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History

* [Airault, McKean, Moser (1976)]: The Korteweg—de Vries
(KdV) equation has rational solutions with poles moving as
particles of a of type A;
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History

* [Airault, McKean, Moser (1976)]: The Korteweg—de Vries
(KdV) equation has rational solutions with poles moving as
particles of a of type A;

* [Chudnovsky, Chudnovsky (1977)], [Krichever (1978)]: for the
Kadomtsev—Petviashvili (KP) equation (and );

* [Wilson (1998)]: for KP hierarchy (and ).

* [Olshanetsky, Perelomov (1976)]: for all root
systems (in rational case: for the reflection groups, that is for
finite Coxeter groups); classical series: types A and B.

* QOur result: There is a generalization of the KP hierarchy that
admits rational solutions whose pole dynamics is governed by
the

=(Z/mZ) 1S, = Sp X (Z/mZ)".
m=1: type A, m=2: type B,
m > 3: complex reflection group case
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O A case

@ KP hierarchy
@ Wilson's solutions
@ Calogero—Moser system

© Spherical case
@ Generalized KP hierarchy
@ Quiver solutions
o Calogero—Moser systems for G

© Non-spherical case
@ Non-spherical framing
@ Non-equivariant quiver solutions
@ Spin CM systems (for G)
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A case KP hierarchy
Wilson’s solutions
Calogero—Moser system

Scheme of CM correspondence

Rational solutions

of the KP hierarchy CM systems
iSOIiton theor\
Wil
Adelic Grassmannians [Witsonl CM spaces

[Canning, Hollan [Berest, Wilson]

Right ideals of the
Weyl algebra A;(C)
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KP equation

e Kadomtsev—Petviashvili (KP) equation:

38}2/u:8X<46tU+6U8XU—83U>, u= U(X7y7 t)'
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KP equation

e Kadomtsev—Petviashvili (KP) equation:
38}2,u = 8X<46tu+6u8Xu—8)3<u>, u=u(x,y,t).

@ The rational solutions [Chudnovsky, Chudnovsky], [Krichever]:
< 2
=
where x;(t, y) are coordinate solutions of the n-particle
classical Calogero—Moser (CM) system:

dypi = {Ho, pi}, Otpi = {Hs, pi},
dyxi = {Ha, xi}, Oexi = {H3, xi }
where Hy = Zp?—22ﬁ, Hy=>p3+...,
i=1 i<j i=1
{(Ha, Hs} = 0.
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KP hierarchy

o Consider the algebra A generated by f(x), 0 = 0y, 01

(e.e]

MNF(x) =) <N> fU(x)oN~, N ez;
=0 M
N N
{ S FX)P | Ne Z} denote Fy = > £(x)&/
j=—00 Jj=0
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KP hierarchy

o Consider the algebra A generated by f(x), 0 = 0y, 01

NF(x) = i <'JV> fO(x)a", N ez

j=0
N ' N |
A:{F: Z fi(x)? | NGZ}; denote F+=Zﬂ'(x)81.
oo Jj=>0
@ KP hierarchy:

9, gk _ S
atka[(L )+, L], La+;uja ,

where uj = uj(x, to, t3, ta, .. .).
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A case KP hierarchy
Wilson’s solutions
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KP hierarchy

o Consider the algebra A generated by f(x), 0 = 0y, 01

NF(x) = i <'JV> fO(x)a", N ez

j=0
N N
A= {/: — Z f(x)? | N € Z}; denote Fy = Z ().
= j>0

@ KP hierarchy:

9, gk _ S
atka[(L )+, L], La+;uja ,

where uj = uj(x, to, t3, ta, .. .).
@ KP equation: u= —2uy, thp =y, t3 =t.
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Calogero—Moser space

o Calogero—Moser space:

Cn = {(X,Y) € Matnxn(C)? | rank ([X, Y] — 1) = 1}/GL,
={X,Y,v,w) |[X,Y]=1-vw}/GL,,

where X, Y € Mat,x,(C), v € C", w € (C")*.
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Calogero—Moser space

o Calogero—Moser space:
Cn = {(X,Y) € Matnxn(C)? | rank ([X, Y] — 1) = 1}/GL,
={(X,Y,v,w) | [X, Y] =1—ww}/GL,,
where X, Y € Mat,x,(C), v € C", w € (C")*.
@ Dynamics on Cp: X(t)=X— i kty Y1 Y(t) =Y,

k=2
v(t)=v, w(t)=w, where t = (tp, t3, ta, . . .).
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Calogero—Moser space

o Calogero—Moser space:

Cn = {(X,Y) € Matnxn(C)? | rank ([X, Y] — 1) = 1}/GL,
={X,Y,v,w) |[X,Y]=1-vw}/GL,,

where X, Y € Mat,x,(C), v € C", w € (C")*.

