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e f X=T'\H, where H={z=x++v—-1ye C:y> 0} is Lobachevsky
plane and I is Fuchsian group of type (g, 1), then g(z) is a cusp
form of weight 4 for I" and p(z) = yzq(z).
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* The WP metic (A. Weil) is given by the Petersson inner product
in the space of cusp forms:

(p1, H2)wp = f ppzdp = f f 01(2)q2(2)y* dxay.
X T\H

* The WP metric is Kdhler and has negative Ricci, holomorphic
sectional and scalar curvatures (L. Ahlfors).

* An explicit formula for the Riemann tensor of the WP metric in
terms of the resolvent of the automorphic Laplace operator
and explicit bounds for the curvatures (S. Wolpert).

* [wwp] € H* (Mg, R) is a non-zero class.

* The WP metric has global potentials on the configuration
space #,, — .#o,» and on the Schottky space G4 — .#, given
by the classical Liouvlle action (P. Zograf & L.T.).
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Let E;(z, s) be the Eisenstein-Maass series associated with the
cusp z;, which for Res > 1 is defined by the following absolutely
convergent series
Ei(z,9)= Y Im(o;'y2)"
yel,\T’
The Eisenstein-Maass series are I'-automorphic functions on
H satisfying
AE;i(z,8) = s(1 - $8)E;j(z, ),

o (53]

—_— + —_—
0x2  0y?
is the Laplace-Beltrami operator on the Lobachevsky plane.

where



Cusp (TZ) metric cont.

e The inner products

dxdy
yz )

<#1)M2>i:f “I(Z)IJ'Z(Z)EI'(Z’Z) i: 1’-~-’n7

I'\H

define Kédhler metrics on the Teichmiiller space Ty ;.



Cusp (TZ) metric cont.

* The inner products

dxdy
yz )

<”1)“2>i:f “I(Z)IJ'Z(Z)EI'(Z’Z) i: 1’-~-’n1

T\H
define Kédhler metrics on the Teichmiiller space Ty ;.

e The metric

(1, f2dtz =Y (1, f2di

i=1

is Modg ,-invariant and projects to a Kdhler metric on .# ;.



Cusp (TZ) metric cont.

* The inner products

— dxdy
<”1)“2>i:f “I(Z)IJ'Z(Z)EI'(Z’Z)T) 1= 1’-~-’n1

T\H
define Kédhler metrics on the Teichmiiller space Ty ;.

e The metric

(1, f2dtz =Y (1, f2di

i=1
is Modg ,-invariant and projects to a Kdhler metric on .# ;.

* See P Zograf & L.T., CMP 137 (1991), L. Weng, Math. Annalen,
320(2) (2001), S. Wolpert, Duke J. 138(3) (2007).



Cusp (TZ) metric cont.

* The inner products

dxdy
yz )

<”1)“2>i:f “I(Z)IJ'Z(Z)EI'(Z’Z) i: 1’-~-’n1

T\H
define Kédhler metrics on the Teichmiiller space Ty ;.

e The metric

(1, f2dtz =Y (1, f2di

i=1
is Modg ,-invariant and projects to a Kdhler metric on .# ;.
* See P Zograf & L.T., CMP 137 (1991), L. Weng, Math. Annalen,
320(2) (2001), S. Wolpert, Duke J. 138(3) (2007).

* Like WP metric, the TZ metric is not complete, K. Obitsu CMP
205 (1999).



Cusp (TZ) metric cont.

* The inner products

dxdy
yz )

<”1)“2>i:f “I(Z)IJ'Z(Z)EI'(Z’Z) i: 1’-~-’n1

T\H
define Kédhler metrics on the Teichmiiller space Ty ;.

e The metric

(1, f2dtz =Y (1, f2di

i=1
is Modg ,-invariant and projects to a Kdhler metric on .# ;.

* See P Zograf & L.T., CMP 137 (1991), L. Weng, Math. Annalen,
320(2) (2001), S. Wolpert, Duke J. 138(3) (2007).

* Like WP metric, the TZ metric is not complete, K. Obitsu CMP
205 (1999).

* Curvature properties of the TZ metric?
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* Let J be Klein’s Hauptmodul,
J:T\H— P\ {w,,...,wy_3,0,1,00}

* Fourier expansion of J at the cusps

o0
JoD) = wi+ Y a®e™ ™, i=1,..,n-1,
k=1

o0
Jnd =Y ane?™ 1%, i=n,
k=-1

» Proposition (J. Park, L.P. Teo & L.T., 2015)
Puth;=la;(1|? i=1,...,n—1, and h, = |a,(-1)|>. Then —logh; and
log h,, are Kdhler potentials for the metrics, Y; and (, ), , and
logh=1logh;, —logh) —---—logh,_1 is a Kéhler potential for the
metric{, )1z.
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* Explicit description of potentials A; in terms of the hyperbolic
metric e?™|dw|® on X =P\ {wy, ..., w,_3,0,1,00}:

Ze—w(w)/Z
logh;= lim (loglw— wi|2+—), i=1,...,n—-1,
w—w; lw— wil
20~ PW)/2
logh, = lim |lo wz——)
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* Let R(2) be the projection of the Schwarzian derivative of —/(z)
on the subspace of cusp forms for weight 4 for I'. For varying I'
the cusp forms R(z) determine a (1,0)-form Z on #4 .

