
Annals of Mathematics
 

 
Stable Structures on Manifolds: I Homeomorphisms of Sn

Author(s): Morton Brown and  Herman Gluck
Source: Annals of Mathematics, Second Series, Vol. 79, No. 1 (Jan., 1964), pp. 1-17
Published by: Annals of Mathematics
Stable URL: http://www.jstor.org/stable/1970481
Accessed: 29-03-2018 18:23 UTC

 
JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide

range of content in a trusted digital archive. We use information technology and tools to increase productivity and

facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org.

 

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at

http://about.jstor.org/terms

Annals of Mathematics is collaborating with JSTOR to digitize, preserve and extend access to
Annals of Mathematics

This content downloaded from 62.60.62.198 on Thu, 29 Mar 2018 18:23:00 UTC
All use subject to http://about.jstor.org/terms



 ANNALxK OF p1ATHI1DMATICS

 Vol. 79, No. 1, January, 1964
 Printed in Japan

 STABLE STRUCTURES ON MANIFOLDS: I
 HOMEOMORPHISMS OF Sn

 BY MORTON BROWN AND HERMAN GLUCK*

 (Received June 12, 1962)

 (Revised March 8, 1963)

 1. Introduction

 If S is a locally flat n - 1 sphere in the n-sphere Sn, then it is proved
 in [1] and [2] that the closures of the complementary domains of S are
 closed n-cells. On the other hand, if S1 and S2 are disjoint locally flat

 n - 1 spheres in Sn, it is suspected but not known that the closure of
 the region between them is homeomorphic to Sn-' x [0, 1]. The positive
 solution of this annulus conjecture would provide a powerful tool for the
 study of topological manifolds.

 In this series of papers a machinery is constructed which permits the

 solution of some problems previously thought to be dependent on the

 annulus conjecture. The first paper considers the homeomorphisms of

 the n-sphere, and sets the stage for the development of the machinery

 in the following paper.

 2. Definitions

 The set of points {(x1, * , xn+1) Ex2 = 1} in euclidean n + 1 space Rn+1
 will be denoted by Sn. Sn and any space homeomorphic to Sn will be called
 an n-sphere. Identifying Rn with Rn x 0 c RI+' permits us to think of

 Sn-l as a subset of Sn, and write Sn- c Sn.
 H(S") will denote the group of homeomorphisms of Sn, and H+(Sn) the

 subgroup of orientation preserving homeomorphisms. If A is a subset of

 Sn, H(Sn, A) will denote the group of homeomorphisms of Sn which carry
 A onto itself.

 An n - 1 manifold M-1 in an n-manifold Mn will be called locally flat
 if each point of M-1 has a neighborhood U in Ml such that the pair
 (U, U n Mn-1) is topologically equivalent to (Rn, RI`). It is shown in [2]
 that a locally flat closed submanifold M-1 which is two-sided in Mn has
 a neighborhood in M71 homeomorphic to M-1 x [-1, 1], in which M,-'

 appears as M-1 x 0. An embedding f: M-1 - Mn is called locally flat
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 2 BROWN AND GLUCK

 if f(Mn-1) is locally flat in My.

 The set of all locally flat embeddings f: S`1 SI will be denoted by
 Hom (S"-1, Sn). Recalling that S"-cS", we have the following relations

 between the elements of H(S ) and Hom (S"-1, S").
 (i) If h e H(Sl), then h/S"-1 e Hom (S"-1, S").

 (ii) If f e Hom (SI-1, SI), there is an h e H(S") such that h/S -1 = f,
 according to [1] and [2].

 (iii) If f e Hom (SI-1, SI) and h e H(S"), then hf e Hom (SI-1, SI), and
 this action of H(S") on Hom (SI,1, S") is transitive by [1] and [2].

 3. Annular equivalence of embeddings of S"-1 in S"

 The paper will proceed by first studying Hom (SI-1, SI) and then using
 the information obtained to study H(S").

