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Keloid and hypertrophic lesions are both types of scarring pathologies which arise as
a consequence of excess collagen deposition during the wound healing process. The exact
mechanism by which this occurs is not understood and currently no e!ective treatment exists.
In this paper, we study the possible role of nitric oxide in excess scar formation. In recent years,
the physiological role of this free radical in mammalian tissue has been extensively studied; in
particular numerous groups have studied its role in wound healing. We describe a mathematical model which o!ers a possible explanation for keloid scarring in terms of the presence of
higher than normal nitric oxide concentrations related to the fact that nitric oxide stimulates
synthesis of collagen by "broblasts. As a consequence of this, we put forward a suggestion for
a treatment strategy involving the surgical excision of the keloid lesion combined with the
application of a low-dose nitric oxide inhibitor. In addition, we show that a quasi-steady-state
analysis of our model reveals a possible approach to distinguishing between hypertrophic and
keloid lesions, a task which has to date proven to be clinically di$cult. We also present an
extended model which con"rms these results in the context of a more complicated and
biologically more realistic system. The fuller model demonstrates additional features of keloid
and hypertrophic scarring which we were not able to consider in the basic model, and as
a consequence further supports our hypothesis that nitric oxide activity could play a key role
in keloid scarring.
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1. Introduction
Dermal wound healing is a complex process involving many overlapping stages, the end result
frequently being a scar. The formation of a scar
begins with the wound initially being closed by
a blood clot (Asmussen & Sollner, 1993). Within
about three days of injury, "broblasts have begun
migrating from the wound margins into the
wound space where they eventually become
the principal cell type (Leibovich & Ross, 1975).
* Author to whom correspondence should be addressed.
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The "broblasts gradually break down the blood
clot, replacing it with a "brous protein called
collagen (Bauer & Uitto, 1982), the main structural protein of the skin. In parallel with this,
immune cells migrate into the wound to remove
any debris and foreign bodies. One of the dominant cells responsible for this are macrophages.
They reach a maximum number around 3 days
post-wounding (Leibovich & Ross, 1975), and we
will focus on events that occur after this initial
in#ammatory stage.
Both macrophages and "broblasts migrate
into the wound in response to growth factors, in
 2000 Academic Press
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particular transforming growth factor-b (TGFb), which acts as a chemoattractant for both cell
types (Wahl et al., 1987; Postlethwaite et al.,
1987). The macrophage population size is almost
solely a result of recruitment to the wound space
(Riches, 1996), whereas "broblasts also proliferate and this proliferation is enhanced by TGF-b
(McCallion & Ferguson, 1996). There is also
a positive feedback mechanism where "broblasts
and macrophages produce TGF-b (Roberts &
Sporn, 1990). It is important to note that there
are a number of other growth factors which have
similar roles to TGF-b, but for the purposes of
our model we shall focus on TGF-b as its importance has been made apparent by experimental
data demonstrating its role in scar tissue formation (Sullivan et al., 1995; Shah et al., 1992).
The production of collagen by wound "broblasts is also controlled in part by TGF-b
(Roberts & Sporn, 1990), in combination with
other regulators. In particular, nitric oxide also
stimulates "broblasts to produce collagen (Schaffer et al., 1997a), and in recent years this free
radical molecule has become the focus of a number of wound-healing studies (Scha!er et al.,
1997a; Lancaster, 1997). Nitric oxide (NO) is
a very small molecule; so small that in fact it can
pass through the membrane of a cell (Lisids et al.,
1997). It is very reactive, with a half-life of the
order of 5}15 s (Lancaster, 1997). It is well known
as an environmental pollutant, present in cigarette smoke, smog and acid rain. However, in the
1980s it was discovered that mammalian cells
produce nitric oxide, leading to a huge programme of experimental research on this molecule, which has proved to be crucial to many aspects of mammalian physiology. NO was found
to have two main roles, "rstly as a cell messenger
and secondly as a cytotoxic agent (Lisids et al.,
1997). Examples of these roles have been found in
areas as diverse as neural signalling, immunocytotoxicity and regulation of vascular tone
(Lisids et al., 1997). It is these last two on which
we will focus in our consideration of the role of
nitric oxide in wound healing.
The possible importance of nitric oxide in
wound healing has already been demonstrated in
a number of recent papers (Lancaster, 1997;
Scha!er et al., 1997a). Data have shown that
wound "broblasts secrete nitric oxide, but

normal "broblasts do not (Scha!er et al., 1997a)
and in particular, Scha!er et al. (1997b) provided
experimental evidence of impaired healing occurring in the absence of NO. This provides a basis
for wishing to consider such events in more detail. Nitric oxide is found to be predominantly
produced by both "broblasts and macrophages
(Scha!er et al., 1997b). However, the production
of this free radical by "broblasts is inhibited by
one of the other dominant chemicals involved in
wound healing which we have discussed, namely,
the cytokine TGF-b (Scha!er et al., 1997a).
Another key role for nitric oxide is its signi"cant in#uence on vascular tone and as a result,
NO a!ects the neovascularization phase of
wound healing (Lisids et al., 1997). Thus, the free
radical also a!ects oxygen concentration, "rstly
by increasing levels due to the blood vessel dilation, but also nitric oxide readily reacts with
oxygen species (Lancaster, 1997), thus also decreasing the oxygen percentage in the wound.
This aspect of healing is important since experimental data (McCallion & Ferguson, 1996) has
indicated that the degree of hypoxia of the wound
environment signi"cantly a!ects the healing process.
Understanding the involvement and importance of nitric oxide in wound repair is of general
interest; however further motivation for its study
arises from an interest in two speci"c types of
scarring pathology, that of hypertrophic and
keloid scars. These scars are both characterized
by excess collagen deposition (Tuan & Nichter,
1998) and hence the question arises: could nitric
oxide levels account for the increased collagen?
TGF-b levels remain similar to those found in
normal wound healing (Younai et al., 1996), suggesting the collagen levels observed are not necessarily a result of TGF-b, thus leading us to
consider nitric oxide.
Hypertrophic scars are con"ned to the wound
area (Rockwell et al., 1989), while keloid scars
a!ect both the wound and surrounding tissue
(Rockwell et al., 1989). However in practice it is
di$cult to distinguish between the two. The more
common hypertrophic case is often seen after
burn injury, but as with keloids can also be a
result of even very small dermal injury such as
ear piercing and acne (Nemeth, 1993; Tuan &
Nichter, 1998).
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Keloid scarring is more common among
darkly pigmented skin, with studies showing up
to 16% of the population in some African communities being a!ected (Rockwell et al., 1989).
Keloids consist of elevated "brous growths; however unlike hypertrophic scarring these rarely
regress (Peacock et al., 1970). They can be both
painful and impair movement, and currently
most treatments such as surgical removal are
largely unsuccessful (Nemeth, 1993). In nearly all
cases, keloids reoccur after therapy, whereas hypertrophic scars generally do not (Nemeth, 1993).
So one clinical problem which has arisen from
the di$culty in accurately distinguishing these
scars is the possibility of incorrect treatment
(Nemeth, 1993).
Biological di!erences between the two scar
types suggest that nitric oxide levels could also be
di!erent. For instance, scar contracture and high
levels of contractile "broblasts (myo"broblasts)
are seen in hypertrophic scars but not in keloids
(Tuan & Nichter, 1998). Desmouliere et al. (1993)
have indicated that TGF-b helps the transition of
"broblast to myo"broblast (Nodder & Martin,
1997), while NO suppresses it (Scha!er et al.,
1997a). A natural hypothesis is that NO levels are
higher in keloids. Studies done to date have not
considered this issue, one possible reason being
the fact that it is di$cult to conduct experimental
studies on keloids as they only occur in humans
(Tuan & Nichter, 1998). So the aim of the mathematical modelling is to examine whether altered
levels of this free radical could account for the
two scars.
In the next section, we will proceed to derive
a basic mathematical model capturing the main
features of wound healing, focusing on the role of
nitric oxide. In Section 3, we go on to carry out
a quasi-steady-state analysis on our system. This
enables us to locate the bifurcation point of the
model, where the steady-state levels switch from
cellular characteristics of a normal or hypertrophic scar to the acellular features of a keloid
lesion. In Section 4, we proceed to numerically
simulate our simple model and test the results of
Section 3. In particular, we illustrate the characteristics of keloid and hypertrophic scars
predicted previously. In Section 5, we use the
analysis of Section 2 to characterize part of
the model parameter space. This enables us to

de"ne the conditions under which we expect
a particular type of scar to occur. We then extend
our initial model to contain additional variables
to improve the realism of our approach and to
con"rm the robustness of the model. Finally, in
Section 7, we discuss our results with reference
to biological data and comment on possible
treatment strategies.

2. A Basic Mathematical Model
We begin with a simple mathematical model to
allow us to focus on the e!ects of nitric oxide on
the repair process. The model consists of four
variables, considered on a time-scale starting approximately 20 days post-wounding. In contrast
to previous wound-healing models (Olsen et al.,
1995; Pettet et al., 1996) we concentrate on the
remodelling stage of repair and consider the
long-term outcomes. By focusing on events which
occur after the proliferative phase we can neglect
the e!ects of macrophages (Coleman et al., 1998;
Haslett & Henson, 1996). We are also able to
avoid including TGF-b as a variable because
its main e!ects occur during in#ammation
(Coleman et al., 1998), where it is predominantly
involved in cell chemotaxis and initial collagen
production. Instead, we model the e!ects of the
macrophages and growth factor in our initial
conditions (Clark, 1996). We choose "broblast
cell density, F(t) (cells mm\) and collagen density, C(t) (;5.4 lg mg\ dry weight) as variables
because they form the key components of the
dermis (Clark, 1996); here t denotes time in days.
Additionally, for the purposes of this study, collagen levels provide an indication of scarring
pathology. For the third variable we have oxygen
percentage, O(t) (%), which allows us to model
the degree of vasculature and hypoxia, both important aspects of wound healing (McCallion &
Ferguson, 1996), and of particular interest in
hypertrophic and keloid scarring. Oxygen also
readily reacts with our main variable, nitric
oxide, N(t) (nM).
2.1. FIBROBLASTS

In modelling the "broblast population, we represent the mitotic division of the cells by a logistic
growth term. This assumption is supported by
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the experimental data of Azzarone et al. (1983),
who observed this behaviour while studying the
population doublings of cultured "broblast cell
lines. Within this expression, we also include
a crowding term representing the inhibitory effects of a dense collagen matrix on the rate of
"broblast proliferation (Clark, 1996). Finally, we
have a linear decay term which models the natural death of the cell population. Included in this
last term is a decreasing saturating function, q(O),
which represents the e!ects of hypoxia. The term
hypoxia refers to oxygen levels of between 0 and
10%, whereas normal tissue has approximately
20% oxygen (Knighton et al., 1983). There is little
known about the exact mechanism by which oxygen a!ects "broblast density (McCallion & Ferguson, 1996), but it is reasonable to assume that
the cells are likely to have a shorter lifespan, with
an impaired cell metabolism, in conditions of
reduced oxygen, hence our choice of decreasing
function. Combining these terms gives the following ordinary di!erential equation to represent the
rate of change of "broblast cell density:
dF
"F(1!Fk !Ck )r !d Fq(O),

 

dt

(1)

where
p(1#k )#O

.
q(O)"
p#O
2.2. COLLAGEN

In our collagen equation, a "rst-order production term models the synthesis of the protein by
"broblasts. Scha!er et al. (1997a) demonstrated,
via the exogenous addition of NO donors, that
this collagen production is enhanced by moderate levels of nitric oxide, with high concentrations
having cytoxic e!ects (Sarih et al., 1993). Similar
in vitro experiments by Witte et al. (1996) provided data which enabled us to obtain a qualitative approximation for this behaviour in the form
of a function g(N), as illustrated in Fig. 1. Although these data were for micromolar concentrations of nitric oxide, this general behaviour
has been discussed in a number of papers (Schaffer et al., 1997a; Lisids et al., 1997; Sarih et al.,
1993), and experiments were nanomolar concentrations were used seem to coincide with these

