A CHARACTERISATION OF THE 7Z" @ Z(46) LATTICE AND
DEFINITE NONUNIMODULAR INTERSECTION FORMS

BRENDAN OWENS AND SASO STRLE

ABSTRACT. We prove a generalisation of Elkies’ characterisation of the Z™ lat-
tice to nonunimodular definite forms (and lattices). Combined with inequalities of
Frgyshov and of Ozsvath and Szabd, this gives a simple test of whether a ratio-
nal homology three-sphere may bound a definite four-manifold. As an example we
show that small positive surgeries on torus knots do not bound negative-definite
four-manifolds.

1. INTRODUCTION

The intersection pairing of a smooth compact four-manifold, possibly with bound-
ary, is an integral symmetric bilinear form @ x on Hy(X;Z)/ Tors; it is nondegenerate
if the boundary of X has first Betti number zero. Characteristic covectors for Q) x are
elements of H?(X;Z)/ Tors represented by the first Chern classes of spin® structures.
In the case that @y is positive-definite there are inequalities due to Frgyshov (using
Seiberg-Witten theory, see [3]) and Ozsvath and Szabé which give lower bounds on
the square of a characteristic covector. It is helpful in this context to prove existence
of characteristic covectors with small square. The following result was conjectured
by the authors in [10].

Theorem 1. Let () be an integral positive-definite symmetric bilinear form of rank n
and determinant 0. Then there exists a characteristic covector & for () with

§2<{n—1—|—1/5 if 0 is odd,

n—1 if 0 is even;

this inequality is strict unless Q = (n — 1)(1) & (). Moreover, the two sides of the
inequality are congruent modulo 4/6.

For unimodular forms the first part of the theorem was proved by Elkies [2]. To
prove its generalisation we reinterpret the statement in terms of integral lattices.
In Section 2 we introduce the necessary notions and then study short characteristic
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covectors of some special types of lattices. The proof of the first part of the theorem
is presented in Section 3. The main idea is to use the theory of linking pairings
to embed four copies of the lattice into a unimodular lattice and then apply Elkies’
theorem along with results of Section 2.

For unimodular forms, a well-known and useful constraint on the square of a char-
acteristic vector is that ¢2 is congruent modulo 8 to the signature of the form. In
Section 4 we give a generalisation of this to nonunimodular forms, which specialises
to give the congruence in Theorem 1.

In Section 5 we combine Theorem 1 with an inequality of Ozsvath and Szabé [12,
Theorem 9.6] to obtain the following theorem, where d(Y,t) denotes the correction
term invariant defined in [12] for a spin® structure t on a rational homology three-
sphere Y':

Theorem 2. Let Y be a rational homology sphere with |H,(Y;Z)| = 6. If Y bounds a
negative-definite four-manifold X, and if either § is square-free or there is no torsion
in H(X;Z), then

max  4d(Y,t) >
teSpin°(Y)

{ 1—1/8 ifd is odd,

1 if 0 is even.

The inequality is strict unless the intersection form of X is (n — 1){(—1) & (=J).
Moreover, the two sides of the inequality are congruent modulo 4/9.

Some applications of Theorem 2 are discussed in [10]. As a further application we
consider manifolds obtained as integer surgeries on knots. Knowing which positive
surgeries on a knot bound negative-definite manifolds has implications for existence
of fillable contact structures and for the unknotting number of the knot (see e.g.
[7, 11]). In particular we consider torus knots; it is well known that (pg — 1)-surgery
on the torus knot 7}, , is a lens space. It follows that all large (> pg — 1) surgeries on
torus knots bound both positive- and negative-definite four-manifolds (see e.g. [11]).
We show in Section 7 that small positive surgeries on torus knots cannot bound
negative-definite four-manifolds. In particular, we obtain the following result; for a
more precise statement see Corollary 7.2.

Proposition 3. Let2<p<qgand1 <n<(p—1)(¢q—1)+2. Then +n-surgery on
T).q cannot bound a negative-definite four-manifold with no torsion in H.

There has been further progress on the question of which Dehn surgeries on torus
knots bound negative-definite manifolds in the time since this paper was originally
written. In particular Proposition 3 has been improved in many cases by Greene [4].
A complete answer to the question will appear in [11].
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2. SHORT CHARACTERISTIC COVECTORS IN SPECIAL CASES

An integral lattice L of rank n is the free abelian group Z" along with a nondegen-
erate symmetric bilinear form @) : Z" x Z"™ — 7Z. Let V denote the tensor product of
L with R; thus V is the vector space R™ to which the form @) extends, and L is a full
rank lattice in V. The signature o(L) of the lattice L is the signature of (). We say L
is definite if |o(L)| = n. For convenience denote Q(z,y) by x -y and Q(y,y) by y?. A
set of generators vy, ..., v, for L forms a basis of V satisfying v;-v; € Z. With respect
to such a basis the form @ is represented by the matrix [v; -vj]gszl. The determinant
(or discriminant) of L is the determinant of the form (or the corresponding matrix).

We will write simply Z" for the standard positive-definite unimodular lattice of
discriminant 1 (the form on this lattice is the standard inner-product form). In what
follows we will use the well known fact that for n < 8 this is the only positive-definite
unimodular lattice; this also easily follows from Elkies’ Theorem (Theorem 1 with
9 = 1) and the congruence condition for characteristic vectors.

The dual lattice L' = Hom(L,Z) consists of all vectors € V satisfying = -y € Z
for all y € L. A characteristic covector for L is an element ¢ € L' with £ -y = y?
(mod 2) for all y € L.