@ Dynamics on Cp: X(t)=X— 3 kty YKL, Y(t) =,
k=2

v(t)=v, w(t)=w, where t = (tp, t3, ta, . . .).

@ It gives a solution of KP hierarchy [Wilson]:
L=MoM™t,  M=1-w(X(t)—x)"(Y —-09)tv,

where (Y —9)7! = — > %o Yig—i—1,
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Wilson’s solutions
Calogero—Moser system

Calogero—Moser system

o Generic point of Cp:

X,'J' = X,'5,'j, Y,j = p,'(s,j = (1 = 5,‘j)(X,' = Xj)il, vi=w; = 1.
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Calogero—Moser system

o Generic point of Cp:
X,'J' = X,'5,'j, Y,j = p,'(s,j = (1 = 5,‘j)(X,' = Xj)il, vi=w; = 1.

@ Dynamics on Cj, in these coordinates:

(X (De®™) = ()3,

y

(8()Ye(e)™) = pi(t)ds — (1= 05)(x(e) —xi(e) 7,

ij
where g(t) € GL,.
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Calogero—Moser system

o Generic point of Cp:
X,'J' = X,'5,'j, Y,j = p,'(s,j = (1 = 5,‘j)(X,' = Xj)il, vi=w; = 1.

@ Dynamics on Cj, in these coordinates:

(X (De®™) = ()3,

y

(8()Ye(e)™) = pi(t)ds — (1= 05)(x(e) —xi(e) 7,

ij
where g(t) € GL,.
@ These gives the solutions of the rational classical CM system:
8tkpi:{Hk7pi}7 8thf:{Hk7Xi}7 k:273747"’7
where Hx = Hi(p,x) = tr Y(p,x)k =Y, pk + ...,
{Hk, He} = 0.



A case KP hierarchy
Wilson’s solutions
Calogero—Moser system

Scheme of CM correspondence

Rational solutions

! CM systems
of the KP hierarchy R Y.
M=M(X,Y,v,w)
iSOIiton theor\
. . Wilson
Adelic Grassmannians [Witsonl CM spaces

[Canning, Hollan [Berest, Wilson]

Right ideals of the
Weyl algebra A;(C)
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Generalized KP hierarchy
Spherical case Quiver solutions
Calogero—Moser systems for G

CM correspondence for the cyclic quiver

Solutions of the CM systems
spherical sub-hierarchy for G = S, x (Z/mZ)"

[Etingof, Ginzburg]
[Chalykh, ifa=(n,...,n)

Aol CM spaces C, »

(quiver varieties)
G

inzburg, Kuznetsov]

Right ideals of the spherical
Cherednik algebra egH e
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Cherednik algebra for cyclic group

o Cyclic group: T =Z/mZ = {1,0,...,0™ 1}

A. Silantyev CM spaces and KP hierarchy for the cyclic quiver



Generalized KP hierarchy
Spherical case Quiver solutions
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Cherednik algebra for cyclic group

o Cyclic group: T =Z/mZ = {1,0,...,0™ 1}
o This is a complex reflection group of rank 1: ¢ acts on C! as
multiplication by p = e2m/m,
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Cherednik algebra for cyclic group

o Cyclic group: T =Z/mZ = {1,0,...,0™ 1}

o This is a complex reflection group of rank 1: ¢ acts on C! as
multiplication by p = e2m/m,

@ The (rational) Cherednik algebra for ' is Hy = (x,y, o) over

oxo 1= ,u_lx, oyo ! = WY, Xy —yx = A

(and 0™ = 1), where A € CT.
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Cherednik algebra for cyclic group

Cyclic group: [ = Z/mZ = {1,0,...,0™1}.