FIG. 1. Graph of the function g(N), representing the dependence on nitric oxide of collagen production of "broblasts. The graph is based on data from Witte et al. (1996) and
illustrates the e!ects of nitric oxide concentration (lM) on
the rate of collagen production. Low levels of NO give
a moderate production rate and high levels have cytotoxic
e!ects.

data, so that it is reasonable to assume that we
can extend this result to nanomolar values. A carrying capacity function h(C) is incorporated into
the growth term to represent the crowding e!ects
of high collagen density (Clark, 1996). Finally, we
include a linear decay expression which depicts
the breakdown and remodelling of collagen by
"broblasts (Clark, 1996). Together this gives
dC
"h(C) g(N)F!d CF

dt

(2)

where g(N) has the following form:
g(N)"a#bNAeB,
and h(C) has the qualitative behaviour as illustrated in Fig. 2.
2.3. OXYGEN

The conservation equation for oxygen consists
of a "rst-order decay process modelling the reaction of oxygen with nitric oxide, and a general
removal term which models the reaction of oxygen with other molecules. Oxygen is produced by
blood vessels, so in this initial model we will
assume that vasculature is at a constant level, v,
which includes changes in e!ective vascular density caused by blood vessel occlusion. This can be
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FIG. 2. Graph of the function h(C), collagen carrying
capacity function. The graph is based on clinical observations regarding collagen accumulation (Clark, 1996). The
formation of excess scars leads us to the conclusion that
a relatively high level of collagen is allowed to accumulate
before the crowding e!ects come into play, hence the form of
the graph above.

justi"ed by the fact that we are considering the
post-proliferative stage of the healing process
(Clark, 1996), as it is during the proliferation
phase that angiogenesis occurs. Thus, our production term consists of a constant linear growth
term, the e!ects of which are enhanced further by
nitric oxide which causes blood vessel dilation,
thus increasing the rate of oxygen delivery (Lisids
et al., 1997). The dilation e!ect is represented by
the increasing function, s(N). There is a limit to
the amount of dilation which can occur, so the
function is chosen to saturate at a level k . Thus,

we obtain the following equation:
dO
"k v(1#s(N))!d NO!d O,



dt

(3)

where
k N
.
s(N)" 
N#k

2.4. NITRIC OXIDE

Finally, we have the conservation equation for
nitric oxide. The decay terms are a result of the
reactions of NO with oxygen, "broblasts and the
endothelial cells involved in blood vessel dilation
as we described above (Haslett & Henson, 1996).
We also include a background removal term
which models the e!ects of other intermediate
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reactions involving this free radical. The main
production term we will include is due to "broblast cells (Scha!er et al., 1997a); we assume this
occurs at a constant rate, f per cell. Other cells,

such as endothelial cells, which produce nitric
oxide in the dermis do so at a comparatively
lower rate (Sarih et al., 1993), with the exception
of the macrophages involved in the in#ammatory
process. We will however include a constant production term, K, which models these contributions, so that we can assess its importance,
particularly with regard to keloid and hypertrophic scarring. Thus, the "nal equation in our
initial model is
dN
"F f !k Nv(1#s(N))!d N



dt
!d FN!d NO#K.



(4)

2.5. INITIAL CONDITIONS

Finally, we choose the following initial conditions: F(0)"F , C(0)"C , O(0)"O and



N(0)"N . The values for F , C , O and N are

  

based on approximations for the "broblast, collagen, oxygen and nitric oxide levels at the end of
the proliferative phase, although in the case of
N , nitric oxide has such a small half-life (Lancas
ter, 1997) that the NO equation rapidly settles
down to a quasi-steady state, independent of
initial conditions.
3. Steady States
When investigating the steady states of our
mathematical model, it is important to note that
there is no equilibrium point corresponding to
normal unwounded dermis. This is explained by
the phenotypic alterations which occur to "broblast cells in the wound. Normal "broblasts from
unwounded skin do not produce measurable
amounts of nitric oxide, unless stimulated
exogenously to do so (Witte et al., 1996). However, the cells we model are wound "broblasts,
which have been shown to spontaneously synthesize NO both in vitro (Kirk et al., 1993) and
in vivo (Scha!er et al., 1997a) within 24}72 hr
post-wounding. This production of nitric oxide
persists until the repair process is complete
(Scha!er et al., 1997a). For this reason, we cannot
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obtain the unwounded steady state in our model
as the "broblasts considered have di!erent characteristics to those of normal skin.
The homogeneous steady states for this system
are di$cult to derive explicitly, due to the complexity caused by functions such as g(N). However, we can focus on a simpler problem, that of
when the F"0 steady state is stable. The motivation for considering this issue arises from our
interest in keloid and hypertrophic scarring, and
more speci"cally their biological characteristics.
Keloid lesions consist of acellular nodes containing a high density of collagen, surrounded by
microvessels which are either fully or partially occluded (Tuan & Nichter, 1998). Hypertrophic scars,
on the other hand, are cellular and composed of
aggregates of "broblasts (Tuan & Nichter, 1998).
Thus, the stability of the acellular equilibrium,
F"0, is a key question for the model.
To answer this question, we begin by making
a quasi-steady-state assumption for the nitric oxide equation (4). This implies NO is at a constant
level, N"N . This assumption is justi"ed by
Q
noting that nitric oxide has a very fast production
and removal rate, with time-scales of a minute or
less (Wink et al., 1996): this is extremely rapid
when compared to the other events occurring in
the system. In particular, "broblasts have a cell



(ii)
1
d
F" (1!C k !  q(O ))"F ,
Q  r
Q
Q
k


k v(1#s(N ))
Q "O ,
N"N , O" 
Q
Q
d N #d
 Q

Cd
 "h(C).
g(N)
Recall that h(C) is the collagen-carrying capacity
function, so to simplify the problem further we
assume h(C)+1 which is justi"ed by the fact that
there are high collagen levels found in keloid and
hypertrophic scarring (Rockwell et al., 1989), and
so it is unlikely that production rates are noticeably a!ected by collagen density. Therefore it is
reasonable to neglect the e!ects of the carrying
capacity function, h(C).
As discussed earlier, the stability of these two
quasi-steady state is of interest since the acellular
F"0 equilibrium could, under certain conditions, correspond to the biological characteristics
of keloid lesions. By carrying out steady-state
analysis on the reduced system, we obtain the
stability matrix given by



!d N!d
0
0


M" !d Fq(O) (1!2k F!k C)r !d q(O) !k r F


  

0
g(N)F!d C
!d F -Q $Q !Q


cycle time of approximately 18}20 hr (Morgan
& Pledger, 1992). Thus, on our time-scale of days
we would expect nitric oxide to rapidly attain an
equilibrium value. So NO concentration e!ectively
becomes a parameter for our model. Using the
assumption we obtain the following steady states:
(i)
F"0, N"N ,
Q
k v(1#s(N ))
Q "O , C"C
O" 
Q
Q
d N #d
 Q

(where C is arbitrary).
Q

where O , F , C are the equilibrium points (i) or
Q Q Q
(ii) above.
If we consider the eigenvalues of M at the
steady state given by (ii), we have the following:
j "!d N!d (0; j "!k F r (0;




 Q 
j "!d F (0.

 Q
As all the eigenvalues are negative it demonstrates that the cellular equilibrium (ii) is stable
for F"F *0, and this occurs when collagen
Q
levels satisfy C)C , where C "(r !d q(O ))/
*
*


Q
k r . By now focusing on the eigenvalues of M at
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the steady state given by (i) we have
j "!d N!d (0;




j "0;


j "(1!k C )r !d q(O ).

 1 

1
Thus, the stability of this equilibrium depends on
the sign of j . Hence, the acellular equilibrium (i)

is stable for C *C , because we then have
Q
*
j )0, and is unstable otherwise. So the system

has a transcritical bifurcation, dependent on
the nitric oxide concentration, as illustrated in
Fig. 3(a).
Figure 3(a) demonstrates that at high enough
levels of nitric oxide the acellular steady state
becomes stable. Intuitively, this is a result of the
high nitric oxide concentration leading to increased collagen production which reduces the
extracellular space available for cell occupation.
This is supported by examining the corresponding collagen equilibrium levels as illustrated in
the bifurcation diagram in Fig. 3(b).
The two bifurcations diagrams illustrated
show that at high nitric oxide concentrations,
there is an increased level of collagen in a
relatively acellular wound environment. This corresponds to biological characteristics of keloid
scarring, and suggests that such histopathology is
a result of high nitric oxide concentration. This
hypothesis is supported by experimental observations by Tuan & Nichter (1998) which discuss the
issue of contraction in such lesions. They found
keloids to have few contractile "broblasts, and
Scha!er et al. (1997a) have shown that nitric
oxide inhibits the phenotypic transition of "broblasts to myo"broblasts. Hence, this also suggests
the possibility of higher levels of NO in keloid
scarring.
Russell & Witt (1976) have observed keloid
and normal "broblasts to have many of the same
phenotypic characteristics. Therefore, given this
similarity, we would not expect there to be a signi"cant increase in the amount of NO released by
keloid cells, although experimental data are lacking. So, in our model we would predict that any
increased nitric oxide concentration is a result of
the background production term K. A possible
cellular source of this term is keratinocytes.
In unwounded skin, the nitric oxide which
keratinocytes produce is used as an intermediate

FIG. 3. (a) An illustration of the bifurcation diagram for
the quasi-steady-state system, where nitric oxide concentration is at an equilibrium level N"N (nM). Thus N e!ectively
becomes a parameter for our model.Q The graph shows when
the two steady states of this reduced system go from stable to
unstable, speci"cally focusing on the "broblast population,
F"F (cells mm\) as we vary nitric oxide concentration.
Q
The equilibrium
(i) is an acellular state with F "0 for all N.
Q but becomes
This is unstable () ) ) ) )) for small to moderate N,
stable (**) when the cellular state (ii) becomes unstable.
Equilibrium (ii) is a cellular "broblast state which remains
stable as we increase N"N until F "0, at which point it
Q
Q in N. Figure 3(b) illusbecomes unstable to further increases
trates an alternative view of the bifurcation diagram, where
we focus on the collagen density C"C instead of the "broblast levels. The line C"C "g(N)/d Qis a graph of the colQ
 the cellular equiliblagen steady-state level associated
with
rium (ii). The line C"C "(r !d q(O ))/k r is a result of
* demonstrate