We say a lattice is complex if it admits an automorphism i with i given by multi-
plication by —1. A lattice is quaternionic if it admits an action of the quaternionic
group {#1,+i, +j, £k}, with —1 acting by multiplication. Note that the rank of a
complex lattice is even, and the rank of a quaternionic lattice is divisible by 4. For
any lattice L, let L™ denote the direct sum of m copies of L. There is a standard way
to make L @ L into a complex lattice and L* into a quaternionic lattice; for example,
the quaternionic structure is given by

i:(z,y,z,w) — (—y,z,—w,2)
ji(zy,z,w) = (—z,w,x,—y).

Let Z(d) denote the rank one lattice with determinant d; in particular Z = Z(1).

Lemma 2.1. Let § € N, and let p be a prime. Let L be an index p sublattice
of Z"7' & Z(5). Then L has a characteristic covector & with £ < n — 1 unless
L 27" @ Z(p?)).
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Proof. We may assume L contains none of the summands of Z"~! @ Z(§); any such
summand of L contributes 1 to the right-hand side of the inequality and at most 1
to the left-hand side.

If n =1 then clearly L = Z(p®9). Now suppose n > 1. Let {e,e,...,e, 2, f} be a
basis for Z"' @ Z(6), where e, e1, ..., e, o have square 1 and f? = §. Then multiples
of e give coset representatives of L in Z" 1 @ Z(4); it follows that a basis for L is given
by {pe,e1+ sie,...,en_2+ S,_oe, f+te}. Here s;,t are nonzero residues modulo p in
[1 — p,p — 1], whose parities we may choose if p is odd. With respect to this basis,
the bilinear form on L has matrix

2

p Ps1 DS2 pS3 ... PSp—2 pt
ps1 1482 5189 $183 ...  S1Sp_9 st
Q= :
PSn—2 S15n-2 S2Sn-2 S3Sm—a ... 1455 Snoot
pt syt Sot Sst ... Spot O+ t2
with inverse
HNsi+t2/0 51 _sa  _ss _Sn-2 _t
p? P P p P po
-3 1 0 0o ... 0 0
P
Q' =
—m=20 0 0 ... 1 0
t 1
—25 0 0 0o ... 0 5

With respect to the dual basis, an element of the dual lattice L’ is represented by an
n-tuple £ € Z". An n-tuple corresponds to a characteristic covector if its components
have the same parity as the corresponding diagonal elements of ().

Suppose now that p is odd. Choose s; to be odd for all : and ¢t = § (mod 2). Then

¢ =(1,0,...,0) is a characteristic covector whose square satisfies
1+ > s7+1t2/0
£ = 2 5 / <n-1,
p

noting that |s;|, [t| <p— 1.
Finally if p = 2 then £ = (0,0,...,0,(140) mod 2) is a characteristic covector with
£ <n—1. O

Lemma 2.2. Let 6 € N be odd, and let p be a prime with p =2 or p =1 (mod 4).
Let M be an index p complex sublattice of Z*" > @®Z(5)?. Then M has a characteristic
covector & with £ < 2n — 2 unless M = 72 @ Z(pd)>.
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Proof. We may assume M contains none of the summands of Z?"~2 @ Z(4)?. Suppose
first that n = 1. Let {e,ie} be a basis for Z(4)? with e = d. Then {pe, ic + se} is a
basis for M, for some s. Now

i(ie+se)=—e+sie € M
— —e—s% € M,

from which it follows that p divides 1 + s?. The bilinear form on L has matrix

2
_ (p*d pso B p S ~
Q= (p85 5(1+82)) = po <$ 1+s2> = pol,

p

since any positive-definite unimodular form of rank 2 is diagonalisable. Thus in this
case M = Z(pd)%.

Now suppose n > 1. Let {e,eq,...,eam 3, f1, fo} be a basis for Z*"2 @ 7Z()?,
where e, ¢; have square 1 and f? = 6. A basis for M is given by {pe, ¢; + s;e, fi + t;e},
where s;,t; are nonzero residues modulo p which we may choose to be odd integers
in [1 — p,p — 1]. The matrix in this basis is

2

p Ps1 ps2 pss ... PSan-3 ph pta
PS1 1+ S% S1592 51853 c. S$152n—3 Sltl Sltg
PS2 5152 1+ Sg S9S53 Ce S$9597—3 Sztl Sgtg
Q= ;
PSan—3 S152n—3 S2S2m—3 S3Son—3 ... 1485, 5 Son sty Sop_sts
pty sity Soty ssti ... Sopst O+t tity
ptz Sth SQtQ Sgtz ce Sangt tltg ) -+ t%

with inverse

Y4 /6 s so _Sme3 ity
p? P p P pd P
_%1 1 0 0 0 0
52 0 1 0 - 0 0
P
Q' =
52}*3 0 0 1 0 0
1
%’_g 0 0 3 (1)
p—% 0 0 0 0 5

If p =2 then @ is even, and £ = 0 is characteristic.
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Suppose now that p is odd. Then & = (k,[y,...,ls,_1) is characteristic if £ is odd
and each [; is even. By completing squares we have that

2n—3
£ = <k2+ > (ksi —pla)? 5Z<kti—pz2n_3ﬂ>2> .

=1

Notice that for odd |k| < p and for appropriate choice of even [; each of the squares
in the sum above is less than p?. Thus it suffices to prove the statement for § = 1
and n = 2; the following sublemma completes the proof.