This is a complex reflection group of rank 1: & acts on C! as
multiplication by p = e2m/m,

The (rational) Cherednik algebra for ' is Hy = (x,y, o) over

oxo 1= ,u_lx, oyo ! = WY, Xy —yx = A

(and 0™ = 1), where A € CT.
@ The algebra H ) parametrized by Ag, ..., Am—1, Where

m—1 1 m—1
A= E )\kek, € = — E u_err.
m
k=0 r=0

m—1

We will suppose > A\ = —1.
k=0

A. Silantyev CM spaces and KP hierarchy for the cyclic quiver



Generalized KP hierarchy
Spherical case Quiver solutions
Calogero—Moser systems for G

Cherednik algebra for cyclic group

Cyclic group: [ = Z/mZ = {1,0,...,0™1}.

This is a complex reflection group of rank 1: & acts on C! as
multiplication by p = e2m/m,

The (rational) Cherednik algebra for ' is Hy = (x,y, o) over

oxo 1= ,u_lx, oyo ! = WY, Xy —yx = A

(and 0™ = 1), where A € CT.
@ The algebra H ) parametrized by Ag, ..., Am—1, Where

m—1 1 m—1
A= E )\kek, € = — E u_err.
m
k=0 r=0

m—1

We will suppose > A\ = —1.
k=0

o PBW basis: xko"y!, where k,¢{>0,r=0,...,m—1.
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Spherical case Quiver solutions
Calogero—Moser systems for G

Generalized KP hierarchy

o Consider the extension of the Cherednik algebra H) by

rational functions f(x) € C(x) and y~!:

P = {F — 'Z £i(x)o"yl | £j(x) € C(x), N € Z}.
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Generalized KP hierarchy

o Consider the extension of the Cherednik algebra H) by

rational functions f(x) € C(x) and y~1:
N m-1
P {F = Y N i(x)0"y | f(x) €Cx), N € Z}.
j=—o0 r=0
m—1
@ Denote F; = )" frj(x)o"y!
j=0 r=0
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Generalized KP hierarchy

o Consider the extension of the Cherednik algebra H) by
rational functions f(x) € C(x) and y~!:

N m-1
P {F = Y N i(x)0"y | f(x) €Cx), N € Z}.
j=—o0 r=0
m—1 .
@ Denote F; = )" frj(x)a"y.
j=0 r=0
@ Generalized KP hierarchy:
0 >
EL:[(L’()%L], L=y+) fiy7,
j=0

m—1
where )5'2 Z fryjar, ﬂJZﬁJ(X; t), tZ(tl,tQ,t3,...);
r=0

fo,o = 0.
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Spherical sub-hierarchy

e By imitating oyo ™! = puy, it is natural to require the

equivariance condition
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Spherical sub-hierarchy

e By imitating oyo ™! = puy, it is natural to require the
equivariance condition
olo™! = pul.

@ The flow aitk preserve the equivariance condition if an only if
k = mp for some integer p.
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Spherical sub-hierarchy

e By imitating oyo ™! = puy, it is natural to require the

equivariance condition
olo™! = pul.

@ The flow aitk preserve the equivariance condition if an only if
k = mp for some integer p.
@ Spherical sub-hierarchy:

d . SN
S L=lL") 0, L=y+) iy,
mk p
j=0
m—1 _ . - .
where f; = > f, ix o, frj = F j(X™; tm, tom; t3m, - - .);
r=0
fo.0 = 0.
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Cyclic quiver

e Cyclic quiver Qp:

The set of vertices: Iy = {0, 1,....,m— 1}

X1
= 0

\
!

A. Silantyev CM spaces and KP hierarchy for the cyclic quiver




Generalized KP hierarchy
Spherical case Quiver solutions
Calogero—Moser systems for G

Quiver @

e Cyclic quiver with a (special) framing — quiver Q:

/ Xo
Vo
\

0

m—1__ ..