 Q that if C'C , the
stability calculations which
* in
F"0 steady state is stable and the cellular state is unstable
which case the collagen density is determined by initial conditions. For C)C , the FO0 cellular equilibrium is stable,
*
and the system evolves
to collagen levels determined by C .
Q
So the C"C steady state is stable (**) for small to moderQ
ate N and unstable () ) ) ) )) for large N. The parameter values
used here are: r "0.924, d "0.116, d "0.000075,
 k "0.006,

d "800, d "20, k "0.0004,
k "0.5,




k "5280, k "4, k "1.2, v"7, and the "broblast density

 dermis is F "10 cells mm\, with
of normal unwounded

con#uence occurring at 1000 cells mm\
and the collagen
level of unwounded skin is C "100 (536 lg mg\ dry
 between a 20 and 30%
weight), with a normal scar having
increase in collagen density. These values are discussed further in Appendix A.
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in the formation of the pigmentation chemical
melain (Novellino et al., 1998). On wounding,
melanocytes, the basal epidermal cells which produce melanin (Shier et al., 1996) are destroyed
and not replaced (Shier et al., 1996), thus the
nitric oxide which is normally used up in the
pigmentation pathway is now free. Given that
data concerning keloids show that this type of
scarring is largely found in people with highly
pigmented skin (Murray & Pinnell, 1992), we
postulate that there is su$cient free nitric oxide
available to "broblasts to lead to the increased
collagen production observed in keloids.
Also arising from our quasi-steady-state analysis is a possible explanation for hypertrophic
scarring. Since this scarring pathology is cellular
we would like to consider the FO0 equilibrium.
One supposition is that we have a high initial
collagen level caused by the proliferative stage of
healing and the system then regresses to the normal scarring steady state, which would match the
spontaneous regression observed clinically
(Ehrlich et al., 1994). This is something that we
can investigate further in the numerical simulations of our model.
4. Numerical Simulations
Numerical simulations of our model [eqns
(1)}(4)] were carried out using a sti! ODE solver.
While investigating the system we were able to
readily obtain simulations of normal scarring.
We begin with a moderate level of "broblasts, an
order of magnitude higher than those found in
normal skin. This corresponds to the in#ux of
"broblasts during the proliferative phase of the
wound-healing process (Asmussen & Sollner,
1993). Similarly, we choose an initial collagen
level in the same range as the unwounded dermis,
and not exceeding the level detected in normal
scarring, which is of the order of 120}130
(&690 lg mg\ dry weight) (Shah et al., 1992,
1994; Bardsley et al., 1995). This assumption is
based on the experimental evidence concerning
collagen deposition. It has been discussed by
Jackson (1982) that collagen accumulates over
the "rst 15}20 days post-wounding, which corresponds to the proliferative phase of repair.
With regard to our initial nitric oxide concentration, in the absence of experimental data we

choose an arbitrary level. Generally, any reasonable choice of this initial condition has very little
e!ect on the evolution of the system because of
the rapid removal and production of this free
radical, as discussed in the previous section. The
oxygen percentage was chosen to be consistent
with the hypoxia observed in healing wounds
(Knighton et al., 1981), so we allow initial levels
of between 0 and 10% in the simulation of normal scarring.
As predicted by our quasi-steady-state analysis, we were also able to obtain simulations of
hypertrophic and keloid scarring. The initial conditions chosen to achieve these states were basically the same as those used to obtain the normal
scarring illustrated in Fig. 4(a). This choice is
based on the work by Peacock et al. (1970) and
Murray & Pinnell (1992), who note few di!erences in the histopathology of these scarring
types during the initial proliferative response to
insult. However, when considering hypertrophic
lesions, Schmid et al. (1998) have shown that
hypertrophic "broblasts exhibit an increased response to TGF-b. Therefore, we would expect
a corresponding increase in collagen production
to occur during the proliferative stage of repair.
Hence, the resultant collagen levels from this
phase are re#ected in our initial conditions and
so a higher initial collagen density is chosen
in comparison to normal scarring. Moreover,
numerical simulations suggest that this is an
important factor in scarring.
There is contradictory evidence regarding the
responsiveness of keloid "broblasts to TGF-b
(Babu et al., 1992; Bettinger et al., 1996), so for the
purposes of this model we will assume keloid
"broblast cells respond to this cytokine in a similar way to normal wound "broblasts. Thus, we
choose initial collagen levels equivalent to those
used to obtain normal scarring. This assumption
is reasonable because if the system evolves to
a keloid pathology under these conditions, then
from the analysis in the previous section we
would expect any higher initial collagen concentration to lead to a more severe keloid scar.
As well as initial conditions, the biological
di!erences between normal, hypertrophic and
keloid scarring lead to corresponding parameter
di!erences. In particular, Wang et al. (1997) have
observed that human hypertrophic "broblasts
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FIG. 4. Numerical simulations of our model [eqns (1)}(4)] illustrating normal, hypertrophic and keloid scarring. Column
(a) shows the characteristics of normal scarring, for example the 30% increase in collagen levels in comparison to the
unwounded dermis (&100). This corresponds to biological data on scar tissue (Shah et al., 1992, 1994; Bardsley et al., 1995).
The initial conditions used are: F(0)"F "100 cells mm\, C(0)"C "100;5.4 lg mg\ dry weight, N(0)"N "1 nM



and O(0)"O "0%. The parameter values used are as follows: r "0.92, d "0.12, d "0.000075, d "800, d "3800,






d "500, d "20, d "800, k "0.0004, k "0.006, k "0.5, k "5280, k "4, k "1.2, k "185, v"7, a "1/300,











m"20, f "2.79, K"0. These values are discussed further in Appendix A. Column (b) illustrates the excess scarring seen in

hypertrophic lesions. The "broblast graph shows an increased cellularity [cf. with Fig. 4(a)] and collagen levels show the
gradual regression of the scar. Parameters are the same as those used for normal scarring (a) with the exception of v"1,
f "0.79. Initial conditions remain the same except for: C(0)"C "149 (;5.4 lg mg\ dry weight). Column (c) illustrates


keloid scarring. In contrast to (b) the "broblast levels show an acellular wound. The oxygen levels correspond to hypoxia
((10%) and we have a very high density of collagen (a two-fold increase on normal tissue) with a corresponding high level
of nitric oxide. Parameters and initial conditions are as in (a) except for v"1, K"20 000.

in vitro secrete signi"cantly lower levels of nitric
oxide compared to normal wound "broblasts. In
terms of our model, this implies a smaller value
of f in our NO eqn (4). In order to simulate

keloid scarring, we allow a larger background
nitric oxide production rate, K. This is to re#ect
our hypothesis that higher NO concentration
may lead to forms of excess scarring. Further

justi"cation of this term was discussed in the
previous section. The remaining parameters are
estimates taken from biological data and are discussed in more detail in Appendix A. Hence, Fig.
4(b) illustrates hypertrophic scarring and Fig. 4(c)
shows the pathology of keloid lesions.
Figure 4 demonstrates the main characteristics
of the three scarring phenotypes we have been
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considering. In the case of normal scarring in
Fig. 4(a), we observe that the system settles down
to collagen concentrations approximately 30%
higher than normal unwounded dermal levels
(&100), which is consistent with experimental
data from Shah et al. (1992, 1994) and Bardsley
et al. (1995). In parallel with this, the oxygen
levels have recovered from their hypoxic state
and cell numbers have evolved to an equilibrium
only slightly higher than that found in the normal
dermis (&10 cell mm\). These are all features
consistent with the normal scarring pathology.
The hypertrophic lesions illustrated in Fig. 4(b)
capture the main biological characteristics
observed clinically. In particular, the resultant
scar is more cellular than normal scar tissue
(Rockwell et al., 1989), with approximately a twofold increase in "broblast density. One of the key
histological features demonstrated by this model
is the spontaneous regression frequently associated with hypertrophic scars. In our model, this
regression period is the time taken for the system
to settle down to a steady state. The simulations
demonstrate that it can take up to 2.5 yr to regress, which is consistent with clinical observations of regression times between 1 and 3 yr
(Nemeth, 1993). In the simulations, di!erent regression times can also be seen by changing the
initial collagen levels, C . This parameter change

re#ects di!erent degrees of responsiveness to
TGF-b during the proliferative phase of wound
healing. If C and f are high enough, non

regressing hypertrophic scars are observed,
which have characteristics of both keloid and
hypertrophic lesions. Such cases are found clinically (Blackburn & Cosman, 1966) and this
contributes to the di$culty which exists in
distinguishing between scar types.
Finally, Fig. 4(c) depicts keloid scarring. The
key features of this case include its acellular
nature, hypoxic environment and high collagen
density, which is double that of normal skin.
Also, as described clinically (Ehrlich et al., 1994),
no regression is observed. The main result we
obtain from this simulation is the conclusion that
di!erent nitric oxide levels could account for
keloid scarring, particularly given that Fig. 4(c)
shows signi"cantly higher nitric oxide concentrations in comparison to those found in normal
and hypertrophic scar tissue.

The results we have obtained from our model
suggest that a keloid lesion would appear approximately 3 months after the injury [this is
based on assuming the proliferative phase ends at
around 25 days post-wounding (Asmussen &
Sollner, 1993)]. This scale corresponds to some of
the clinical observations (Murray & Pinnell,
1992; Peacock et al., 1970), but certainly there is
numerous data to suggest that it frequently takes
of the order of 1 yr for the scar to appear
(Nemeth, 1993). This can be readily explained in
our model by considering our constant nitric
oxide production term K. In our simulations, we
assume that at the end of the proliferative phase
the full e!ects of the background production of
nitric oxide begin. Biologically, this may be unrealistic and the e!ects are likely to be more
gradual; as a consequence there would be a much
longer period post-wounding before the appearance of a keloid lesion. This is an aspect of our
model which we could expand on in future work,
focusing in particular, on the source of this background NO. However, for an initial model, it is
the qualitative features that are our main focus.
In particular, clinical interest in distinguishing
between scar types (Nemeth, 1993) leads us to
consider the possible division of the parameter
space into regions which characterize the di!erent scarring pathologies, which we proceed to do
in the next section.
5. Characterizing Scar Types
Characterizing the parameter space for our
model provides a method of distinguishing between scar types, which is something which could
be of particular clinical use. The key parameters
which we will focus on are the initial collagen
level, C ; f , the rate "broblasts produce nitric
 
oxide, and "nally the rate of background nitric
oxide production, K. The particular importance
of these three parameters has been made evident
by our quasi-steady-state analysis, numerical
simulations and biological studies. The initial
collagen level, C for example, is an indication of

the collagen concentration at the end of the proliferative phase and re#ects the sensitivity of
"broblasts to TGF-b. So, this parameter may
have biological signi"cance in classifying hypertrophic lesions, because experimental data of
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Schmid et al. (1998) show that hypertrophic
"broblasts have an increased responsiveness to
TGF-b. In addition to this, our analysis and
simulations suggest that the value of C could be

key in determining whether scar regression is
possible, and such regression is a characteristic
feature of hypertrophic scars (Nemeth, 1993;
Ehrlich et al., 1994). Similarly, our motivation for
considering f arises from observed (Wang et al.,

1997) in vivo di!erences in this parameter value,
between normal and hypertrophic "broblasts.
The value of f is also important in determining

the nitric oxide equilibrium, and is therefore of
further interest.
Finally, the background nitric oxide production rate, K, is of importance because of our
hypothesis that higher NO concentration could
account for excess scarring, in particular the
keloid pathology. K is the main parameter which
determines the nitric oxide steady-state level, N ,
Q
and as discussed in our quasi-steady-state analysis, the NO concentration is signi"cant in determining whether the system evolves to a cellular
or acellular state; the acellular state being a feature of keloid scars (Blackburn & Cosman, 1966;
Appleton et al., 1996). Thus, we can regard the
nitric oxide production rate, K, as a measure of
N . To distinguish between hypertrophic and
Q
normal scarring we begin by focusing on the
C } f parameter space. Both these types of scar
 
are cellular so we need to consider the case when
the "broblast equilibrium, F"F O0 is stable.
Q
As we have seen in Section 3 this corresponds
to when the collagen steady state C )C "
Q
*
(r !d q(O ))/k r . Thus if our initial collagen

 Q 
level C 'C , our quasi-steady state analysis in

*
Section 3 implies that the system would evolve to
the acellular equilibrium and hence to a keloid
type scar. The conclusion has also been con"rmed in numerical simulations (not shown). So
we now concentrate on the initial collagen concentrations such that C (C . In this region,

*
there is only one stable steady-state level
C "g(N)/d for collagen (taking the approximaQ

tion from Section 3 that h(C)+1), and thus density evolves to this level. However, if we have
C 'C , i.e. a high "broblast sensitivity to TGF
Q
b, we would have excess scar tissue, C which

would regress down to normal scar levels, C , as
Q
demonstrated by the simulations in Fig. 4(b).
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FIG. 5. Division of the C }f parameter space to charac 
terize the three scarring phenotypes: normal, hypertrophic
and keloid scars. C is the resultant collagen levels at the end

of the proliferative phase and is a measure of "broblast
sensitivity to TGF-b. f is the rate at which "broblasts

produce nitric oxide, a value which is known to vary between scar types. The graph demonstrates that if C is such

that C 'C then hypertrophic lesions may be observed.

Q
Here, C is the collagen level corresponding to when the
*
acellular state becomes stable. Thus, C 'C implies that

*
a keloid lesion will occur. C is the collagen equilibrium
Q
associated with the cellular state, so if C (C , the system

Q
will evolve to C and a corresponding normal scar will form.
Q
Parameter values used here are as in Fig. 3(a), with K"0.