3
Sublemma 2.3. Let F(k,ly, 1y, 13) = k* + Z(ksl — 1I;p)?, where s; are odd numbers

=1
with |s;| < p—2. Then there exist k odd, |k| < p, and l; even for which F < 2p>.
Proof. Let K ={2—p,4—p,...,p—2}, and let

2

Note that multiplication by s; followed by reduction modulo 2p induces a permutation
of K. Since p=1 (mod 4) it follows that |K;| = 2.
If there exists k € N}_, K; then with this choice of k and the corresponding choices

for [y, 15,13 we find
—1\?
F < p? +3(p2 ) < 292,

Otherwise let K;; denote K; N K;. Then

p—1>|UL K\—ZIKI > Il

1<j
from which it follows that >, . [Kj;| > -1 Thus there exists some k € K;; with
k| < 3%1. With this k£ and appropriate [; we find

1 1\?
F<p?+2(2= + PN g2
T 2
O

Lemma 2.4. Let 6 € N be odd, and let q be a prime with ¢ = 3 (mod 4). Let
N be an index ¢* quaternionic sublattice of Z*"=* @ Z(5)*, with the quotient group
(Z*=* @ Z(6)*)/N having exponent q. Then N has a characteristic covector & with
£2 < 4n — 4 unless N = 21 @ Z(qd)*.

KZ:{]{GK

1
3 1; even with |ks; — l;p| < p_} :

Proof. We may assume N contains none of the summands of Z*"~* & Z(4)*. Suppose
first that n = 1. Let {e, ie, je, ke} be a basis for Z(5)* with e? = §. Note that e and
ie represent generators of the quotient Z/q & Z/q; otherwise we have e + sie € N for
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some s, and multiplication by i yields s> +1 =0 (mod ¢), but —1 is not a quadratic
residue modulo q. Now a basis for N is given by {qe, gie, je+ sie+tiie, ke+ soe+toie}.
The quaternionic symmetry yields

S1=1ty, sSy=—t;, 1+s+s5= (mod q);

it follows that the bilinear form () on N factors as ¢ times a unimodular form. Thus
N 22 Z(qd)*.

We now assume n = 2 and § = 1 (the proof for any other n,¢ follows from this
case). Let {e,ie,v; = je,vy = ke,v3 = f,uy = if,vs = jf,v¢ = kf} be a basis of
unit vectors for Z®. Then {qe, gie, vy + si1e +tiie, . .., vg + Sge + tgie} is a basis for N.
Invariance of N under multiplication by i yields

Sit+1 = —tliy, tiy1 = S; (mod q)
for i = 1,3,5. Using further quaternionic symmetry it follows that
1+s7+55=0 (modq)
S5+ 8183 + 8284 =0  (mod q)
S¢ + S283 — $184 =0 (mod q),
hence s1,85 # 0 (mod ¢). From the assumption that no basis vector for Z® is
contained in N it follows that s3, s4 cannot both be divisible by ¢, and that also ss, sg
cannot both be divisible by q. Combining this with the last two congruences above
it follows that at most one of s3, ..., sg is divisible by gq.
We may choose s;,t; in [1 — ¢, q — 1] with s; + ¢; odd. Computation of Q,Q~! in

the above basis for N now yields that & = (ki, k2, [y, ..., lg) is characteristic if &y, ko
are odd and [; are even, and

6
1
&= 2 (k% +ky + Z(klsi + kot; — liQ)2> :
i=1
There are now two cases to consider, depending on whether or not one of the s; is

zero. Existence of a characteristic £ with €2 < 4 follows in each case from one of the
following sublemmas.

6

Sublemma 2.5. Let F=ki + k3 + Z(lﬁsi + kot; — 1;q)?, where s; are odd and t;
i=1

are even integers in [1 — q,q — 1]. Then there exist ky, ko odd and l; even for which

F < 4¢°.

Proof. Set ko =1. Let K ={2—¢q,4—gq,...,q— 2}, and let

-1
K, = {k;eK ’ 3 1; even with |ks; +t; — Liq] < QT}
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Note that |K;| > %1 (in fact K; either contains 1 or <+ elements, depending on
the value of ;).

If there is a k& which is in the intersection of four of the K;’s, then setting k; = k
and choosing appropriate [; we obtain

—1\?
F§1—|—3q2+4<q7> < 4q°.

Otherwise let Kj;, denote the triple intersection of K;, K, K, and let K;j denote
Ki N Kj - UkKijk- Then

6
g—1> UL Kol =) K[ =) K| =2 ) K,
=1

i<j i<j<k
from which it follows that

SOIKGI+2 ) Kl > 2(¢— 1),

i<j i<j<k

qg—1
Z | K| > 5

i<j<k
Thus there exists some k € Ky with [k| < 1. Setting k; = k and choosing
corresponding [; again yields

and hence

—1\?
F§1—|—3q2+4<qT) < 4¢?.
[

5

Sublemma 2.6. Let F=k? + k2 + Z(klsi + kot; — 1;q)* + (kat — lsq)?, where s; and
i=1

t¢ are odd, and ty,...,ts5 are even integers in [1 — q,q — 1]. Then there exist ky, ko

odd and l; even for which F < 4q°.

Proof. First choose ko (and lg) with |ks|, |kots — lgq| < ‘I;Ql. Again let K = {2 —¢,4—
q,...,q— 2}, and for each i <5 let

-1

then |K;| > 1.
If there is a k& which is in the intersection of four of the K;’s, then for k& = k£ and
appropriate [; we obtain

—1\?
F§2q2+6(—q2 ) < 4.
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Otherwise (with notation as above) we have

5

¢— 12U K| =) K =) 1K =2 ) K,

i=1 1<j 1<j<k

from which it follows that

3
SOIKLI+2 ) Kl > 5(@ - 1),

1<j 1<j<k

and hence

Thus there exists some k € K, with |k| < %. Setting k; = k and choosing
corresponding [; yields

—1\? 3 1)\?
F§2q2—|—5<qT) +(%) < 4q°.