* Let S;: #o,n — R be the classical Liouville action (A. Polyakov
1983, P. Zograf & L.T., 1985). Then the function . = Sy + th on
W), n satisfies

0.7 =2%

- A
00. =-2v-1 (wwp - Tsz) )

where d = 8 + 0 — de Rham differential on % .
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Consider a holomorphic fibration G, , — G over the Schottky
space G4 of compact Riemann surfaces of genus g with the
fibers being configuration spaces of 7 points on Schottky
domains.

Let Z be marked, normalized Schottky group of rank g > 1 with
domain of discontinuity Q2 = C. The fiber over a point [Z] € G
is a configuration space of n points in 2\ Q.

Let X = 2\Q be compact Riemann surface of genus g > 1 with
marked points xi,...,x, and let Xo = X\ {x1,..., X}, so that

Xo =T'\H, where T is a Fuchsian group of type (g, n).

Let H* be the union of H and all cusps for I'.

The Schottky uniformization of the compact surface X with
marked points xi,...,x, and the Fuchsian uniformization of a
punctured surface Xj are related by the covering map

JH" - Q

such that the image of the cusps is the orbit - {wy, ..., w,} € Q.



* Let z,...,2, be a complete set of cusps for I'. Then

o0
J(0iz) = wi+ ) ai(ke™ ke -1 ..n,
k=1

where w; = J(z;).



* Let z,...,2, be a complete set of cusps for I'. Then

Joi2) = wi+ Y aie?™ %, i=1,..,n,
k=1
where w; = J(z;).

* Let Sy be the appropriately regularized at w; classical Liouville
action on Schottky space (P. Zograf & L.T., 1987).



* Let z,...,2, be a complete set of cusps for I'. Then

Joi2) = wi+ Y aie?™ %, i=1,..,n,
k=1
where w; = J(z;).

* Let Sy be the appropriately regularized at w; classical Liouville
action on Schottky space (P. Zograf & L.T., 1987).

* Let % be a tautological line bundle over .# , whose fiber at
(X;x1,...,Xn) € Mgy is the cotangent line T;‘iX, i=1,...,n



Let zy,...,z, be a complete set of cusps for I'. Then

Joi2) = wi+ Y aie?™ %, i=1,..,n,
k=1
where w; = J(z;).

Let Sy be the appropriately regularized at w; classical Liouville
action on Schottky space (P. Zograf & L.T., 1987).

Let ; be a tautological line bundle over .#, ,, whose fiber at
(X;x1,...,Xn) € Mgy is the cotangent line T;‘iX, i=1,...,n

Let ;= p* (%) under the projection p: &g , — Mg n.



Let zy,...,z, be a complete set of cusps for I'. Then

Joi2) = wi+ Y aie?™ %, i=1,..,n,
k=1
where w; = J(z;).

Let Sy be the appropriately regularized at w; classical Liouville
action on Schottky space (P. Zograf & L.T., 1987).

Let ; be a tautological line bundle over .#, ,, whose fiber at
(X;x1,...,Xn) € Mgy is the cotangent line T;‘iX, i=1,...,n

Let ;= p* (%) under the projection p: &g , — Mg n.

h; = |a;(1)|? determines Hermitian metric on the line bundles
Ziover Ggp, i=1,...,n.



Let zy,...,z, be a complete set of cusps for I'. Then

Joi2) = wi+ Y aie?™ %, i=1,..,n,
k=1
where w; = J(z;).

Let Sy be the appropriately regularized at w; classical Liouville
action on Schottky space (P. Zograf & L.T., 1987).

Let ; be a tautological line bundle over .#, ,, whose fiber at
(X;x1,...,Xn) € Mgy is the cotangent line T;‘iX, i=1,...,n

Let ;= p* (%) under the projection p: &g , — Mg n.
h; = |a;(1)|? determines Hermitian metric on the line bundles
Ziover Ggp, i=1,...,n.
S
H=exp { —L} determines Hermitian metric on the line bundle
T
L=210--®. Ly over Gg .
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* The first Chern form of the line bundle ¥ — & gn 1s given by

1

a(Z, H) = S owp

T

* The first Chern forms of the line bundles £; — G ;, are
4 .
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1 am?
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e Theorem (J. Park, L.P. Teo, L.T., 2015)
* The first Chern form of the line bundle & — &y, is given by

1
a(Z, H) = S owp
T
* The first Chern forms of the line bundles £; — G ;, are

4
(L hy) = 390 i=1,...,n.

. o1 n? .
* Special combination =) wwp — TwTZ of WP and TZ metrics

has a global potential on &g ;, given by the function

Ls il la;(D)* =1 i

—S.— ) logla; =lo .

gL & 08l &y

* Up to the factor 1/12 this combination of metrics appears in the

local index theorem for families on punctured Riemann surfaces
fork=0,1 (P Zograf & L.T, 1991).
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