such that Φ(ψ) = i(ϕ). Then since ∂(i(φ)) = Id∂X , the commuta-
tivity and exactness of the diagram implies that there exists ψ′ ∈ π0Diff+(X, ∂X) such that
i(ψ′) = ψ. Hence Φ∂(ψ

′) is equal to ϕ modulo composition with an element in the image
of π1Diff+(∂X) → π0Homeo+(X, ∂X). Thus Φ∂(ψ

′) = [φγ ] ◦ ϕ for some generalised Dehn
twist [φγ ], but then ϕ = [φγ ]

−1 ◦ Φ∂(ψ
′) presents ϕ as a composition of diffeomorphisms,

contradicting the non-smoothability of ϕ. □

5.2. Realising smoothable elements of the Torelli group by generalised Dehn
twists. Since generalised Dehn twists are supported in a collar of the boundary, it is clear
that these give rise to smooth elements in the Torelli group of the 4-manifold. One could ask
whether generalised Dehn twists generate the whole Torelli group. The next proposition gives
an answer under the assumption that the boundary is connected and prime; the general case
is still unknown to the authors’ best knowledge.

Proposition 5.4. Let X be a smooth, compact, simply-connected, oriented 4-manifold with
connected and prime boundary Y . Then the topological Torelli group Tor(X,Y ) is realised by
generalised Dehn twists if and only if one of the following holds:

(1) b1(Y ) < 2,
(2) b2(Y ) = 2 and Y is Seifert fibered with base orbifold T2,
(3) Y = T3,

where Tn denotes the n-torus.

Proof. We begin by showing that (1) or (3) implies that Tor(X,Y ) is realised by generalised
Dehn twists. First suppose that b1(Y ) < 2. Then Λ2H1(Y )∗ = 0 and hence Tor(X,Y )
is trivial. The case Y = T3 can be handled by applying [OP23, Prop. 8.9] to the three
generalised Dehn twists induced by the three S1-factors. More precisely, let α1, α2, α3 be the
basis of H1(Y ) induced by the S1-factors of T3 = S1 × S1 × S1 and let α∗

1, α
∗
2, α

∗
3 ∈ H1(Y )∗ be

the dual basis. Then the element of Λ2H1(Y )∗ associated to a rotation of the i-th S1-factor is
±α∗

k ∧ α∗
j , where k, j ̸= i [OP23, Prop.8.9], and hence the three rotations generate the whole

Torelli group.
We now show that if neither (1) nor (3) hold, then either (2) holds or Tor(X,Y ) is not

realised by generalised Dehn twists. So assume that Y ̸= T3 and b1(Y ) ≥ 2. In this case Y is
Haken [Wal68, 1.1.6] (therein called sufficiently large), and [Hat76] implies that π1Diff(Y ) ∼=
Z(π1(Y )), hence in particular is abelian. Then it follows from [Wal67, Satz 4.1] that either
the center Z(π1(Y )) is trivial or Y is Seifert fibered over an orientable orbifold. In the former
case, b1(Y ) ≥ 2 implies that the Torelli group, being non-trivial, cannot be generated by
generalised Dehn twists. In the latter case, Z(π1(Y )) ∼= Z generated by a principal orbit of
the S1-action [Wal67], hence π1Diff(Y ) → Tor(X,Y ) cannot be surjective if b1(Y ) > 2, for in
this case Tor(X,Y ) has rank at least two.

We finish by showing that (2) implies that Tor(X,Y ) is realised by generalised Dehn twists.
When b1(Y ) = 2 and Y is Seifert fibered over an orientable orbifold, the quotient is necessarily
T2 [BLPZ03]. Moreover the variation associated to the S1-action is computed in [OP23, Prop.
8.9] and in this case it generates the whole of Λ2H1(Y )∗ ∼= Z. □

In particular, if the boundary satisfies any of the three conditions of Proposition 5.4 then
it is impossible to find a non-smoothable homeomorphism in the Torelli group.
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Given the existence of non-smoothable elements of the Torelli group, we can say more. It
is possible to find smoothable elements of the Torelli group which are not isotopic to any
diffeomorphism supported on a collar of the boundary, let alone are realised by generalised
Dehn twists.

To state the next theorem, recall that given two homeomorphisms of connected 4-manifolds
f : X1 → X1 and g : X2 → X2, we can form the connect-sum homeomorphism f#g by first
performing isotopies of f and g such that they restrict to the identity map on the discs used to
perform the connect-sum. This fact follows from isotopy extension [EK71], uniqueness of nor-
mal bundles [FQ90, Chapter 9.3], and the fact that any orientation-preserving diffeomorphism
f : S3 → S3 is isotopic to the identity [Cer68].

Theorem 5.5. Let X be a smooth, simply-connected, oriented, compact 4-manifold with
boundary such that there exists a non-smoothable self-homeomorphism φ ∈ Tor(X, ∂X). Then
there exists an integer m ≥ 1 such that

φ#Id: X#m(S2 × S2) → X#m(S2 × S2)
is a smoothable homeomorphism not isotopic to any smooth map supported on a collar of the
boundary.

The proof relies on the following result.

Lemma 5.6. Let X be a smooth, simply-connected, compact, oriented 4-manifold with bound-
ary and φ : X → X a self-homeomorphism. Then there exists an integer m ≥ 1 such that

ψ := φ#Id: X#m(S2 × S2) → X#m(S2 × S2)
is isotopic to a diffeomorphism relative to the boundary.

This result is proved in [FQ90, Sec. 8.6]. For more details on the proof, see [Gal].

Proof of Theorem 5.5. Let φ ∈ Tor(X, ∂X) be one of the non-smoothable mapping classes.
By Lemma 5.6 there exists an integer m ≥ 1 such that

ψ := φ#Id: X#m(S2 × S2) → X#m(S2 × S2)
is isotopic to a diffeomorphism. Since ψ was defined by extending φ via the identity onto
the S2 × S2 summands, we also have that ψ ∈ Tor(X#m(S2 × S2)). Now assume for a
contradiction that ψ is supported on a collar of ∂X#m(S2 × S2) ∼= ∂X. Then we can remove
the S2 × S2 summands and obtain a diffeomorphism ψ′ : X → X. However, since we have an
identification

Tor(X, ∂X) ∼= Tor(X#m(S2 × S2))
we can see that ∆ψ′ = ∆φ. Hence, by Theorem 2.7 we see that ψ′ and φ must be isotopic
relative to the boundary. This contradicts the assumption that φ was not isotopic to a
diffeomorphism, and so we conclude that ψ is not isotopic to any smooth map supported on
a collar of the boundary. □

As an immediate corollary, we have that there exist examples of 4-manifolds with boundary
where all elements of the Torelli group are smoothable, but all non-trivial elements are not
supported on a collar of the boundary. This was Theorem 1.2 from the introduction.

Corollary 5.7. There exists an infinite family of smooth, compact, oriented, simply-connected
4-manifolds with connected boundary (Wn, ∂Wn) and Tor(Wn, ∂Wn) infinite order such that
all mapping classes in Tor(Wn, ∂Wn) are smoothable, but only the identity map is supported
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on a collar of the boundary and, in particular, only the identity map is realised by a generalised
Dehn twist.

Proof. Apply Theorem 5.5 to the family Xn from Theorem 4.1. □
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[OS06] Peter Ozsváth and Zoltán Szabó. Holomorphic triangles and invariants for smooth four-manifolds.
Adv. Math., 202(2):326–400, 2006.

[Per86] Bernard Perron. Pseudo-isotopies et isotopies en dimension quatre dans la catégorie topologique.
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