3. PROOF OF THE MAIN THEOREM

The bilinear form @ on L induces a symmetric bilinear Q/Z-valued pairing on the
finite group L’/L, called the linking pairing associated to L. Such pairings A on a
finite group G were studied by Wall [19] (see also [1, 5]). He observed that A splits
into an orthogonal sum of pairings A, on the p-subgroups G, of G. For any prime
p let A (resp. B,) denote the pairing on Z/p* for which p* times the square of
a generator is a quadratic residue (resp. nonresidue) modulo p. If p is odd then A,
decomposes into an orthogonal direct sum of these two types of pairings on cyclic
subgroups. The pairing on Gy may be decomposed into cyclic summands (there are
four equivalence classes of pairings on Z/2* for k > 3), plus two types of pairings on
Z)2% @ Z/2%; these are denoted Eqx, Fyr. For an appropriate choice of generators, in
Ey each cyclic generator has square 0, while in Fyr they each have square 2'7.

Proposition 3.1. Let L be a lattice of rank n. Then L* may be embedded as a
quaternionic sublattice of a unimodular quaternionic lattice U of rank 4n.

Proof. Consider an orthogonal decomposition of the linking pairing on L'/L as de-
scribed above. Let x € L' represent a generator of a cyclic summand Z/p* with k > 1.
Then v = p*~'z has v?> € Z and pv € L. Adjoining v to L yields a lattice L; which
contains L as an index p sublattice (so that det L = p*det L;). Similarly, if x € L/
represents a generator of a cyclic summand of Ey or Fyr then v = 27!z may be
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adjoined. Finally if xq, 2o represent generators of two Z/2 summands then x; + x9
may be adjoined. In this way we get a sequence of embeddings

L=LyCL C-CLp,

where each L; is an index p sublattice of L;,; for some prime p. Moreover the linking
pairing of L,,, decomposes into cyclic summands of prime order, and the determinant
of L,,, is either odd or twice an odd number.

Now let My = L,,, @ L,,,. Note that My is a complex sublattice of L' @ L'. Let
p be a prime which is either 2 or is congruent to 1 modulo 4, so that there exists an
integer a with a®> = —1 (mod p). Let = € L’ represent a generator of a Z/p summand
of the linking pairing of L,,,. Then v = (z,ax) € L' ® L' has v* € Z and pv € M.
Adjoining v to M, yields a lattice M;; since iv + av € My, M, is preserved by i.
Continuing in this way we obtain a sequence of embeddings

My C My C -+ C My,

where each M; is an index p sublattice of M, ., for some prime p with p=2orp =1
(mod 4). Each M; is a complex sublattice of L' & L. We may arrange that each
M; with ¢ > 0 has odd determinant. The resulting linking pairing of M,,, is the
orthogonal sum of pairings on cyclic groups of prime order congruent to 3 modulo 4,
and all the summands appear twice.

Finally let Ny = M,,,, ® M,,,. This is a quaternionic sublattice of (L")*. Let ¢ = 3
(mod 4) be a prime, and suppose that x € L’ generates a Z/q summand of the linking
pairing of M,,,. There exist integers a, b with a*+b* = —1 (mod q) (take m to be the
smallest positive quadratic nonresidue and choose a,b so that a*> = m—1, b? = —m).
Let v; = (z,0,ax,bx) and let vy = iv; = (0,2, —bx,ax). Then v v, .vy € Z, and
qu; € Ny. Adjoining vy, vy to Ny yields a quaternionic sublattice N; of (L')*; note
that ju, + avy — bvy € Ny. We thus obtain a sequence

N0CN1C"'CNm3:U,

where each N; is an index ¢* sublattice of N;;; for some prime ¢ = 3 (mod 4),
Niy1/N; has exponent ¢, each N; is quaternionic with odd determinant, and U is
unimodular. 0

Remark 3.2. Using the methods of Proposition 3.1 one may show that L? embeds in
a unimodular lattice if and only if the prime factors of det L congruent to 8 mod /
have even exponents. These embedding results for L* and L* (without the quaternionic
condition in Proposition 3.1) also follow from [1, Theorem 1.7].

Applying this to rank 1 lattices one recovers the classical fact that any integer is
expressible as the sum of 4 squares, and is the sum of 2 squares if and only if its
prime factors congruent to 3 mod 4 have even exponents.

Proof of Theorem 1. Let L be the lattice with form Q. Embed L* in a unimodular
lattice U of rank 4n as in Proposition 3.1. By Elkies’ theorem [2] either U = Z*" or
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U has a characteristic covector £ with €2 < 4n — 8. In the latter case, restricting to
one of the four copies of L yields a covector &|; with (£]1)? < n — 2, which easily
satisfies the statement of the theorem.

This leaves the case that U = Z*". Let Ly,..., Ly, Mo, ..., My,,, No, ..., Ny, be
as in the proof of Proposition 3.1. By successive application of Lemma 2.4, we see
that either Ny = Z*"~* @ Z(6,)* for some §; € N, or Ny has a characteristic covector
€ with €2 < 4n — 4. In the latter case, restricting & to one of the four copies of L
yields (¢]z)? <n —1.

If Ny = 744 @ Z(5,)* then M,,, = Z*2 & Z(5,)*>. By Lemma 2.2 we find that
either My = Z*"~2 @ Z(d2)? or My has a characteristic covector & with €2 < 2n — 2.
In the latter case, restricting £ to one of the two copies of L embedded in M, yields
(L) <n—1.

Finally if My = Z*" 2 ® Z(d2)? then L,,, = Z"' ®7Z(d,). Successive application of
Lemma 2.1 now yields that either L = Z"~! @ Z(§) or L has a characteristic covector
€ with & <n—1.

A proof of the congruence is given in the next section. O

4. A CONGRUENCE CONDITION ON CHARACTERISTIC COVECTORS

Given a positive-definite symmetric bilinear form @ of rank n and determinant o
with @ # (n — 1)(1) @ (J), one may ask for an optimal upper bound on the square
of a shortest characteristic covector £&. The square of a characteristic covector of a
unimodular form is congruent to the signature modulo 8 (see for example [17]). Thus
if § = 1 we have £2 < n — 8. In this section we give congruence conditions on the
square of characteristic covectors of forms of arbitrary determinant. Lattices in this
section are not assumed to be definite. (The results in this section may be known to
experts but we have not found them in the literature. We also note that the remainder
of the paper is independent from this section.)