So this provides some criteria to categorize
hypertrophic lesions and normal scars.
In addition, we need to consider the role of f

in the characterization of these scar types. We
have already seen that nitric oxide concentration
a!ects the evolution of our model and determines
the collagen concentration, C . Since N is depenQ
Q
dent on the rate at which "broblasts produce
nitric oxide, it follows that f a!ects C . As dem
Q
onstrated in our graph of the C } f parameter
 
space in Fig. 5, for a "xed background production, K, low values of f lead to corresponding

decreases in C . Given that C is a "xed value,
Q
*
independent of f and K, it follows that there

could be a large di!erence between C and C for
*
Q
small f . This implies that in this case there is an

increased chance of longer regression times, particularly if C takes a value close to C . This

*
conclusion is supported by Wang et al. (1997),
whose study showed a signi"cantly lower value
for the rate at which "broblasts synthesize nitric
oxide in hypertrophic tissue. We also note
that Fig. 5 illustrates that high values of f are
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accompanied by steady-state collagen levels, C
Q
which are very close to C . This suggests that
*
a more severe scar is formed, or may even be
regarded as a non-regressing hypertrophic lesion.
All these features are illustrated in Fig. 5, in our
plot of the C } f space.
 
Figure 5 is obtained by taking a "xed value
of K. The qualitative features continue to hold
as we increase K to K , with the value of C
*
Q
at f "0 increasing to C . The curve C "C

*

Q
moves towards the line C "C , and bio
*
logically, this implies that increased background
nitric oxide causes higher levels of collagen in the
normal scar, and shorter regression times in the
hypertrophic lesions, so that the resultant scar
looks increasingly like a keloid. Such cases have
been observed clinically, and patients have been
found to have scars which exhibit features of both
the hypertrophic and keloid scar (Blackburn
& Cosman, 1966; Ehrlich et al., 1994). In the
study by Blackburn & Cosman (1966), such
lesions were categorized by several di!erent independent pathology groups in order to obtain
more accurate results, but the conclusions from
all groups remained fairly consistent, and described this &&intermediate'' type of scar.
We note that in Fig. 5 keloids are categorized
as occurring when the initial collagen concentration C 'C . Although this would give some of

*
the characteristics of keloid lesions, such as its
acellularity, biologically this is unlikely to be
the source of this scarring because it implies
a high "broblast sensitivity to TGF-b and this
would suggest the presence of myo"broblasts
(Desmouliere et al., 1993), and these are found to
be absent in keloids (Jackson, 1982; Tuan
& Nichter, 1998). Instead keloids are more likely
to occur as a result of high nitric oxide concentrations as they can occur in the entire (C } f ) 
parameter space when K'K (this corresponds
*
to the NO level being such that N 'N ). As we
Q
*
have seen in Section 3, this condition results in
C *C and the F "0 acellular equilibrium beQ
*
Q
ing stable, and clinical evidence associates such
features with the keloid pathology (Blackburn
& Cosman, 1966; Appleton et al., 1996). It is more
likely that keloids arise as a result of this high
nitric oxide concentration because it can account
for the absence of contractile "broblasts in these
lesions. This is due to the fact that TGF-b has

been suggested to stimulate the phenotypic
change of "broblast to myo"broblasts (Desmouliere et al., 1993) and nitric oxide has been
implicated in inhibiting such a transition (Schaffer et al., 1997a).
So far our results and analysis point strongly
towards a role for nitric oxide in excess scarring.
Figure 5 demonstrates that by measuring just
three parameters, K, C and f , we should be able


to classify the scar type and hence treat accordingly. However, at this point the conclusions
come from our simple model, so in order to
clarify some of these hypotheses and to test the
robustness of the model, in the next section we
will check the predicted behaviour in a fuller
system, which captures more of the features of the
actual biological situation.
6. Full Model
In order to obtain a more realistic mathematical model of the wound-healing process, we
extend our "rst system of equations to include
some of the biological factors we discussed in
the introduction. In particular, we introduce
the following additional variables: macrophage
density, M(t) cells mm\, TGF-b concentration,
¹(t) 10\ ng mm\, and blood vessel density,
<(t). <(t) will be regarded as a notional variable
and is dimensionless, because any attempt to give
units to <(t) would require including additional
variables such as capillary sprout density. Our
time variable, t, is still measured in days, but
the introduction of in#ammatory cells, namely
macrophages, leads us to consider t"0 as now
representing the point of in#ammation, which occurs approximately 3 days post-wounding when
"broblasts "rst appear (Leibovich & Ross, 1975).
The rationale for including these three variables is made evident in our introduction. For
example, TGF-b is perhaps one of the most
multifunctional cytokines found during wound
healing (Roberts & Sporn, 1996) and numerous
studies have demonstrated its importance in scar
tissue formation (Sullivan et al., 1995). In parallel
with this, we include macrophages as they are
a major source of TGF-b (Sullivan et al., 1995)
and nitric oxide (Scha!er et al., 1997a), and studies have demonstrated that macrophage absence
leads to impaired healing (Leibovich & Ross,
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1975; Knighton & Fiegel, 1989). Finally, blood
vessel density is represented because of the welldocumented e!ect of nitric oxide on angiogenesis
(Ku, 1996; Lisids et al., 1997), and its clear role in
controlling tissue hypoxia. Also, further interest
arises as a result of experimental evidence which
has found that hypertrophic and keloid tissue
is more vascularized than normal scar tissue
(Ehrlich et al., 1994), although in both cases the
microvessels are either partially or fully occluded
(Kischer et al., 1982).
The equations for our additional variables are
given by

conditions of 20% oxygen resulted in no
angiogenic response. With 5}10% oxygen, activity was seen, but it was not substantial. Only
at the more severe hypoxic state of 2% oxygen
did macrophages cause substantial stimulation
of blood vessel growth. If we incorporate
this behaviour into a function, l(O) say, we
obtain the qualitative form, as illustrated in
Fig. 6.
Combining these various features gives eqns
(5)}(7). The di!erential equations describing the
remaining variables are just an extension of our
original model, and these are given by eqns
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The macrophage population arises almost entirely as a result of chemotactic migration into
the wound space (Riches, 1996), and TGF-b is the
principal chemoattractant for this behaviour
(Riches, 1996), hence the choice of production
term in eqn (5). With regard to the conservation
of TGF-b [eqn (6)], the peptide growth factor is
largely produced by macrophages and "broblasts. However, TGF-b has an autocatalytic
behaviour and so also stimulates its own synthesis, as represented by our equations. Lastly,
blood vessel growth [eqn (7)] or angiogenesis has
been shown to be caused by macrophage-derived
growth factors (MDGF) released by macrophage
cells (Knighton & Fiegel, 1989). This behaviour is
regulated by the oxygen microenvironment and
indeed the degree of hypoxia (Knighton & Fiegel,
1989). Results of Knighton & Fiegel (1989) suggest that macrophages combined with the hypoxic wound space are required to produce
neovascularization. Knighton et al. (1983) support this with data indicating that normal tissue



(5)

(6)

(7)

FIG. 6. Graph of the function l (O), which represents the
e!ects of oxygen percentage, O(t), on neovascularization.
The form of the graph shows that oxygen levels of normal
tissue (20%) or higher correspond to no angiogenic activity,
while wound hypoxia of between 2 and 7% leads to maximal
stimulation of blood vessel growth. Data for this function
comes from Knighton et al. (1983).
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(8)}(11), where the boxes indicate new terms:
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The equation describing the "broblast population [eqn (8)] now incorporates the e!ects of the
cytokine TGF-b. Numerous studies have found
that TGF-b is indirectly a mitogen for "broblast
cells (Liu & Connolly, 1998), hence the growth
rate r is adapted accordingly. Similarly, the col
lagen di!erential equation includes an additional
production term which is due to TGF-b-stimulating "broblast cells to synthesize collagen.
To model the oxygen concentration O(t), we
modi"ed our simple system by replacing the
constant v, which models degree of patent vasculature with the variable <(t). This is because
angiogenesis reaches its peak after 3}7 days postwounding (Asmussen & Sollner, 1993) and almost entirely occurs during the proliferative
phase of healing (Nissen et al., 1998), and it is
this stage that we are now including. We also
introduce the e!ects of occlusion caused by the
overproliferation of endothelial cells (Kischer

(11)

et al., 1982). This feature is caused by macrophage-derived angiogenic factors, and its e!ect is
to reduce the size of the blood vessel lumen and
thus to lower the oxygen released by the vasculature (Knighton et al., 1981). Fukuo et al. (1995)
have shown that excess endothelial cell proliferation is also indirectly caused by high levels of
nitric oxide. This occurs via high NO concentrations inducing vascular smooth muscle cell damage, these damaged cells then release basic
"broblast growth factor which stimulates endothelial cell proliferation. Thus, we represent the
resultant macrophage and nitric oxide-induced
occlusion by an increasing function, u(M, N), and
since the oxygen levels decrease as the vessels
become less patent, the term which appears in
our model [eqn (10)] takes the form 1!u(M, N).
Lastly, we have an extra decay term which
represents the removal of oxygen as a result
of the reaction with macrophage-derived growth
factors.
With regard to the nitric oxide equation (11),
the term representing removal by blood haemoglobin is modi"ed in the same manner as the
oxygen production term. We change the nitric
oxide production expression to now include the
e!ects of TGF-b on "broblast synthesis of NO.
Scha!er et al. (1997a) have demonstrated that
this cytokine inhibits the production of NO by
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"broblasts. There is currently no evidence regarding the mechanism by which this occurs, so
consequently we choose a functional form, f (¹),
which represents the general behaviour observed.
For simplicity, we have chosen an exponential
decay function, with f (0)"f from our previous

model. Finally, there is an additional production
term representing NO produced by macrophages; this is one of the principal sources of the
free radical and data have shown macrophages
release nitric oxide at a rate which is over 3 times
greater than that of "broblasts, the other main
source. These alterations lead us to our full model
[eqns (5)}(11)], which we will now investigate.
With regard to the parameter values, in the case
of the simple model they were based on experimental data and are reasonably well known;
however, this fuller model has parameter values
based more on order of magnitude approximations as there is an absence of exact data. This is
discussed in more detail in Appendix A.
6.1. NUMERICAL SIMULATIONS OF THE FULL MODEL

Now that we have set up a more detailed
model [eqns (5)}(11)] we use the sti! ODE solver
described in Section 2 to generate numerical
simulations of this system. The initial conditions
used to demonstrate all the types of scarring we
discuss are essentially the same. The rationale for
this comes from a number of studies which hypothesize that the initial phases of the repair
process are very similar, with morphological
di!erences only appearing after the proliferative stage (Peacock et al., 1970; Blackburn &
Cosman, 1966). The initial conditions consist of
a low level of collagen, C of the order of 0}10