The set of vertices: | = {c0,0,1,...,m— 1}.
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Generalized KP hierarchy
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Representation of quiver

@ Representation of quiver on vector spaces V;, i € I:

X1
Vi == e Vo

/ e
Vo m
N

Space of representations: Rep(Q, @), o € Z' -cvj = dim-V;.
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Generalized KP hierarchy
Spherical case Quiver solutions
Calogero—Moser systems for G

Doubled quiver

e Doubled quiver Q:

== =2

4 ===V =
/
/

/
Xoy/
/0
7
Ve
’e
L - = —W— — — _ _
0=~ 7>
N
N
N
?m—l
m—1 N
N
“ —_— - —
m—1 >

Rep(Q, @) = T*Rep(Q, ).
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Calogero—Moser systems for G

Preprojective algebra

o Let A = (Moo A0y -+ s Am_1) € C/ = C™1, where
A0y -+ -5 Am—1 are identified with the parameters of H.).
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Preprojective algebra

o Let A = (Moo A0y -+ s Am_1) € C/ = C™1, where
A0y -+ -5 Am—1 are identified with the parameters of H.).
[Crawley-Boevey, Holland]: Preprojective algebra M*(Q) is the
algebra of paths of @ over
YoXo — Xm—1Ym—1 — vowo = Aoéo,
Y. X, — Xo1Yr1=Ne, r=1,....m—1,

WoVo = A€o,

ex: k — k are trivial paths (in a representation e, = idy, ).
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Preprojective algebra

o Let A = (Moo A0y -+ s Am_1) € C/ = C™1, where
A0y -+ -5 Am—1 are identified with the parameters of H.).
[Crawley-Boevey, Holland]: Preprojective algebra M*(Q) is the
algebra of paths of @ over

YoXo — Xm—1Ym—1 — vowo = Aoeo,
Y. X, - X, 1Y 1= Ne, r=1,....m—1,
WoVo = Aoo€so,

ex: k — k are trivial paths (in a representation e, = idy, ).
m—1

@ Rep (HA(QOO),O{) # @ only if dooAoo + Y, axAx = 0.
k=0
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Preprojective algebra

o Let A = (Moo A0y -+ s Am_1) € C/ = C™1, where
A0y -+ -5 Am—1 are identified with the parameters of H.).
[Crawley-Boevey, Holland]: Preprojective algebra M*(Q) is the
algebra of paths of @ over

YoXo — Xm—1Ym—1 — vowo = Aoeo,
Y. X, - X, 1Y 1= Ne, r=1,....m—1,

WoVo = A€o,

ex: k — k are trivial paths (in a representation e, = idy, ).
m—1

@ Rep (HA(QOO),O{) # @ only if dooAoo + Y, axAx = 0.
k=0

o M = Rep (M(Q), ) /GL(cx), where
GL(a) = GLo,, X GLag X -+ X Glg, 4, I is obtained by
Hamiltonian reduction from Rep(Q, ) = T* Rep(Q, o).
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Calogero—Moser spaces

m—1
@ Fix apo =1, then Ao = — > apAk.
k=0

A. Silantyev CM spaces and KP hie
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Calogero—Moser spaces

m—1
@ Fix apo =1, then Ao = — > apAk.
k=0
e Calogero—Moser space:
CQ,A:SDT?‘!, a = (ao,...,am_l) EZ;O,

m—1
a = (1, aQp, ... ,Oémfl), A= (— Z ak)\ka )\o, ooy )\mfl)-
k=0
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Calogero—Moser spaces

m—1

@ Fix apo =1, then Ao = — > apAk.
k=0

e Calogero—Moser space:

A
Ca’)\ = S)ﬁa, o= (0407 ce 7Ckm_l) S Zgo,

m—1
a = (1, aQp, ... ,Oémfl), A= (— Z ak)\ka )\o, ooy )\mfl)-
k=0

o Let
=i
V = V,, X = X, Y

3
L
3
3
w

Y,

,
Il
o
-
Il
o
-
I
o
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Calogero—Moser spaces

m—1
@ Fix apo =1, then Ao = — > apAk.
k=0
e Calogero—Moser space:
CQ,A:SDT?‘!, a = (ao,...,am_l) EZ;O,

m—1
a = (1, aQp, ... ,Oémfl), A= (— Z ak)\ka )\o, ooy )\mfl)-
k=0

o Let
m—1 m—1 m—1
V= V,, X=> X, y=>yv
r=0 r=0 r=0
o The Hamiltonians Hy = —1 tr Y™k = —wg Y™k vy € C[Cq ]
Poisson-commute:
{Hk, Hs} =0, k, > 1.
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Equivariant quiver solution

@ The Hamiltonians H, = —# tr Y™ = —wp Y™Ky induce the
flows

X(t) = X(0) = Ykt Y™, Y (t) = Y(0),
k>1

Vo(t) = Vo(O), Wo(t) = wp.

where the variable t,,; is associated with Hy.
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Equivariant quiver solution

@ The Hamiltonians H, = —# tr Y™ = —wp Y™Ky induce the
flows

X(t) = X(0) = Ykt Y™, Y (t) = Y(0),
k>1

Vo(t) = Vo(O), Wo(t) = wp.

where the variable t,,; is associated with Hy.