 Let f0 and f1 be elements of Hom (S"-1, S"). If there is an embedding

 F: Sn-1 x [0, 1] - SI such that, for all x e SI-', F(x, 0) = fo(x) and
 F(x, 1) =f1(x), then F will be called a strict annular equivalence between
 fo and fl, and we write

 fA A f

 Strict annular equivalence is not an equivalence relation, so we define

 annular equivalence as follows. Elements f and f' of Hom (SI-1, S") will
 be called annularly equivalent, written

 fa f ,f

 if there is a finite- sequence of elements f = fol 1, ... fI = =f' of
 Hom (SI,1, SI) such that fi -Afil. Strict annular equivalence is sym-
 metric, hence so is annular equivalence. Annular equivalence is by con-
 struction transitive. Since a locally flat n - 1 sphere in SI has a neigh-
 borhood homeomorphic to S 1' x [-1, 1], annular equivalence is reflexive.
 Hence annular equivalence is an equivalence relation.

 LEMMA 3.1. Let f be an element of Hom (S"-1, SI) and U an open set
 in S". Then there is an elementf' of Hom (S"-S S") such that f'(S"1) c U
 and f A'.

 If C and D are the complementary domains of f (So') in S", then their
 closures, C and D, are closed n-cells. U must meet either C or D, say C.
 Let F be a homeomorphism of the unit n-cell in Rn onto C. It is evident
 that F may be chosen so that

 (i) FIS n- = f
 (ii) F(origin) lies in U n c.
 Then there is a t > 0 such that the image under F of the n -1 sphere
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 STABLE STRUCTURES: I 3

 St of radius t and center at the origin lies in U. If p is the radial pro-
 jection of Sn-1 onto St, then f ' = Fp satisfies the required conditions.

 Let f and f ' be elements of Hom (Sn-1, Sn) such that f (Sn-1) and f '(Sn-1)

 are disjoint, and let R be the closed region of Sn between these image

 spheres. Choose an orientation for Sn-1 and consider the induced orien-
 tations on f(Sn') and f'(Sn-1). If it is possible to orient R so that its
 boundary is f(Sn-1) - f(Sn-1), we will say that f and f' have similar
 orientations. This is clearly independent of the original orientation

 chosen for Sn-1. If f Af ', for example, then f and f ' must have similar
 orientations. If f and f ' do not have similar orientations, then they have
 opposite orientations.

 It seems natural to inquire how much the relation of annular equivalence

 generalizes that of strict annular equivalence. Suppose, for example, that
 f andf' are annularly equivalent embeddings of Sn-1 in Sn which look like

 they might be related by a strict annular equivalence (i.e., their images

 are disjoint, and they have similar orientations). Are they so related?
 The remainder of this section considers such questions.

 LEMMA 3.2. Let f1 -f2- f3 be disjoint embeddings such that one of the
 image spheres separates the other two. Then f1 -f3.

 First suppose that f2(Sn-1) separates f1(Sn-1) from f3(S-1). Let F12 be
 the strict annular equivalence of f1 with f2 and F23 the strict annular
 equivalence of f2 with f3. Define F13: Sn-1 x [0, 1] Sn by

 F13(x, t) = F12(x, 2t) for 0 ? t ? 1/2

 = F2,(x, 2t -1) for 1/2 < t < 1.

 Then F13 is a strict annular equivalence of f1 with f3.

 Next assume that f3(Sn-1) separates f1(Sn-1) from f2(S-1), and that F12
 and F23 are the given strict annular equivalences. The locally flat spheres
 f2(S -1) and f3(Sn-1) have neighborhoods in Sn homeomorphic to their

 product with an interval. Let E: Sn-1 x [-1, O0] - Sn be an embedding
 such that E(x, 0) = f2(x), and such that E(Sn-1 x -1) is separated from

 f3(Sn-l) by f2(Sn-1). Let G: Sn-1 x [1, 2] ) Sn be an embedding such that
 G(x, 1) = f3(x) and G(Sn-1 x 2) lies between f3(Sn-1) and f1(Sn-1). Then
 define F*: S1 x [-1, 2]JSn by putting E, F23 and G together. Using
 F*, define a homeomorphism h of Sn which is the identity on
 S- _ Image (F*) and which takes F*(x, 0) onto F*(x, 1). Then F13 = hF12
 is a homeomorphism of Sn-1 X [0, 1] into Sn.