(;5.4 lg mg\ dry weight). This is because, by
3 days post-wounding (t"0), "broblasts are in
the process of migrating into the wound space
(Leibovich & Ross, 1975) and studies show that
collagen production maximally occurs after the
cell migration (McCallion & Ferguson, 1996). We
can justify this choice further by noting that if the
system evolves to an excess scar as a result of an
underestimation of C , then we would certainly

expect higher values of this parameter to also
lead to an excess scar.
The density of "broblast cells at t"0 is chosen
to be of a moderate level, but higher than that of
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the unwounded dermis (&10 cells mm\) (Shah
et al., 1992, 1994; Bardsley et al., 1995). The basis
for this choice comes from recent data which
suggest a signi"cant number of cells would have
in"ltrated the wound by day 3, with "broblasts
reaching a maximal level a few days later, at
approximately 5}7 days post-wounding (Adams,
1997). The initial oxygen percentage, O(0)"O

corresponds to the hypoxia found in the wound
dead space. Thus, a value is chosen between
0 and 5%.
As we have discussed in the numerical simulations of the simple model, the initial nitric oxide
level has a negligible e!ect on the evolution of
the system due to the high reactivity of this free
radical (Lancaster, 1997); thus we chose an arbitrary, but reasonable NO concentration. With
respect to macrophage cells, Leibovich & Ross
(1975) demonstrated that they reach maximal
numbers approximately 72 hr after injury (t"0).
Hence, the value of M(0)"M has been taken to

be of the order of 100 cells mm\ (Leibovich
& Ross, 1975; Wahl et al., 1987). Related to this is
the initial concentration of TGF-b. We would
expect the level to be reasonably high given that
macrophages are at a maximum level and the
degranulation of platelets has been extensive by
this point, and associated to this is the release of
signi"cant quantities of TGF-b (Roberts &
Sporn, 1990). Thus, data would suggest levels
would certainly be of at least the order of
1}10;10\ ng ml\ (Wahl et al., 1987). The initial blood vessel density is much more di$cult to
estimate as we are regarding <(t) as a notional
variable. Consequently, we choose an arbitrary
value for <(0)"< , and to access the degree of

vascularization of the resultant scar we compare
the steady-state values to those given by the
numerical simulation of normal scarring, by
assuming that this has average blood vessel
density.
Using these estimates for initial conditions, we
were able to generate numerical simulations of
normal, hypertrophic and keloid scarring. This
was achieved by altering those parameters which
have been observed experimentally to vary be
tween scar types. The resulting simulations are
illustrated in Fig. 7. Figure 7 con"rms that the
three scarring phenotypes we have been considering can also be produced in a fuller model. This
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FIG. 7. (Caption opposite)
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helps to con"rm the robustness of our simple
model and consequently supports the hypotheses
and analysis carried out in the previous sections.
Figure 7(a), which demonstrates normal scar
tissue, evolves to steady-state levels which are
consistent with our results in Section 4. Thus,
corresponding to experimental results (Shah
et al., 1992, 1994; Bardsley et al., 1995), approximately a 30% increase in collagen density was
found, where normal unwounded tissue is &100
(;5.4 lg mg\ dry weight). With regard to the
additional variables in our modi"ed model, both
TGF-b and macrophages evolve to negligible
levels by the end of the proliferative phase of
healing (15}20 days post-wounding), as observed
clinically (Asmussen & Sollner, 1993). Similarly,
by this stage the blood vessel density has reached
a stable level, which we will regard as average for
normal healing.
As with the numerical simulations of Section 4,
we have changed three parameters to achieve the
keloid and hypertrophic scarring. These were the
rate of background nitric oxide production, K,
the rate, f , at which "broblasts produce nitric

䉳
FIG. 7. Numerical simulations of our full model [eqns
(5)}(11)] illustrating normal, hypertrophic and keloid scarring. Column (a) shows the characteristics of normal scarring; in particular we notice a 30% increase in collagen
density in comparison to unwounded tissue (&100). This
corresponds to biological data on scar tissue (Shah et al.,
1992, 1994; Bardsley et al., 1995). The initial conditions used
are: F(0)"F "100 cells mm\, C(0)"C "0;5.4 lg mg\


dry weight, N(0)"N "1 nM, O(0)"O "0%, M(0)"


M "100 cells mm\, ¹(0)"¹ "1;10\ ng mm\ and


<(0)"< "5. The parameter values used are as follows:

r "0.92, r "0.5, d "0.12, d "0.000075, d "800,





d "3800, d "500, d "20, d "800, d "0.2, d "9.1,






d "0.02, k "0.0004, k "0.006, k "0.5, k "5280,





k "4, k "1.2, k "185, k "7, k "0.07, k "0.015,






k "0.0015, k "0.01, k "0.0003, k "80, k "12,





k "3.3, k "2, a "1/300, m"20, f "2.785, b "0.1





[decay rate of f (¹)], K"0. These values are discussed
further in Appendix A. Column (b) illustrates a hypertrophic
lesion. We observe an excess collagen level which gradually
regresses to a normal scar. The wound is hypoxic
(O(t)(10%), but is also highly vascularized which implies
partial or full blood vessel occlusion, as con"rmed by biological data (Kischer et al., 1982). The parameters are the same
as those used for normal scarring (a) with the exception of
d "4100, f "0.785, k "5.4. Initial conditions also re


main the same. Column (c) illustrates keloid scarring. The
wound is acellular with high collagen and nitric oxide levels
and as with (b) the wound is hypoxic with a high blood
vessel density. Parameters and initial conditions are as in (a)
except for d "4100, K"20 000.
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oxide, and "nally the responsiveness of "broblasts to TGF-b; in our simple model this was
determined by the initial collagen level, C . How
ever, in this more detailed system it appears as
the parameter k , which is the rate at which

TGF-b stimulates "broblast cells to produce collagen. k has been shown to be higher in hyper
trophic scar tissue (Schmid et al., 1998). With
regard to f and K, we have K higher in keloid

scars and f is reduced in hypertrophic lesions

(Wang et al., 1997).
The hypertrophic pathology shown in
Fig. 7(b), and the keloid lesion of Fig. 7(c), both
illustrate behaviour and end concentrations
matching those results from our earlier model
(Section 4). We have the excess collagen and the
acellular nature of keloid scars and also the
features of hypertrophic lesion, namely a highly
cellular scar with the associated spontaneous regression. However, this fuller model captures additional features of these two scar types. As with
normal scarring, the "nal levels of macrophages
and TGF-b are negligible, although we also observe that we have increased vasculature relative
to the levels shown in Fig. 7(a). The results illustrate nearly a 50% increase in blood vessel density. This is consistent with biological studies
which frequently refer to hypertrophic and keloid
lesions as highly vascularized (Rockwell et al.,
1989; Ehrlich et al., 1994). It is, however, important to note that despite this increase in blood
vessel numbers the hypertrophic and keloid scars
are hypoxic, which implies that a large degree of
occlusion is occurring. Again, this is supported
by numerous studies, in particular the work done
by Kischer et al. (1982) who speci"cally focused
on this phenomenon.
6.2. SIMULATION OF ADDITIONAL CLINICAL RESULTS

Clearly, the features we have discussed help
support the robustness of our original model, but
to further clarify our approach to studying the
dynamics of excess scarring we have also been
able to generate other clinical observations. In
particular, the consequences of inhibiting the NO
pathway and the e!ects of application of the
neutralizing antibody to TGF-b (anti-TGF-b)
have been considered. To achieve the clinical
results numerically, in the case of nitric oxide
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inhibition we set the NO density N(t)"0. For
the application of anti-TGF-b we have ¹(t)"0;
but in addition we also lower the initial number
of macrophages, since the inhibition of the
chemoattractant TGF-b would reduce the recruitment of these cells to the wound. For a similar reason, initial "broblast numbers would also
be reduced. The results of the numerical simulations are illustrated in Fig. 8.
Figure 8(b) demonstrates impaired healing associated with the inhibition of wound nitric oxide. As shown by the graph of collagen density,
the system takes of the order of 4 months to
achieve a level which is even close to that of
normal unwounded skin. This result agrees with
studies by Scha!er et al. (1996), who have shown
that in vivo inhibition of NO is &&parallelled by
lowered wound collagen accumulation''. In contrast, Fig. 8(c) illustrates improved healing after
the application of anti-TGF-b. There are three
TGF-b isoforms, each with a slightly di!erent
role; however, it is the TGF-b1 isoform we consider here and it is this form of the cytokine to
which hypertrophic "broblasts exhibit increased
sensitivity. On the application of the antibody
to the TGF-b1 isoform, we observe a
cellular wound with "broblast numbers being
close to those of the unwounded dermis
(&10 cells mm\). The wound is also less vascularized and the initial deposition of collagen is
more gradual than that observed in normal scar
formation [Fig. 8(a)], with the "nal collagen density being lower. All these factors point towards
an improved wound healing pro"le. This behaviour has been observed in numerous experimental studies. For example, Shah et al. (1992)
injected adult rat wounds with neutralizing antibody to TGF-b and healing occurred without
scar tissue. They observed the presence of few
macrophages and blood vessels, and collagen
levels were reduced. These are all features which
are consistent with our numerical simulations.
Shah et al. (1992) recorded a collagen content in
antibody-treated wounds which had an 18% increase compared to the unwounded dermis
(&100), is agreement with Fig. 8(c); in addition
they observed the collagen accumulation to be
slower in the treated wounds as we have also
shown. Thus, the fact that our model can generate clinically observed results in addition to those

relating to excess scarring further supports the
robustness of our model. Also, the importance of
nitric oxide for collagen accumulation illustrated
in Fig. 8(b) helps to support the hypothesis that
high levels of NO could account for excess
scarring.
7. Discussion
The discovery that mammalian cells synthesize
nitric oxide has led to a wide spectrum of studies
considering the physiological role of this free
radical. One example has been the e!ects of NO
in wound healing. By mathematically modelling
the function of nitric oxide in the excess scarring
of keloid and hypertrophic lesions, we have been
able to gain an insight into a phenomenon which
has proven di$cult to study biologically and
clinically. The numerical simulations of our
simple model in Section 4 demonstrated that
keloid scarring may be associated with high
levels of nitric oxide. We have illustrated that the
excess collagen, hypoxia, high vascularity and
acellular nature of this type of scarring can be
observed as a consequence of increased NO concentration. Hypertrophic lesions have also been
characterized by our model; however unlike
keloids, the dense cellular scar does not seem to
be a consequence of nitric oxide; in fact NO levels
tend to be lower. Instead, the "broblasts from
hypertrophic scars have a heightened sensitivity
to TGF-b (Schmid et al., 1998), which helps to
account for the excess collagen accumulation.
These conclusions from our model are supported by related biological data concerning
keloid and hypertrophic scars, although to date,
the role of nitric oxide in keloid lesions has not
been studied experimentally. It has, however,
been extensively observed that the contractile
"broblast, or myo"broblast, is absent in keloids,
but present in hypertrophic scars (Ehrlich et al.,
1994; Bettinger et al., 1996; Tuan & Nichter,
1998). This property of the scars can be related
back to evidence regarding the e!ects of nitric
oxide and TGF-b. Scha!er et al. (1997a) noted
that the inhibition of NO release resulted in enhanced matrix contraction, which they have suggested is due to NO partially inhibiting the
phenotypic change of "broblast to myo"broblast. In contrast, Desmouliere et al. (1993) have
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FIG. 8. Numerical simulations of our full model [eqns (5)}(11)] illustrating the consequences of inhibition of the NO
pathway and the e!ects of application of neutralizing antibody to TGF-b. Column (a) acts as reference graphs which
demonstrate normal scarring. (Note: The units of collagen density, C are: ;5.4 lg mg\ dry weight). The parameters and
initial conditions are as in Fig. 7(a). Column (b) displays the e!ects of inhibiting nitric oxide. The main feature of its dynamics
are impaired healing, with the collagen levels struggling to even reach those of normal dermal tissue (&100). The parameters
and initial conditions used are as in (a) except we set N(t)"0 to represent to blocking of the nitric oxide pathway. Column
(c) is the result of treating a wound with anti-TGF-b. The healing is such that it is less vascularized and the end collagen
levels are lower than the normal scar (a), with the collagen accumulation being more gradual. These are all features observed
experimentally (Shah et al., 1992). The parameters and initial conditions are as in (a) except we set ¹(t)"0 to represent the
neutralizing of TGF-b and also we have M(0)"M "10 and F(0)"F "10 to represent the e!ect of reduced levels of their