If &1, & are characteristic covectors of a lattice L of determinant § then their dif-
ference is divisible by 2 in L’; it follows that &2 = €2 modulo %. For a lattice with
odd determinant the congruence holds modulo %. We will give a formula for this
congruence class in terms of the signature and linking pairing of L. For a lattice with
determinant § even or odd we will determine the congruence class of £2 modulo % in

terms of the signature and determinant.

Lemma 4.1. Suppose § = prl . H qé.j where p;, q; are odd primes, not necessarily
i=1 j=1
distinct. Let M be an even lattice of determinant 6 with linking pairing isomorphic
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T S
to @Apz_ci <) @qu_j. Then the signature of M satisfies the congruence
v J

i=1 j=1
o(M) = Z (1—pi)+ Z (5 —gj) (mod 8).
ki51 (2) lel (2)
(For the definition of Ay and By see the beginning of Section 3.)

Proof. Let G(M) denote the Gauss sum
1 2
- Z eimu?
\/S ueM'’ /M

(See [18] for more details on Gauss sums and the Milgram Gauss sum formula.) Then
G (M) depends only on the linking pairing of M and in fact factors as

cn) = [Te-TTes,).
The factors are computed in [18, Theorem 3.9] to be:

1 if kis even,
e2mi1-P)/8 if L is odd;

1 if [ is even,

G(Bql) = { e2mi(5-9)/8 if | is odd.

(Note that in the notation of [18], A, corresponds to (C,(k);2) and B, corresponds
to (Cy(1); 2n,), where n, is a quadratic nonresidue modulo ¢.)
The congruence on the signature of M now follows from the Milgram formula:

G(M) — eQTFiO’(M)/S.
0J
Proposition 4.2. Let L be a lattice of odd determinant & with linking pairing iso-

morphic to @Ap;;i &) @ quj. Let & be a characteristic covector for L. Then
i i

i=1 j=1

*=o() - Y (l-p)- Y 5-q)  (mod &/3).

Proof. Let M be an even lattice with the same linking pairing as L. (Existence of M
is proved by Wall in [19].) Then by [6, Satz 3] L and M are stably equivalent; that
is to say, there exist unimodular lattices Uy, Uy such that L& U; = M & Us. Let £ be
a characteristic covector for L @& U;. Then we have decompositions

§=&+ &, =8+ &,
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Taking squares we find

& = G+ — &)
= o(Uy) —a(Uy)

= o(L)—o(M)
= oL)- 3 (-p)= Y (G-q)  (mod/d),
ki=1(2) 1;=1(2)
where the last line follows from Lemma 4.1. O

Corollary 4.3. Let L be a lattice of determinant 6 € N, and let £ be a characteristic
covector for L. Then

525{ o(L) = 1+1/6 if 6 is odd

o(L)—1 if 6 is even (mod 4/9).

Proof. If § is odd then Proposition 4.2 shows that the congruence class of £2 modulo
% depends only on the signature and determinant; the formula then follows by taking
L to be the lattice with the form r(1) & s(—1) & (§) where r + s = n — 1 and
r—s=o(L)—1.

If 6 is even then as in the proof of Proposition 3.1 we find that either L or L ®
Z(2) embeds as an index 2% sublattice of a lattice with odd determinant. It again
follows that the congruence class of €2 modulo % depends only on the signature and
determinant. O

5. PROOF OF THEOREM 2

We begin by noting the following restatement of Theorem 1 for negative-definite
forms:

Theorem 5.1. Let Q) be an integral negative-definite symmetric bilinear form of rank
n and determinant of absolute value 0. Then there exists a characteristic covector £

for Q with

2> —n+1—1/§ ifd is odd,
-1 —n+1 if 0 is even;

this inequality is strict unless Q@ = (n — 1)(—1) @ (=3d). Moreover, the two sides of
the inequality are congruent modulo 4/0.

Let Y be a rational homology three-sphere and X a smooth negative-definite four-
manifold bounded by Y, with by(X) = n. For any Spin® structure t on Y let d(Y,t)
denote the correction term invariant of Ozsvath and Szabé [12]. It is shown in [12,
Theorem 9.6 that for each Spin® structure s € Spin®(X),

(1) c1(5)* +n < 4d(Y, s|y).

Also from [12, Theorem 1.2], the two sides of (1) are congruent modulo 8.



14 BRENDAN OWENS AND SASO STRLE

The image of ¢;(s) in H*(X;Z)/ Tors is a characteristic covector for the intersection
pairing Q) x on Ho(X;Z)/ Tors. Let 6 denote the absolute value of the determinant of
Qx and Im(Spin°(X)) the image of the restriction map from Spin®(X) to Spin“(Y).
Then combining (1) with Theorem 5.1 yields

1—1/6 if §is odd,

max 4d(Y,t) > { 1 if § is even,

teIm(Spin©(X))

with strict inequality unless the intersection form of X is (n — 1)(—1) & (—9).
Theorem 2 follows immediately since if either ¢ is square-free or if there is no torsion
in Hy(X;Z), then the restriction map from Spin°(X) to Spin(Y’) is surjective, and
|H\(Y;Z)| = 6.
Similar reasoning yields the following variant of Theorem 2:

Proposition 5.2. Let Y be a rational homology sphere with |H,(Y;Z)| = rs?, with
r square-free. If Y bounds a negative-definite four-manifold X, then

max  4d(Y,t) > { L= 1/r Zfr v 0dd,
t€Spin®(Y) 1 if v is even.