@ Solution of spherical sub-hierarchy:
L=MyM™, M=1-ewo(X(t)—x)"'(Y —y) "o,

-1
where eg = L 3" ot
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Generalized KP hierarchy
Spherical case Quiver solutions
Calogero—Moser systems for G

CM correspondence for the cyclic quiver

Solutions of the CM systems
spherical sub-hierarchy for G = S, x (Z/mZ)"
L] ifa=(n,...,n)

M=M(X,Yvg,wq)

CM spaces C,,\
(quiver varieties)
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Spherical case Quiver solutions
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Calogero—Moser systems for the complex reflection group

@ The complex reflection group G = S, x ['", where [ = Z/m’Z.
It is generated by transpositions oj; € S, and
oi=(1,...,1,0,1,...,1) el
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Calogero—Moser systems for the complex reflection group

@ The complex reflection group G = S, x ['", where [ = Z/m’Z.
It is generated by transpositions oj; € S, and
oi=(1,...,1,0,1,...,1) el

@ The classical Dunkl operators for the group G are

m—1 1 m—1

C
r —r r r
D,—p,—coog E —00j0; —E —o;,
— Xj — "X X;
j#i r=0 r=1
where i =1,...,nand ¢y, C1,-..-,cm-1 € C.
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Calogero—Moser systems for the complex reflection group

@ The complex reflection group G = S, x ['", where [ = Z/m’Z.
It is generated by transpositions oj; € S, and
oi=(1,...,1,0,1,...,1) el

@ The classical Dunkl operators for the group G are

_ c
Di=pi—cw) ), ———0jojo; =) ~of,
i r=0 T =1
where i =1,...,nand ¢y, C1,-..-,cm-1 € C.
e Calogero—Moser system for G:
HE = HE (p. x zomk S HEHE) =0
atkpi - {Hk 7pi}7 at‘kxi - {Hk 7Xi}7 k P 1.
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Calogero—Moser systems for the complex reflection group

@ The complex reflection group G = S, x ['", where [ = Z/m’Z.
It is generated by transpositions oj; € S, and
oi=(1,...,1,0,1,...,1) el

@ The classical Dunkl operators for the group G are

_ c
Di=pi—co) Y ———ojojo; =) o,
j#i r=0 "' X r=1 "'

where i =1,...,nand ¢y, C1,-..-,cm-1 € C.
e Calogero—Moser system for G:

HE = HE(p.x zomk SR {HEHE) =0

atkpi - {Hk 7pi}7 at‘kxi - {Hk 7Xi}7 k P 1.

1 . 1 rZ 1

o Let Coo = i and Cr = )\gm
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Diagonalization

o letap=a1=...=am_1=n,sothata=(1,n,...,n).
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Diagonalization

o letap=a1=...=am_1=n,sothata=(1,n,...,n).

@ Generic point [(X, Y, vo,wo)] € Cox = Cn,....n) 2"

x1 0 p (Yi)ij 1
Xk = , Y= y Vo = 3K

0 Xn (Yk)ji pgk) 1
wo = (1,...,1), where (Yg); = —xFx J’"flfk (™ =),

(k)_PI x( 27110‘6 Ze k-+1 )
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Diagonalization

o letap=a1=...=am_1=n,sothata=(1,n,...,n).

@ Generic point [(X, Y, vo,wo)] € Cox = Cn,....n) 2"

x1 0 p{k) (Yi)i 1
X = "o, ) Y = "o, , VO = B

0 Xn (Yk)ji pgk) 1
wo = (1,...,1), where (Yy); = —x,.kxj’"*lfk (™ =),

k 1 —1l
( = =pit5 ( >0t e =2k ).
@ x;'s and p;'s are Darboux coordinates on C,, x: {pi, xj} = 0.
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Diagonalization

o letap=a1=...=am_1=n,sothata=(1,n,...,n).