chemoattractant, TGF-b.
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demonstrated that TGF-b is a &&potent inducer of
the myo"broblast phenotype''. This suggests
a competition between TGF-b and nitric oxide
(Ehrlich et al., 1994). Therefore, it follows that the
extensive presence of contractile "broblasts in
hypertrophic lesions could be associated to the
heightened response of hypertrophic "broblasts
to TGF-b and also the reduced synthesis of nitric
oxide by these "broblast cells (Wang et al., 1997).
In the case of keloid scars, myo"broblasts are
absent (Tuan & Nichter, 1998; Ehrlich et al.,
1994), and given that "broblasts from these
lesions have been shown to produce the same
amount of TGF-b as normal "broblasts (Younai
et al., 1996) we have a strong hypothesis that
a high nitric oxide level is blocking the
phenotypic change of "broblast to myo"broblast. This is reinforced by the observation that
contractile "broblasts are found in normal scar
tissue, although to a lesser extent than in hypertrophic lesions (Ehrlich et al., 1994). This
evidence supports our results obtained from
numerical simulations and quasi-steady-state
analysis of our model. The notion that nitric
oxide may account for keloid scarring can also be
related to an observation of Ehrlich et al. (1994).
They found cultured keloid "broblasts express
the a-smooth muscle actin characteristic of myo"broblasts, despite the fact that in vivo they do
not. Ehrlich et al. (1994) concluded that in vivo,
local microenvironmental factors must in#uence
and suppress this expression. The microenvironmental factor causing this could be nitric oxide,
especially given the other biological characteristics we have discussed.
As well as evidence relating to scar contracture, the role of nitric oxide in excess scarring can
be connected to the vascularity of the scars. Both
keloids and hypertrophic lesions have been
shown to have a high density of microvessels
(Rockwell et al., 1989; Ehrlich et al., 1994), although these are either partially or fully occluded
(Kischer et al., 1982). Given that a number of
studies have indicated that tissue hypoxia could
act as a stimulus for angiogenesis (Kischer et al.,
1975; Rockwell et al., 1989; Appleton et al., 1996),
and since both keloid and hypertrophic scars
have been shown to be hypoxic (Kischer et al.,
1982), this could account for the high degree of
vasculature found in these lesions. In terms of

blood vessel occlusion, this could be attributed to
the stimulation of excess endothelial cell proliferation. As discussed by Fukuo et al. (1995) this
may be a result of high nitric oxide levels in the
case of keloids, and with respect to hypertrophic
scars this could be indirectly related to the sensitivity of "broblasts to TGF-b, a growth factor
frequently associated with angiogenesis, albeit indirectly via macrophages (Roberts & Sporn,
1990). Therefore, the hypoxia caused by blood
vessel occlusion possibly acts as further stimulation for the observed blood vessel growth. The
concept of vasculature in these excess scars is an
area we have been able to demonstrate numerically in our full model in Section 6. By simulating this aspect of the scarring pathology it has
helped to support the conclusions generated by
our simple model.
In addition to our numerical simulations illustrating the features of excess scarring, the characterization of scar types in Section 5, via our
model parameter space, could go towards providing a clinical guide to distinguishing between
hypertrophic and keloid lesions. This could be
bene"cial given the current di$culty in categorizing the scars (Blackburn & Cosman, 1966) and
the fact that treatment of a supposed hypertrophic lesion could result in reoccurrence if incorrectly diagnosed. So, our model suggests that
the rate of nitric oxide production (K, f ) and the

"broblast sensitivity to TGF-b (k , C ) could be
 
key in distinguishing between the lesions.
7.1. THERAPEUTIC IMPLICATIONS

As well as putting forward a method of characterizing scar type, our model hypothesis also
leads to a possible suggestion regarding keloid
treatment. Currently, reoccurrence of these
lesions following treatment such as application of
pressure of intralesional administration of triamcinolone is common (Ketchum et al., 1974;
Nemeth, 1993; Berman & Harlan, 1995), particularly in the case of excision alone. Our model
suggests that this is due to the nitric oxide concentration, which we have shown dictates the
steady-state levels of the other variables in the
system. Thus, we would expect surgical removal
of the excess scar to result in the return of
collagen to pre-treated levels because the NO

KELOID AND HYPERTROPHIC SCARRING

277

FIG. 9. Numerical simulations using our simple model [eqns (1)}(4)] illustrating the results of two di!erent treatment
strategies. Column (a) shows the result of surgical excision of the keloid lesion at day 400 post-wounding. The system
was allowed to "rst evolve to a keloid scar, then at t"400, the "broblast level was increased to f (400)"
1 cell mm\ to represent cell in#ux following insult, and the collagen density was lowered to 100, which is the density of the
unwounded dermis, representing the excision of the scar. The remaining variables and parameters were unchanged. The
"gure illustrates the reoccurrence of the keloid, with steady-state levels of all the variables returning. The parameter values
used are as follows: r "0.92, d "0.12, d "0.000075, d "800, d "3800, d "500, d "20, d "800, k "0.0004,









k "0.006, k "0.5, k "5280, k "4, k "1.2, k "185, v"7, a "1/300, m"20, f "2.79, K"20 000. With initial








conditions at t"0 given by F(0)"F "100 cells mm\, C(0)"C "100;5.4 lg mg\ dry weight, N(0)"N "1 nM



and O(0)"O "0%. (These values are discussed further in Appendix A.) Column (b) shows the e!ects of surgical excision

accompanied by application of a nitric oxide inhibitor, such as L-NMMA. The same process as column (a) was used to model
this, with the additional change of lowering the rate of background nitric oxide production, K, to K"10, this models the
inhibition of NO. The result of this treatment shows the keloid does not reoccur and a normal scar forms, which is now
cellular and less hypoxic. With the exception of the value K, parameters and initial conditions are as in (a).

concentration remains high. So, we suggest that
excision would bene"t from being accompanied
by treatment with an NO inhibitor such as LNMMA, which could be applied via a cream. We
have simulated this approach numerically in Fig.
9(b). We have included an illustration of the consequences of just using excision [Fig. 9(a)], for
comparison. Excision is modelled by reducing

the collagen levels to that of normal dermal tissue. We would expect such a skin insult to result
in cell in"ltration, so to mirror this we have
introduced a low number of "broblasts. Finally,
the inhibition of nitric oxide is achieved by lowering the background production rate, K.
As shown in Fig. 9(b), when reducing nitric
oxide levels in conjunction with surgical excision,
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the model predicts that the lesion does not reoccur, but instead evolves to a normal scar. Our
parameter space characterization in Section 5 indicates that nitric oxide inhibition alone would
not be enough to reduce the scar because this
would imply that the initial collagen level, C , is

greater than C , which is the level of collagen at
*
which bifurcation from a cellular to acellular
state occurs. The analysis of Section 5 demonstrates that this would give rise to an acellular
lesion, characteristic of a keloid, with collagen
levels being dictated by C ; hence we would see

no reduction in the scar. Biologically, this role of
NO certainly suggests an avenue for further
study, particularly given that the hypothesis of
high nitric oxide concentration in keloid lesions
could be experimentally measured. With regard
to hypertrophic scars, our model does not readily
lead to a suggestion for treatment, particularly
given the frequently observed spontaneous regression associated with these scars (Tuan &
Nichter, 1998). However, the possible di!erentiation of this lesion from that of keloids could
certainly be bene"cial.
7.2. SOURCE OF BACKGROUND NITRIC OXIDE

With our prediction of high nitric oxide levels
accompanying keloid scars, it is necessary to justify this with respect to possible sources of the
extra quantities of this free radical. We can explain this by considering one of the major clinical
characteristics of this scar, namely that the majority of keloids are found to occur in people with
deeply pigmented skin (Peacock et al., 1970). Furthermore, the lesions predominantly arise in
areas of the body where melanocyte concentration is highest (Rockwell et al., 1989); for example,
keloids are rarely found on the palms of the
hands, where the melanocyte level is minimal
(Koohin, 1964). Melanocytes are the cells responsible for the production of the pigmentation
chemical, melanin, and they are found in the deep
epidermis close to the dermis (Shier et al., 1996).
The number of these cells does not vary from
person to person, but the dispersion of melanin
and the amount produced does vary (Shier et al.,
1996; Koonin, 1964). This is related to nitric
oxide, via its involvement in the melanin synthesis pathway.

NO activities tyrosinase, one of the main enzymes responsible for the biosynthesis of melanin
(Novellino et al., 1998). Thus we would expect to
"nd higher levels of nitric oxide associated with
darker skin pigmentation. When a wound occurs,
the melanocytes in that region are destroyed, and
they are not regenerable (Asmussen & Sollner,
1993), hence the often white appearance of scars.
However, keratinocytes, which produce the nitric
oxide used in the production of melanin, do regenerate (Romero-Graillet et al., 1997). So it
would therefore follow that there is more free NO
after wounding. Hence, this may be the source of
the additional nitric oxide that we hypothesize is
present in keloids, particularly given the close
proximity of melanocyte cells to the dermis.
Another factor which could explain the enhanced level of nitric oxide arises from the fact
that melanin absorbs UV radiation (Sherman
& Sherman, 1989). The absence of melanin implies that there would be additional UVA and
UVB stimulus for keratinocyte synthesis of NO
(Romero-Graillet et al., 1997). Relating this back
to scar formation would raise the question of why
keloids are relatively rare even in people with
deeply pigmented skin. This can be answered by
noting that this additional free nitric oxide may
still result in NO concentrations being kept below the critical level, N , we discussed in Section
*
5. However, if a person was genetically predisposed to produce signi"cant levels of nitric
oxide naturally, then the sudden absence of
melanocytes taking up this nitric oxide may be
su$cient to push the NO concentration beyond
N , so that the wound heals to give an acellular
*
scar with keloid characteristics. It would also
follow that such an e!ect would be local. This
corresponds to data regarding the occurrence of
these lesions (Rockwell et al., 1989). A suggestion
relating to keloid scar prevention arises from this
discussion. The skin nitric oxide levels in areas of
the body most prone to keloids could be measured, and if found to be too high could be
treated with low doses of an NO inhibitor to help
prevent keloid formation. This could be an option for people with a known pre-disposition to
keloid scars.
The notion that the epidermal cells involved in
pigmentation are a source of background nitric
oxide, can be related to another characteristic of
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keloids, namely the fact that the scar extends
beyond the con"nes of the original wound
(Ketchum et al., 1974). Production of skin
pigment depends on the interaction between
melanocytes and neighbouring keratinocytes
(Romero-Graillet et al., 1996). Not only do
keratinocytes produce the nitric oxide involved in
the pigmentation reactions, but also melanocytes deposit melanin into the neighbouring
keratinocyte cells (Romero-Graillet et al., 1997).
Given that keratinocytes are closely packed in the
epidermis and that nitric oxide is readily di!usible
(Lancaster, 1997), it is possible that nitric oxide
di!uses beyond the margins of the wound, thus
pushing NO levels in that region beyond the critical value. Furthermore, a number of studies have
observed a thickened epidermis in keloid lesions
(Rockwell et al., 1989; Ehrlich et al., 1994), thus
suggesting the presence of more keratinocytes,
which could be related to the fact that nitric oxide
can stimulate the proliferation of keratinocytes
(Krischel et al., 1998). In summary, this discussion
suggests that the basal epidermis could certainly
be a source of the additional nitric oxide we have
described in relation to keloid lesions.
8. Conclusion
The notion that nitric oxide could be involved
in excess scar formation has been con"rmed by
our simple model and the fuller system. The
results, coupled with conclusions from existing
biological studies on keloid and hypertrophic
lesions, is certainly supporting of this hypothesis.
A possible extension of this work could be to
consider the background nitric oxide production
term in more detail, with a view to understanding
the mechanism involved in the extension of the
lesion beyond the wound margin. In conclusion,
our work highlights the potential key role of
nitric oxide in keloid scarring and leads us to
speci"c suggestions for possible experimental
studies.
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APPENDIX A
Parameter Estimates
We have been able to "nd biological data for
most of the parameters in our simple model;
however, given the large number of parameters in
the extended model, obtaining so many values
has proven to be more di$cult. In such cases, we
have attempted to make order of magnitude
estimates where possible.
A.1. SIMPLE MODEL PARAMETERS

So we begin by establishing the concentrations
and densities of normal unwounded skin for the
variables in our simple model.
E F : Human "broblasts have a cell volume of

approximately 3400 lm (Russell & Witt,
1976) and are found to be sparsely distributed
in the dermis (Morgan & Pledger, 1992).
This coincides with a cell density used in
experiments of the order of 10 cells ml\
(Wahl et al., 1987). Hence, the density of
"broblasts in unwounded skin is taken as:
F "10 cells mm\.