Remark 5.3. Suppose Y and X are as in the statement of Theorem 2 with & even.
If in fact
max  4d(Y,t) =1,

teIm(Spin©(X))

then it is not difficult to see that this maximum must be attained at a spin structure.

6. SURGERIES ON L-SPACE KNOTS

Let K be a knot in the three-sphere and

Ag(T) =ag+ > a;(T? +T7)

§>0

its Alexander polynomial. Torsion coefficients of K are defined by

3>0
Note that ¢;(K) = 0 for i > Nk, where Nx denotes the degree of the Alexander
polynomial of K. For any n € Z denote the n-surgery on K by K,. K is called an
L-space knot if for some n > 0, K,, is an L-space. Recall from [14] that a rational

homology sphere is called an L-space if HF (Y,s) = Z for each spin® structure s (so
its Heegaard Floer homology groups resemble those of a lens space).

There are a number of conditions coming from Heegaard Floer homology that an
L-space knot K has to satisfy. In particular (see [14, Theorem 1.2]), its Alexander
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polynomial has the form

© AR(T) = (~1) +3

J

(=) (T" +T7™).

k
=1

From this it follows easily that the torsion coefficients ¢;(K) are given by

(3) LK) =np —npq + -+ Ng_gj — 1 Ng—2j—1 < 1< Np_gj
ti(K) =mnp —ng_1 + -+ + Np_gj — Ng—2j—1 Ng—2j—2 < 1 < Np—gj—1,
where j =0,...,k—1 and n_; = —n;, ny = 0. In particular, ¢;(K) is nonincreasing

in i for i > 0.

The following formula for d-invariants of surgeries on such a knot is based on
results in [15] and [14]. The proof was outlined to us by Peter Ozsvath. Note that
for sufficiently large values of n the formula for d(K,, ) is contained in [16, Theorem
1.2].

Theorem 6.1. Let K C S® be an L-space knot and let t;(K) denote its torsion
coefficients. Then for any n > 0 the d-invariants of the +n surgery on K are given
by

d(Kp,i) =d(U,,i) — 2t,(K), d(K_,,1)=—d(Uy,,1)
for |i| < n/2, where U, denotes the n surgery on the unknot U.

Before sketching a proof of the theorem we need to explain the notation. The
d-invariants are usually associated to spin® structures on the manifold. The set of
spin® structures on a three-manifold Y is parameterized by H*(Y;Z) = H,(Y;Z).
In the case of interest we have Hi(Ki,;Z) = Z/nZ, hence spin® structures can be
labelled by the elements of Z/nZ. Such a labelling is assumed in the above theorem
and described explicitly as follows. Attaching a 2-handle with framing n to S® x [0, 1]
along K C S® x {1} gives a cobordism W, from S® to K,. Note that Hy(W,;Z)
is generated by the homology class of the core of the 2-handle attached to a Seifert
surface for K; denote this generator by f,,. A spin® structure t on K, is labelled by 7
if it admits an extension s to W,, satisfying

(c1(8), fn) —m=2i (mod 2n).

If K = U is the unknot, the surgery is the lens space which bounds the disk bundle
over S? with Euler number n. Using either [12, Proposition 4.8] or [13, Corollary 1.5],
the d-invariants of U,, for n > 0 and [i| < n are given by
(n—2i)? 1

4n 4

Proof of Theorem 6.1. According to [15, Theorem 4.1] the Heegaard Floer homology
groups HF*(K,,1i) for n # 0 can be computed from the knot Floer homology of
K. The knot complex C' = CFK> (5% K) is a Z*-filtered chain complex, which is a
finitely generated free module over T := Z[U, U~!]. We write (4, j) for the components

d(U,,1) =
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of bidegree, and let C'(7, j) denote the subgroup generated by elements with filtration
level (i, 7). Here U denotes a formal variable in degree —2 that decreases the bidegree
by (1,1). The homology of the complex C' is HF>(S%) = T, the homology of the
quotient complex BT := C{i > 0} is HF™(S%) = Z|[U,U~'|/U- Z[U] =: T and
the homology of C{i = 0} is HF(5%) = Z. The complexes C{j > 0} and B* are
quasi-isomorphic and we fix a chain homotopy equivalence from C{j > 0} to B¥.

We now recall the description of HF*(Ky,) (n > 0) in terms of the knot Floer
homology of K. For s € Z, let Al denote the quotient complex C'{i > 0 or j > s}.
Let vf : AT — BT denote the projection and hf : AT — BT the chain map defined
by first projecting to C{j > s}, then applying U*® to identify with C'{;j > 0} and
finally applying the chain homotopy equivalence to B*. For any o € {0,1,...,n—1}
let AT = Dycoinz AT and B = @,cp nz BT, where B = BT for all s € Z. Let DI, :
AF — B} be a homomorphism that on Al acts by DI,(as) = (vi(as),hi(as)) €
Bf @ Bf,,. Then HF(K,,0) is isomorphic to the homology of the mapping cone
of DI, and hence there is a short exact sequence

(4) 0 — coker (Din)* — HF"(K4,,0) — ker (Din>* — 0,

where
(D1,), : Ho(A}) — H.(B])

is the induced map on homology. Moreover, the isomorphism from the homology of
the mapping cone of DI, to HEF'+ (K4, o) is a homogeneous map of degree =d(U,,, o).
When computing for K, the grading on B, where s = o + nk, is such that U° €

H.(B]) has grading 2ko +nk(k —1) — 1. In case of —n-surgery, U° € H,(BJ,,) has
grading —2(k + 1)o — nk(k + 1). In either case A} is graded so that DI, has degree
—1. (See [15] for more details.)

Suppose now that K is an L-space knot with Alexander polynomial as in (2).

