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§1 Background: Discrete Toda lattice
e Discrete Toda lattice [Hirota et al 1993]
{qt+1 + Wt+1 _ Wt + qit

1ot q,wi €C (i,t €Z)

Wi qI+1 |
— d
6—0 d ex'ﬂ Xi e?('_x"l via q,t =1 +53X‘i
dt2 Wlt — 62€‘+1_X'

e n-periodic case
a birational map 7 on M = {q := (q;, Wi)iez/nz} = c2n.

R ’ 4
T (g Wi )i > (Wi, Giga)i = (), w!);
R ~ C" x C": geometric R matrix (of A,_1-type), substruction free

e tropicalization: (C, +, x) — (R, min, +)
R* ~»R"xR"
R*|Z’>‘OXZEO : combinatorial R matrix (for A,_;-crystal)
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§2 Toric network and Double affine symmetric

group

e Toric network [Lam-Pylyvavskyy 2008-]
n,m,k € Z.o, 1 <k <n, N:=gcd(n,k)
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(n,m,k) = (6,3,4)

- Phase space
M =C™ 3 (qij)1<i<m.1<j<n
Qij+n = Gijs Qi+m,j = dij-k

-m + N simple closed curves
qi = (qi’j)lstn i = 1, coe,M
G := (dij)rsicme J=1,....N
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- Highway path
a path p from a source i to a sink j has wt(p) = x™ [Tep Wt(p);
np := (a number p crosses x-lines)
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P1

p2 d >

Q3 - 1% P3 >




Lemma [Lam-Pylyavskyy 13]

Define the Lax matrix L(x) := Q1(x) - -- Qm(Xx)P(x)¥ € Mat,(C);
g1 0 0 «x 00 0 x
0 1 g2 0 O " 1 0 0 0
Qi(x) = ) P(x) = .
0 . 0 o . 0
0O 0 1 aqpn 0O 0 1 O
Then L(x)ij = > wt(p).

p:highway path i—j



e R-matrix action

R~ C°xC?% (a,b):=

where P; := Pj(

(EX) R ~ C*x C3; (a,b) -

Pi_1

(ai,b')1<i<s (bl P 1a a P )1<i§s
s-1 j S

ﬂb|+. l_l ati, | €Z/SZ
j=0 1=1 I=j+2

(&',b)

__ azagz +biaz +biby

o — p At boa; + babs ,
‘ayas + biaz + biby’

=a
“azay + byay + babs

Remark
R o R = idgsxcs
R1R2R1 = RoR1Ry CSxCsxC?®
Ri(a,b,c) := (R(a,b),c), Rz(a,b,c):=(a,R(b,c))



o Affine symmetric grp action on M

W :=<m,S1,...,8m-1 >, W : =< ﬁ,§1,...,SN,1 >

2 .
S{ = id, SiSi+1Si = Si+1SiSi+1, TSi+1 = SimT €tc

si(Q1,---»am) = (-, R(Ai, Qi)+ ), 7(ai) = (q|+1)
Si(G1,---»0n) = (- - R(Gis Qiga), -+ ), #(G5) = (9
k_>lﬂ- A A A A y A y'
5 A
7l ]
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Commuting subgrp of W x W:

ey = (Su . Sm—l)(su—l . Sm—Z) .. (Sl .. Sm—u)ﬂ'

e, = (§u .. '§N—l)(§u—1 . "§N—2) e (31 .. ‘§N—u)7?u

~ ZM x ZN action on M

Remark
(n,m,k) = (n,2,n — 1): discrete Toda lattice (r = ej)

(n,m,0): W(Ar(nl_)1 X Argf)l)-symmetric system

[Kajiwara-Noumi-Yamada 2002]



Prop

W x W-action induces the action on the Lax matrix

L(x) = Q1(X)---Qm(Xx)P(x)k as

si(L(x)) = L(x)

n (L(X))=Q1( )L (x)Q1(x) = Q2(X) - Qm(x)P (x)* Qu(x)
§:(L(x)) = B;tL(x)By (By : almost diagonal)

#(L(x)) = POLOOP(x)™

In particular, Det(L (x) — y) is invariant under the action.



§3 Algebro geometrical study of the network

e Spectral curve

Recall L(x) := Q1(X) -+ Qm(x)P(x)¥ € Mat,(M).

Y: M-V cC[xy]; g L(x) - Det(L(x)—yI) =: f
Vo= {f = Y, fix'y! € C[x,y] having Newton polygon ,/}

j f € V is generic
" & C; = (normalization of {f = 0} at (0,0)) is smooth
P : a point at co
with § O; (1 <j < N): N points over (0,0)
Ai (1 <i<m): mpoints of (x,0)



(Ex) (n,m,k)=(6,3,4),N =2

L(x) = Q1(x)Q2(x)Q3(x)P(x)*
f=(y® +x")+y>xfsq + y*x?f40 + y3(x?f32 + x3f33)
+ yz(x3f2,3 + X4f2,4) + Y(X4f1’4 + X5f1’5) + X4f0,4 + X5fo,5 + X6f0’6

genus(Cs) =7
A1,A2,A3,01,02,P € Cs

73 x 7?2 action

{el = S1Som, €2 = 823171'2, €3 = 7'l'3

2

€1 =817, €, =1




Thm [I-Lam-Pylyavskyy 2015]
(1) The W x W action preserves the fiber y~1(f) of  : M — V.
(isolevel set)

(2) Fix a generic f € V. We have an embedding (eigenvector map)
¢ Ll’_l(f) — Png(Cf) XSt XRo XRa = 7,

where g (genus of Ct), M := ged(n,m + k)
St = {( cm) € (COM; T1i ¢i = (a sum of some f,-i)}
Ro = {orderlngs of (Og,...,0n)}

= {ordering of (Ag,...,An)}.

(Cf) [van Moerbeke-Mumford 1979]



(¢ : lﬁil(f) — P|Cg(Cf) X St X Ro X Ra =:.9)

(3) For q € y1(f); ¢(q) = ([D],c = (c1,...,¢m),0,A) € 7, the
7™ x ZN action on J is described as

#(eu(q)) =([D-uP + A1+ - +Aj],c7"(c),0,A)
¢(éu(q)) = ([D+UP -0y —--- - 0y],0(c),0,A),
where o(c) = (cm,C1, - - -, Cm-1)- (linearization on Pic?(Cy))

(4) When N = 1, ¢! is explicitly given by Riemann theta function:

6;i(D) 6j-1,-1(D)

q-,- =const-aj-Ci.ij_ .
. G 11(D) 6,-1(D)

(Cf) [lwao 2008-10]
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. ([D],c,0,A
. ([Dl.c,0,A
. ([D].c,0,A
. ([Dl.c.0,A

[D 4+ A1 =Pl 1(c),0,(As, ..., Am, A1))
[D], C, O, ( .o ,Au+1,Au, .o ))
[D -0 +P],O’(C),A,(ON,01 ..... ON_1))



Cluster integrable system
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