E C : Data from Shah et al. (1994) gives a col
lagen content in normal skin of 536 lg mg\
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dry weight. For convenience, we scale this to
100 for normal skin (C "100) and we can use

data by Shah et al. (1992) to obtain a measure
of collagen levels in normal scar tissue. They
recorded a "nal collagen density in scar tissue
of 690 lg ml\ dry weight, which yields a
29% ["100;(690!536)/536] increase in
collagen. This provides an indication of what
level we would expect our model of normal
healing to produce.
The remaining parameters for the basic model
are discussed below:
r , k , d : Fibroblast cells are known to have
  
a cell cycle time of approximately 18 hr (Morgan
& Pledger, 1992), at the end of which we have
population doubling via mitotic division. Thus
the growth rate, r "ln 2/0.75"0.924 day\.

Related to this is the death rate of "broblasts, d .

The cells have been demonstrated to have a lifespan of the order of 16 population doublings
(based on the data using human age and sexmatched cell lines) (Azzarone et al., 1983). Thus, it
follows that the half-life of human "broblasts is
¹ "8;0.75"6 days. This then yields a death

rate of d "ln 2/¹ "0.116 day\.


The maximal "broblast density, k , has been

studied in a number of papers (Azzarone et al.,
1983; Overall et al., 1989). Cells grown to con#uence in culture displayed a "nal density of approximately 2;10 cells cm\ (Azzarone et al.,
1983), where the cells are grown in a monolayer.
Thus, it follows that this is equivalent to
&3;10 cells cm\"3;10 cells mm\. Hence,
a value of k +0.0004 is consistent with experi
mental results.
k : There is an absence of experimental evid
ence describing the e!ect of collagen density on
"broblast growth. Therefore to determine k we

use the "broblast equation (1), which has steady
state, F , C , given by r (1!F k !C k )!d "0.
Q Q

Q 
Q 

(Note: We ignore the e!ects of oxygen on the
decay rate, d , because there would be no hypoxic

e!ects in the unwounded dermis.) We would
expect the unwounded dermal levels F "F ,
Q

C "C , to be an equilibrium, and thus knowing
Q

r , k and d enables us to determine an approx 

imate value for k . This gives k "(1!F k !d /


  
r )/C +0.008. Since phenotypic cell character 

istics during wounding are altered our model
does not actually exhibit an unwounded steady
state, also given that scars are frequently as cellular as unwounded tissue, we would expect collagen to have a slightly lower e!ect on "broblast
numbers than the above value of k suggests. So

instead we use this value of k as a guide to order

of magnitude, and we will take k to be slightly

smaller, with k +0.006.

q(O)"(p(1#k )#O)/(p#O): Niinikoski et al.

(1971) report that actively dividing "broblasts can be detected in regions where oxygen
tension is greater than 15 mmHg (&2%). This
yields p"2 in our function. The strength of the
e!ect of oxygen on "broblast proliferation is
re#ected by the parameter k . We would expect

to see virtually no proliferation at &0% oxygen,
and thus if we consider the basic form of
our "broblast equation we would expect
dF/dt"r F(1!k F)!(d #k )F+!d F.





Hence, we would predict k to be of a similar

order of magnitude to r , so that k +0.5 would


be a reasonable estimate.
d : Uitto (1986) determined the half-life of col
lagen turnover in the adult dermis to be 2.5 yr.
This yields a decay rate of d "ln 2/(365;2.5;F )


"7.6;10\ cell\ day\, where F "10 cells

mm\ in the normal unwounded dermis.
d , d : Given the di$culty in "nding exact data
 
on the half-life of oxygen in skin tissue, we have
estimated it using data on its di!usivity. Oxygen
di!uses at a rate of 5;10\ cm hr\ (Keller
& Segel, 1971) (&1389 lm s\). A study by
Knighton & Fiegel (1989) remarks that &&oxygen
is rapidly consumed as it di!uses from the capillary'' and an estimate of the range of this movement is of the order of 220 lm in the wounded
dermis. (In normal dermis the range of movement
is of the order of 300 lm). Thus, the Einstein}
Smoluchowski equation (Lancaster, 1997)
1Dx2"2Dt
where D is the di!usion coe$cient, t is time and
Dx is the average distance allows us to estimate
the half-life of oxygen. So we have (220)"
2;1389;t; thus t &17.4 s. This half-life is

a result of the combined e!ects of the oxygen
decay terms. The wide range of possible targets
for oxygen implies that it is likely that the general
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decay term will dominate over the reaction with
nitric oxide. Also given that in normal tissue
there would be no nitric oxide synthesized from
"broblasts or macrophages (Scha!er et al., 1979)
it follows that d +3800 day\ (i.e. half-life of

&18 s). When nitric oxide is present we would
expect the reaction to be quite rapid. A rate
constant for such a reaction has been calculated
to be about 9;10 M\ s\ (Wink et al., 1996);
the reaction was carried out at a range of pH and
temperatures and the rate constant did not vary,
so this is a reasonable estimate for the parameter.
In the units used in our model this yields a value
of d +80 nM\ day\.

d , d , d , k : Nitric oxide has been recorded to
   
have an in vivo half-life of the order of 5}15 s
(Lancaster, 1997), hence we would expect the
combined e!ects of the nitric oxide decay terms
to give a half-life of this order of magnitude.
There is an absence of speci"c experimental data
so given the high reactivity of nitric oxide with
oxygen and haemoglobin we would expect these
to be the principal sources of decay. As estimate
for the general decay term d N would be of the

order of seconds given the extensive interaction
of nitric oxide with extracellular components of
the dermis. A half-life as high as 50 s has been
observed for nitric oxide and since one of the
principal reactions which leads to such a half-life
is between the free radical and oxygen, we conclude that an estimate of 120 s for the half-life of
nitric oxide in the absence of oxygen is not unreasonable. So in the absence of further information we take, d "(ln 2/120)s\+500 day\.

To estimate the reaction rate of nitric oxide and
oxygen the lack of experimental data forces us to
make approximations. We assume the half-life of
nitric oxide (5 s) is a consequence of the reaction
with oxygen and the general decay term, thus
giving d #d O"ln 2/120#d O"ln 2/5 s\.



Hence, d O"ln 2(115/600)s\+11500 day\.

Assuming such a reaction occurs in the wound
environment where oxygen levels are not optimal, we take O"15%, which yields d +800.

We would expect the removal of NO through
the paracrine reaction with "broblast cells to be
signi"cantly lower compared with extracellular
reactions. The reasoning for this is partially related to the distance between cells which nitric
oxide would have to cover for a reaction to take
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place. Therefore, we would expect the reaction of
nitric oxide with "broblasts to be of the order of
minutes, i.e. d F+200 day\. By assuming an

average density of "broblasts, we take d +20.

Finally we approximate the removal of nitric
oxide via the reaction with haemoglobin in the
blood vessels. This is particularly di$cult to estimate because in vitro data on the association rate
of NO with haemoglobin gives a value of about
0.1 s. This is a very rapid rate and contradicts the
existence of the reaction of nitric oxide with endothelial cells with causes blood vessel dilation.
So a possible explanation for a slower haemoglobin reaction rate would be that a substantial
amount of the haemoglobin is already bound.
Such an argument has been put forward in several studies (Lancaster 1997; Weller et al., unpublished data). Thus, based on this hypothesis we
estimate the reaction rate to be of a similar order
to that of NO with oxyhaemoglobin which is
1.5;10 M\ s\ (Wink et al., 1996). This yields
k <+1296 nM\ s\. Assuming an average

vascular density yields k +185.

Despite the numerous assumptions we have
applied in approximating these decay rates, the
important feature is that nitric oxide undergoes
a rapid turnover which results in the free radical
rapidly attaining its steady-state level and it is
this feature which has been our main interest in
studying the biological system.
k : Due to the absence of experimental data on

the rate of oxygen production by the vasculature,
together with the fact that <(t) is a notional
variable in our model, leads us to approximate k by

considering the oxygen steady state of unwounded
tissue, which is O "20% (Knighton et al., 1983).

The oxygen di!erential equation (10) yields,
dO/dt"k <!dO. We have an estimate for d, the

half-life of oxygen in normal tissue, and by assuming
normal skin has average vasculature (<"6), we
have 0"k ;6!1848;20, hence, k +5280.


s(N)"k N/(N#k ): This function models di

lation of blood vessels relative to those from
unwounded skin. Experimental data by Ku
(1996) suggest this saturating functional form for
s(N). Ku (1996) carried out experiments under
di!erent oxygen concentrations and observed
that the value of k decreases with oxygen

percentage. Ku (1996) gives k +1.6 nM for

20% oxygenation, which is equivalent to normal
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skin tissue. Given that wounds are hypoxic,
k +12 nM would be a reasonable order of mag
nitude estimate.
Finally, we estimate k which models the

strength of the e!ect of nitric oxide on dilation.
Given that Ku (1996) recorded a dilated blood
vessel diameter of &1.5 mm and a relaxed diameter of &0.35 mm leads us to take a dilation
factor of k "1.5/0.35"4. This seems reason
able given the notional nature of the vasculature
in our model.
v: Assuming, as with <(t), that the density of
patent vasculature is measured on a scale of 0}10,
with 0 representing virtually no patent vasculature and 10 corresponding to a high density of
non-occluded blood vessels. Given that keloids
and hypertrophic scars have been widely described as having a vasculature which is predominantly partially or fully occluded (Rockwell et al.,
1989), we take v+1. For normal scar tissue there
is a average amount of vascularity with blood
vessels generally patent, so v+7.
f : Wang et al. (1997) carried out a human

study, where they measured the level of nitric
oxide produced by wound "broblasts from normal hypertrophic scar tissue. This gave a mean
value of f +1.55 for hypertrophic cells (although

there was signi"cant variation in this value
between patients) and f +2.8 for normal "bro
blasts. The value for normal scar tissue is
supported by a study by Scha!er et al. (1997a)
which demonstrates that wound "broblasts
spontaneously synthesize and release nitric oxide
at a rate of &4.60 nmol lg\ DNA/48 hr. Information on mammalian cells reveals that a cell
has approximately 10\ g of DNA per cell
(Baserga, 1976). Using this gives an NO production rate of &2.3;10\ nmol cell\ day\,
which leads to a value of f +2.3. For the pur
poses of our simulations we take the value for f

from the data by Wang et al. (1997) due to possible error in the approximation regarding cell
DNA content used in obtaining a value from the
results of Scha!er et al. (1997a).
A.2. SENSITIVITY ANALYSIS OF THE SIMPLE
MODEL PARAMETERS

Having "xed many of the parameters in this
simple model using experimental data, to con"rm

our values we also carried out a parameter sensitivity analysis. The measure of sensitivity, S, is
the percent change in solution measure (which
we take collagen steady-state density) divided
by percentage change in parameter. Therefore,
a value of S"$1 re#ects a change in output
magnitude in equal proportion to the change in
input. As we can see from Fig. A1, the solution is
highly robust to changes in both parameter
values and initial conditions.
A.3. EXTENDED MODEL PARAMETERS

As a result of the added complexity of the
extended model we have found it di$cult to "nd
speci"c data on a number of parameters. As
a consequence, the values which we will now go
on to discuss are not as concrete as those of the
simple model, but provide order of magnitude
approximations which are still a useful guide.
Below we begin by explaining the initial concentrations of the additional variables in our full
model.
M : Leibovich & Ross (1975) observed a

maximum number of &200 macrophages mm\
in wound-healing experiments carried out on
guinea pigs. Similar values were found by Wahl
et al. (1987). Therefore, given that macrophages
reach a maximal level at 3 days post-wounding
(Leibovich & Ross, 1975) (at time t"0 days in
the full model), M "M(0)"100 cells mm\ is

a reasonable order of magnitude estimate.
< : Vasculature, <(t), is a notional parameter in

our model which ranges from 0 to 10, with 0 being avascular and 10 being highly vascularized. It
is reasonable to assume that there is a moderate
level of blood vessels by 3 days post-wounding
(t"0), and we take < "<(0)"5. However, this

numerical value is inevitably arbitrary since the
variable is notional.
¹ : We are unaware of speci"c data on the

TGF-b concentration during wounding healing;
however, studies by Cromack et al. (1987) demonstrated that TGF-b levels are at a peak during
"broblast proliferation and collagen synthesis. So
to estimate an initial concentration at 3 days
post-wounding we take the level used in experiments which resulted in maximal cell proliferation and collagen synthesis. This value was
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FIG. A1. Bar chart displaying the results of a parameter sensitivity analysis. We varied each parameter and initial
condition by $50% from our "xed set of parameter values which are as follows: r "0.92, d "0.12, d "0.000075,



d "800, d "3800, d "500, d "20, d "800, k "0.0004, k "0.006, k "0.5, k "5280, k "4, k "1.2, k "185,












v"7, a "1/300, m"20, f "2.79, K"0. With, initial conditions at t"0 given by F(0)"F "100 cells mm\,



C(0)"C "100;5.4 lg mg\ dry weight, N(0)"N "1 nM and O(0)"O "0%. (These values are discussed further in



this section.) The sensitivity measure, S, is the percent change in solution measure (collagen steady-state density, C ) divided
Q
by the percent change in parameter. So on our chart$1 re#ects a change in output which is in equal proportion to the
change in input. Given that all results are bounded by $1 it demonstrates that the parameters for the simple model are
highly robust and supports our choice of values: ( ) #50%; ( ) !50%.