Define d;, := 0 and

5 O — 2y —my) + 1 if k—11s odd
R e | if £k —11is even

forl=k—1,k—2,...,—k, where as above n_; = —n;. Then as in the proof of [14,
Theorem 1.2] (compare also [15, §5.1]), C{i = 0} is (up to quasi-isomorphism) equal
to the free abelian group with one generator x; in bidegree (0,n;) for [ = —k,... k
and the grading of z; is ;. To determine the differentials note that the homology of
C{i = 0} is Z in grading 0, so generated by (the homology class of) xj. It follows
that the differential on C{i = 0} is a collection of isomorphisms Co, ,,, — Con, s
for [ = 1,..., k. Similarly we see that the differential on C{j = 0} is given by a
collection of isomorphisms C,,, ., 0 — Cp,_,0 for I =1,... k. This, together with
U-equivariance, determines the filtered chain homotopy type of the complex C. (For
an example, see Figure 1.)
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F1GURE 1. The knot Floer complex CFK>(T55). Each bullet rep-
resents a Z, and each arrow is an isomorphism. The groups and differ-
entials on the axes are determined by the Alexander polynomial

A (T)==1+(T+T "= (T°+T7°)+ (T*+T7%),

and these in turn determine the entire complex.

In order to compute the terms in the short exact sequence (4) we need to understand
the maps induced by v] and A on homology. For notational convenience we will use
the same symbols v and hl for these induced maps in what follows.

Suppose that the homology H of a quotient complex of C' is isomorphic to 71 =
Z|U,U YU Z|U). We say H starts at (i,7) if the element U" has a representative
of bidegree (7, 7). With this terminology H.(BJ) starts at (0,nx) and H.(C{j > s})
starts at (s, s+ ng). It remains to consider H,(A}). Note that these groups are also
isomorphic to 7. For s > n;, the homology of A} starts at (0,ny), so v} = id and
ht = U*. For ny_1 < s < ny, H.(A]) starts at (s — ny, s), so v7 = U™ and
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ht = U"™. For ng_o < s < ng_; it starts at (ng_1 — ng, ng_1), hence vy = U™ "k-1
and h} = U™ ™=1%5_ Tt is now easy to observe that for s > 0 the homology H, (A7)
starts at (s, ts+n) and thus vf = U and hf = U'*5 where t is a torsion coefficient
of K (compare with equation (3)). Similarly for s < 0 we obtain v = U™ and
hf =U'.

Note that since the spin® structures corresponding to ¢ and —i are conjugate (so
their d invariants are equal) we may restrict to those in the range {0,1,...,|n/2]}.
Consider now K,, (n > 0) and choose some o € {0,1,...,|n/2]}. Writing (D;),
relative to the decompositions

H(A)) =P H(AL,) =P T HB)=PHB,,) =PT"

lEZ lEZ IEZ lEZ
we obtain for [ > 0:

ba-l—ln = UtaHnCLa—i—ln + UtU-Hl_l)n+U+(l_1)naa+(l—l)n

- UtaHnao-Hn - ba-‘rln - Uta_Hl_1)"+a+(l_1)na0+(l71)n
b, =Uta, +Utr-—va,_,

— Uln—va,_, = b, — Ula,
bo—tn = Utlnid+lnigao—ln + Ut(H—l)n_UaO'—(H-l)n

— Ut(l+1)n*0ao__(l+1)n = ba'fln — Utl"—”H”_”ag,m.

It is straightforward to use the equations above to find an element of H,(A) with any
chosen value for a, mapping to a given element of H,(B}) under (D;),. It follows that
(D;t), is surjective and its kernel contains one 7+ summand, isomorphic to H,(A}).
Since D; shifts grading by —1, U° € H,(BJ) has grading —1, and the component of
(D). from H,(A}) to H.(B}) is equal to U7, it follows that U° € T C ker D, has
grading —2t,. The formula for d(K,, o) now follows using the degree shift between
HF*(K,,o) and ker(D;),.

Finally consider K_,, (n > 0) and choose o € {0,1,...,[n/2]}. Writing (DZ,).
with respect to direct sum decompositions as above yields:

== UtUHnaU-Hn + Ut°+(l+1)”+U+(l+1)naa+(l+1)n (l Z 0)
= Ut0+lnaa+ln = bo'Jrln - Utd+(l+1>n+a+(l+1)naa+(l+1)n
bU,n — Utg—l—aag + Utnfg—i—n—aaa.in
— Utrt7a, = b,_, — Ulnot=oq,_,
ba—ln - Utlnig_i_ln_o&a—ln + Ut(lil)niaaof(lfl)n (l Z 2)
- Ut(l_l)n_aaa—(l—l)n = bo_in — Utln_a_i_ln_U@a—ln .

ba+ln

The top and bottom equations determine a, (or more precisely UNa, for N >> 0)
for all s € 0 + nZ, so the middle equation cannot be fulfilled in general. It follows
that (DY), has cokernel isomorphic to H,(BJ_,) = TT; the grading of U° in this
group is 0. The formula for d(K_,, o) again follows from the degree shift. 0]

Combining Theorems 2 and 6.1 yields
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Theorem 6.2. Let n > 0 and let K be an L-space knot whose torsion coefficients

satisfy
(n—2i)2+1 1 .
=2 ifn s odd
tz(K) > (n—%ﬁ? a1 4 . ‘
e T if n is even
for 0 < i <n/2. Then for 0 < m < n, K,, cannot bound a negative-definite four-
manifold with no torsion in H;.

Proof. The formulas follow from the above-mentioned theorems. To see that ob-
struction for n-surgery to bound a negative-definite manifold implies obstruction for
all m-surgeries with 0 < m < n observe that for fixed ¢ the right-hand side of the
inequality is an increasing function of n for n > 2i. 0

Note that the surgery coefficient m in Theorem 6.2 is an integer. In [11] we will
consider in more detail the question of which surgeries (including Dehn surgeries)
on a knot K can be given as the boundary of a negative-definite four-manifold. In
particular it will follow from results in that paper that Theorem 6.2 holds as stated
with m € Q.