@ Generic point [(X, Y, vo,wo)] € Cox = Cn,....n) 2"

x1 0 p{k) (Yi)i 1
X = "o, ) Y = "o, , VO = B

0 Xn (Yk)ji pgk) 1
wo = (1,...,1), where (Yy); = —x,.kxj’"*lfk (™ =),

k 1 —1l
( ) — = pi + x; ( ZZ” 1 the— Zzn:k—&-l )‘6)-
@ x;'s and p;'s are Darboux coordinates on C,, x: {pi, xj} = 0.

@ Quiver dynamics X(t) = X(0) — Z kt, Y™ =1 in these

coordinates coincides with the CM system dynamics.
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CM correspondence for the cyclic quiver

Solutions of the CM systems
spherical sub-hierarchy for G = S, x (Z/mZ)"
L] ifa=(n,...,n)

M=M(X,Y ,vg,wq)

CM spaces C,,\
(quiver varieties)
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CM correspondence for the cyclic quiver

Solutions of the full Spin CM systems
generalized KP hierarchy for G = S, x (Z/mZ)"

\ [ifa:(n,...,n)

CM spaces 504’)\
(quiver varieties)
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Another framing of the cyclic quiver @

@ Quiver C~\)Z

X1

Xo X2
V2
Vi

v3

Vo
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Double quiver
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Preprojective algebra

@ Preprojective algebra I'I>‘(C~?):
Y Xe — Xe—1Yr—1 — vew, = Avey, r=0,1,...,m—1,

m—1 A\
WyVy = €0 -
Ze:o (A4l oo €oco
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Preprojective algebra

@ Preprojective algebra I'I>‘(C~?):
Y Xe — Xe—1Yr—1 — vew, = Avey, r=0,1,...,m—1,
m—1
ZE:O WyVvy = Aooeoo.

m—1

o Let a = (apg,...,am-1) € C™, Aoc = — > ayAx. CM space:
k=0
Cax = Rep (MY(Q), @)/ GL(a),
A= (Ao A0y -y Am—1), a=(la...,am1).
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Preprojective algebra

@ Preprojective algebra I'I>‘(C~?):
Y Xe — Xe—1Yr—1 — vew, = Avey, r=0,1,...,m—1,
m—1
ZE:O WyVvy = Aooeoo.

m—1

o Let a = (apg,...,am-1) € C™, Aoc = — > ayAx. CM space:
k=0
Ca = Rep (T(Q), @) / GL(a),
A= (Ao A0y -y Am—1), a=(la...,am1).
e Commuting Hamiltonians on CNCM:
m—1
Flk = — Z WrYerJrk, {F/k, I://[} =0.
r=0

m—1
where Y =" Y,.
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Non-equivariant solutions

@ The Hamiltonian Flk generates the flow on C~a7,\:

k=1  m-1
ix ==Y Y yw_ YL iy =0,
Oty —0 s Oty

iVz = —Y* vk, —wp = w_ Y~

Oty Oty
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Non-equivariant solutions

@ The Hamiltonian Flk generates the flow on C~a7,\:

0
9 x_ Yy k==l — vy =
T Z ZVZWZ K - 0,

0
K
L= =Y Voyk,

_ yk
8[( Wp—k

o
@ It gives the quiver solution of the (full) KP hierarchy:

m—1

L=MyM™, M=1->" ew (X —x)"1(Y —y) tve,
r¢=0

where X = X(t), Y = Y(t), vv = vi(t), wy = wy(t) and
t=(t1,t2,t3,...).
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Spin CM integrable systems

@ letag=a1 =...=am-1=n. Then C~n,A = CN(,,W’,,),/\ is an
2mn-dimensional symplectic (affine) variety with Darboux
coordinates

xiy Piy (vi)i, (wr)i, i=1,...,n, r=1,...,m—1.
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Spin CM integrable systems

@ letag=a1 =...=am-1=n. Then C~n,A = CN(,,W’,,),/\ is an
2mn-dimensional symplectic (affine) variety with Darboux
coordinates

xiy Piy (vi)i, (wr)i, i=1,...,n, r=1,...,m—1.

@ The Hamiltonians Ijll, ..., Hnp are algebraically (and
functionally) independent.
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Thank you for your attention

ntyev CM spaces and KP hie
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