10 ng ml\ (Wahl et al., 1987; Roberts et al.,
1986) which yields ¹ "1.

Finally, we discuss the extra parameters which
appear in our fuller model:
r : Wounds treated with anti-TGF-b, like nor
mal scars, are cellular and healing still occurs
(Shah et al., 1992). This suggests that r 'r ¹.


Because TGF-b indirectly stimulates "broblast
proliferation it is di$cult to "nd accurate data
on the rate r , so that our only guide is

r (r /¹"0.9/1. We take r "0.5.



k , k : A study by Sullivan et al. (1995) reports
 
that &&macrophages are the principal source of
TGF-b in adult wounds''. From this we can deduce that k 'k , i.e. the rate of macrophage


production of TGF-b is greater than that of
"broblasts. A similar relation holds for nitric
oxide where the di!erence in rates was a factor

of 4.5 (Scha!er et al., 1997a), and in the absence
of other information we estimate the same factor
for TGF-b production rates, which gives k ;

4.5+k .

Because macrophages are at a maximum at
3 days post-wounding (Leibovich & Ross, 1975),
it follows that it is likely that TGF-b concentration is also close to its maximum at this point,
hence we would expect decay to dominate. Given
that decay occurs with a half-life of at most
100 min, we may predict the production rate
to be slower. Thus, k M(((ln 2)/100) min\+

10 day\, so as M "100 and in the absence

of further data we take k +0.07 and thus

k +0.015.

k : Obtaining exact biological data on the

rate of neovascularization is very di$cult, especially given that blood vessel density is a notional
parameter in our model. However, experimental
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results by Knighton et al. (1981) enable us to
make an approximate order of magnitude estimate of the k parameter. They measured blood

vessel growth in rabbit ear chambers and
recorded their results as a percentage of the
chamber "lled at each day after the initial vessel
implantation. Results from the experiments
carried out in 20% oxygen gives a vasculature
growth rate of about 6.7% per day. If we relate
this to the form of our di!erential equation for
<(t) [eqn (7)], we have d</dt+k < M "0.67.
 C C
(Note: We would not expect to see crowding
a!ecting the growth rate in the experiment and
oxygen concentration was consistently kept at
the level of normal tissue so no e!ects due to
hypoxia would have been observed, hence we
ignored these components of our di!erential
equation.) If we assume < is an average level of
C
vasculature and macrophage numbers, M , are
C
such that they are at a level which would provide
su$cient angiogenic factors, as would be the
case in the experiment, we obtain d</dt+
k ;5;100"0.67, which yields a value of

k &0.0015.

k : The graphs and results from the rabbit ear

chamber experiments by Knighton et al. (1981)
suggest that crowding e!ects due to blood vessel
density only play a role in angiogenesis when
a very high percentage of the ear chamber is "lled
with blood vessels. Given that we have de"ned
< to vary between 0 and 10, we assume that
<"10,a high density of occluded blood vessels,
has begun to cause crowding. Thus, given that
< is a generic variable and we have no exact data
we choose k +0.01 as an order of magnitude

estimate.
k : We would expect the e!ect of collagen

density on blood vessel proliferation to be less
than its e!ect on "broblast cell density because in
the example of the high collagen density keloid
lesions an acellular, highly vascularized environment is observed. Thus it follows that k (k .


This also implies that high collagen density is
having little e!ect on vasculature, hence it would
be reasonable to assume k
is signi"cantly

smaller than k , and we take k +k /10 which



gives k "0.0003 to be consistent with the

biology.
u(M, N)"M/(M#k )#N/(N#k ): There


is an absence of speci"c data on blood vessel

occlusion so we assume a standard saturating
form for our function with parameters corresponding to related observations where possible.
For example, at normal levels of macrophages
and nitric oxide no occlusion is observed
(Kischer et al., 1982), thus k 'average number

of macrophages found during normal healing.
Hence, we choose k to be close to the maximum

number of macrophages present, thus giving
k +80. We apply a similar argument for k .


Our function s(N) which represented blood vessel
dilation had 1.6 nM as the nitric oxide concentration which lead to half the maximal dilation.
Given that we would expect occlusion to occur
when nitric oxide levels are in excess of those
required for dilation, leads us to conclude that
k '1.6. So for a provisional estimate we take

k +2 nM.

k : Scha!er et al. (1997a) showed that macro
phages are a signi"cant source of wound nitric
oxide and a production rate of 20.4 nmol lg\
DNA/48 hr was recorded. Applying the approximation for cell DNA content used to calculate
f we obtain a value of k "10.2. This result


is in agreement with the data by Iuvone et al.
(1994), who observed an NO synthesis rate of
&15 nmol per 10 cells per 24 hr, which yields
k +15.

k : There is an absence of data on the rate at

which "broblasts produce collagen in response to
TGF-b; however there is a comparative study by
Ghahary et al. (1993) which provides quantitative
data on the level of increased responsiveness
of hypertrophic "broblasts to TGF-b. They
recorded a 61% increase in TGF-b mRNA in
hypertrophic scar samples in comparison to the
normal wound tissue. Thus we take k , 1.61

times larger in our simulations of hypertrophic
lesions.
In terms of order of magnitude estimates for
this parameter in normal scar tissue we make an
approximation based on the timing and duration
of wound-healing events. Both nitric oxide and
TGF-b are important in "broblast collagen deposition; however TGF-b predominantly acts
during the early phases of repair (Shah et al.,
1994), whereas nitric oxide has a sustained in#uence (Scha!er et al., 1997a). Therefore, this di!erence in duration of in#uence leads us to expect
that the rate, k , of TGF-b stimulated collagen
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production will be greater than that of NOstimulated protein synthesis, i.e. k 'g(N). We

would expect k to be of the order of hours since,

for example, applying anti-TGF-b 7 days postwounding was too late to have the anti-scarring
properties that were observed with early application (Shah et al., 1994). This partly suggests that
the TGF-b e!ect on collagen deposition is rapid.
Given there is no speci"c data on this rate we are
forced to make an estimate of k based on the

more general information we have discussed.
Hence, we assume a half-life of 5 hr to "t in with
the expected rate of events. This yields a value of
k "(ln 2/(5/24))+3.3.

d : Macrophages are known to exist in

the wound for several days after the initial
migration; so based on this we take a decay rate
for macrophage cells to be of the order of
d +0.2 day\.

k : Maximal chemotactic migration of macro
phages into the wound occurs in response to
femtomolar (10\ M) concentrations of TGF-b.
In particular, Wahl et al. (1987) recorded a value
of 8 fM (2;10\ ng ml\). By 3 days postwounding (t"0), TGF-b levels would be signi"cantly higher and macrophage numbers have
reached a maximum. Wahl et al. (1987) discuss
that at these higher levels of TGF-b the recruited
macrophages are activated to secrete mitogens,
thus we would expect the rate of macrophage
recruitment, k , to be quite low, so certainly we

would have k ¹(d M.


We are able to make an order of magnitude
estimate for k by applying the fact that macro
phages are principally present during "broplasia
and this phase ends at approximately 20 days
post-wounding. Hence, we could estimate a halflife for the removal of the macrophages from the
wound to be of the order of 9 days. Applying this
to the equation for the macrophage population [eqn (5)] by assuming TGF-b is at an
average concentration and given that we
know d , leads us to the following expression for

M(t): M e\BR#(k /d )¹ . Thus, 0.5;M "
  ?


M e\B;#k /d ;1 (using the approximation
 

for the time it takes for half the macrophages to
leave the wound). Given that we had an estimate
of 100 macrophage cells mm\ at 3 days
post-wounding the expression yields a value of
k +7.
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d : Co!ey et al. (1987) have recorded a plasma

half-life of 2}3 min for active TGF-b; this has
been con"rmed by Wake"eld et al. (1990). However, the half-life of latent TGF-b is signi"cantly
longer, of the order of 110 min (Wake"eld et al.,
1990). Given this di!erence it is more realistic to
use the latent half-life in our model, because of
the continual conversion to active TGF-b which
occurs. Wake"eld et al. (1990) support this assumption in their discussion. Hence, d "ln 2/

(110/60;24)"9.1 day\.
K: A study by Krischel et al. (1998) found that
"broblasts undergo cytostasis at concentrations
of nitric oxide greater than 0.25 mM (based on
the addition of an NO donor every 24 hr).Thus,
we would not expect the background nitric oxide
production rate, K, to be larger than this, i.e.
K)250 000 nM day\. However, keratinocytes
exhibit increased proliferation in response to NO
concentrations between 0.01 and 0.25 mM. Given
the thickened epidermis observed in keloids we
would predict that K*10000 nM day\. Thus,
we base our choices of K on these observations.
A.4. SENSITIVITY ANALYSIS OF THE FULL
MODEL PARAMETERS

Given that the parameters for the full model
required more estimation and supposition than
the simple model, a sensitivity analysis is particularly important. We carried out a sensitivity
analysis, where as in our study of the simple
model parameters, S represents the measure of
sensitivity and we changed the parameters and
initial conditions by $50%. As we can see from
Fig. A2, the solution is highly robust to changes
in parameters and initial conditions. Figure A2
also demonstrates that the most sensitive parameter in the full model is d , which is the decay

rate of TGF-b. However, any sensitivity occurred
in response to decreases in the parameter which is
biologically unrealistic, as we have quite accurate
data on d and as discussed earlier we know that

it has a maximum half-life of 110 min which gave
us our value for the parameter. Biologically, the
most we would expect is that the half-life is shorter than 110 min, thus implying that d could be

larger. Hence, decreasing d is unrealistic.

Thus this supports the robustness of our model
further.
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FIG. A2. Bar chart displaying the results of a parameter sensitivity analysis. We varied each parameter and initial
condition by $50% from our "xed set of parameter values which are as follows: r "0.92, r "0.5, d "0.12,



d "0.000075, d "800, d "3800, d "500, d "20, d "800, d "0.2, d "9.1, d "0.02, k "0.0004, k "0.006,











k "0.5, k "5280, k "4, k "1.2, k "185, k "7, k "0.07, k "0.015, k "0.0015, k "0.01, k "0.0003,











k "80, k "12, k "3.3, k "2, a "1/300, m"20, f "2.785, b "0.1 [decay rate of f (¹)], K"0.1. The initial







conditions used are F(0)"F "100 cells mm\, C(0)"C "0.1;5.4 lg mg\ dry weight, N(0)"N "1 nM,



O(0)"O "0.1%, M(0)"M "100 cells mm\, ¹(0)"¹ "1;10\ ng mm\ and <(0)"< "5. (These values are




discussed further in this section.) The sensitivity measure, S, is the percent change in solution measure (collagen steady-state
density, C ) divided by the percent change in parameter. So on our chart$1 re#ects a change in output which is in equal
Q
proportion to the change in input. Given that all results are bounded by$1 it demonstrates that the parameters for the full
model are highly robust and supports our choice of values: ( ) #50%; ( ) !50%.