7. EXAMPLE: SURGERIES ON TORUS KNOTS

In this section we consider torus knots 7, ,; we assume 2 < p < ¢. Right-handed
torus knots are L-space knots since for example pg — 1 surgery on 7, , yields a lens
space [8]. Let N = (p — 1)(¢ — 1)/2 denote the degree of the Alexander polynomial
of T, ,. The following proposition gives a simple function which approximates the
torsion coefficients of a torus knot.

Proposition 7.1. The torsion coefficients of T, , are given by
o= #{(a,b) € Zo| ap +bg < N — i}

and they satisfy t; > g(N — 1) for 0 < i < N, where x — g(x) is a piecewise
linear continuous function, which equals O for x < 0 and whose slope on the interval
[(k = 1)q, kq| is k/p.
Proof. The (unsymmetrised) Alexander polynomial of K =T, , is

. (1-=Tr9)(1-T)

Ag(T) =
which is a polynomial of degree 2N. Writing Ax as a formal power series in T we
obtain

A(T) = 1=T")1-T)Y T®) T"

a>0 b>0

= (1-T)) T TH—Tr(1-T)> T"> T".

a>0 b>0 a>0 b>0
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Clearly only the terms in the first product of the last line contribute to the nonzero
coefficients of Ag. A power T* appears with coefficient +1 in this term whenever
k = ap + bq for some a,b € Z>y, and with coefficient —1 whenever k — 1 = ap + bq
for some a,b € Zsy. Since the coefficient a; in Ag(T) is the coefficient of TN/ in
Ag(T), we obtain a; = m; — m,,, where

#{(ab)GZO|ap—|—bQ— —ij}.
Then for ¢ > 0
ti:zj“iﬂ Zm%ﬂ #{(a,b) € Z%,|ap + bg < N —i}.
j>0 7>0

In what follows it is convenient to replace t; by

s(i) == ty_i = #{(a,b) € Z2, | ap + bg < i}.
Define
o fi/p ifi>0
9(0) '_{ 0 ifi<0
and 5(7) := [g(i)]; clearly §(i) > g(¢) for every i. Separating the set appearing in the
definition of s(7) into subsets with fixed value of b we obtain

=Y #{a€Zsglap <i—bgy =) 5(i—bg) > gli—bg) =:g(i).

b>0 b>0 b>0

O

The following corollary describes the range of surgeries on 7}, , that cannot bound
negative-definite manifolds according to Theorem 6.2 (and using Proposition 7.1). To
obtain the result of Proposition 3 note that all the lower bounds in the corollary allow
for m = 2. Note that Lisca and Stipsicz have shown that Dehn surgery on 759,11
with positive framing r bounds a negative-definite manifold (possibly with torsion in
H,) if and only if r > 4n [7].

Corollary 7.2. Let2<p<gqand N =(p—1)(¢—1)/2.

e [fp is even and m 1s less than the minimum of

1+ VAN
2+ 3y/ala+48) —4— 1o
qg—p+3
where a =q(p—2)+2and B=q—p+1
e orif pis odd and m is less than the minimum of

14+ V4N
2—1—%\/(1(0[—1—4@—4—%04—M

9 p
g—p+5-"12




A CHARACTERISATION OF THE Z" & Z(8) LATTICE 21
where a« = q(p—4)+2+3q/p and 5 =2q —p+ 1
e and 1 <n < 2N +m,
then +n-surgery on T, , cannot bound a negative definite four-manifold with no torsion
m Hl-
Proof. Write n = 2N + m; we may assume n < pq — 1. It suffices to show that

5) ) = EEEEL 2 y)

for —m/2 < x < N, where g is the function appearing in Proposition 7.1.

Since h is convex and g is piecewise linear, it is enough to check the inequality for
x = kq with k = 0,1,...,|N/q| and for x = N. Consider first x = kq. From the
definition of g we obtain g(kq) = gk(k + 1)/2p. Substituting this into (5) we obtain

4W@2—n?44%@m—4%)+wf+1—2n<O.

Since ¢ —n/p > 1/p, it suffices to consider only k = 0 and k = | N/q]. For k = 0 the

last inequality yields m < 1+ v4N.
Assume first p is even; then | N/q| = p/2 — 1 and substituting this into (5) gives

(m+qlp—2)°+1<n2+q(p—2).

Writing p = m+q(p — 2), @ = q(p — 2) + 2 and 5§ = g — p + 1 the last inequality
becomes
W —ap+1—aBf <0,

which implies

%+%\/a(a+4ﬁ)—4;

this is equivalent to the second condition on m in the statement of the corollary.
Since the slope of g on the interval from (p/2 — 1)q to N is 1/2, we get g(N) =
9((p/2 =1)q) + (N = (p/2 = 1)q)/2 = (pg — 2p + 2) /8. Subsituting this into (5) gives

n*—n(pg—2p+4)+1<0,

p<

which holds if n < pg—2p+4orm < q—p+3.
Assume now p is odd; then | N/q| = (p — 3)/2 and substituting this into (5) gives

<m+q@—af+1<n@+§@—n@—3»

Writing p = m 4+ q(p —3), @ = q(p —4) + 2+ 3¢q/p and f = 2g — p + 1 the last
inequality becomes

W —ap+1—aBf <0,

from which the second condition on m in the statement of the corollary follows.
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Now the slope of g on the interval from ¢(p — 3)/2 to N is (p —1)/2p and g(N) =
(pg —2p +4 — (¢ + 2)/p)/8. Subsituting this into (5) gives

2
n2—n(PQ—2p+6—&)—|—1<0,
p

Whichholdsifn<pq—2p+6—q%2orm<q—p—|—5—%, m
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