 Fl3(x, 0) = hFl2(x, 0) = hfi(x) = fi(x)

 since f1(Sn-) lies in S_-Image (F*). And

This content downloaded from 62.60.62.198 on Thu, 29 Mar 2018 18:23:00 UTC
All use subject to http://about.jstor.org/terms



 4 BROWN AND GLUCK

 F13(x, 1) = hF12(x, 1) = hf2(x) = hF23(x, 0) = hF*(x, 0)

 = F*(x, 1) = F23(x, 1) = f3(x)

 Hence F13 is a strict annular equivalence between f1 and f3.
 Proceed as above if f1(Sn-1) is the separating sphere.

 REMARK. If f1 -Af2 -Af3 are disjoint embeddings, none of whose images
 separate the other two, then one can not possibly have f1 -f3 because

 f1 and f3 will have opposite orientations.

 LEMMA 3.3. Let f1 Af2 Af3 Af4, with all images disjoint and no image

 sphere separating the remaining image spheres. Then f, Af4.
 Each fi(Sn-1) bounds a closed n-cell in Sn disjoint from the three other

 similar n-cells. Hence there is a homeomorphism h of Sn such that hfi(Sn-1)
 is small for each i. Using Lemma 3.1 and the smallness of the hfi(Sn-1),

 we can find an element g e Hom (Sn-l1, S) such that g - hf2 and such that
 g(Sn-1) contains hf1(Sn-1) and hf3(Sn-1) in one complementary domain and

 hf2(Sn-1) and hf4(Sn-1) in the other. Then Lemma 3.2 is used to show that
 ( i ) hfiAhf2Ag implies hf1cAg,
 (ii ) g - hf2 hf3implies g hf3,
 (iii) g - hf3 - hf4 implies g - hf4,
 (iv) hf< - g - hf4 implies hf1 A hf4.

 But hf Ahf4 implies flAf4,

 LEMMA 3.4. Let f1 Af2 Af3 A f4 such that
 (i ) all images are disjoint.

 (ii) fP(Sn-) contains f2(S-1) and f3(Sn-1) in one complementary domain
 and f4(Sn-1) in the other.

 (iii) no other image sphere separates the remaining image spheres.
 Then there is a g e Hom (Sn-l1, S) such that g(Sn-1) is a small sphere in
 the region between f1(Sn-') and f4(Sn-1) and such that f1-gAf4.

 Let g be chosen so that g(Sn-1) is a small sphere in the region between

 f n(S-1) and f4(Sn-1) and such that g'Afi, according to Lemma 3.1. Then
 f1(Sn-1) separates g(Sn-) from f2(Sn-1) and g Af1 -f2. Hence by Lemma
 3.2, g Af2. But g, f2, f3, f4 satisfy the hypothesis of Lemma 3.3. Hence
 g Af4, as desired. Note that f1 and f4 have opposite orientations and

 therefore can not possibly be related by a strict annular equivalence.

 Lemmas 3.2, 3.3 and 3.4 provide the tools for the proof of the following-
 theorem, which gives the relation between annular equivalence and strict
 annular equivalence.

 THEOREM 3.5. Let f and f' be elements of Hom (S"1, Sn) such that

 f a f'a

This content downloaded from 62.60.62.198 on Thu, 29 Mar 2018 18:23:00 UTC
All use subject to http://about.jstor.org/terms



 STABLE STRUCTURES: I 5

 (i) If f and f' have disjoint images and similar orientations, then

 f A ff

 (ii) There is a g e Hom (Sn-1 Sn) such that fAgAf', except in the case
 that f (Sn-1) = f '(Sn-1) and f -1f ' is orientation reversing.

 (iii) In this exceptional case, there are elements g, g' e Hom (Sn-1, Sn)
 such that f - g - g A f'.

 PROOF OF (i). Let f = fo Af, A fk Afk+l = f '. Assume that for no
 j does fj(Sn-1) separate fj-1(Sn-1) from fi+?(Sn-1); otherwise, by Lemma
 3.2 we could drop fj from the chain and write fj-> fj+?. Then for
 each j = 1, ** *, k, fj(Sn-1) has a distinguished complementary domain Dj
 which contains neither fj_>(Sn-1) nor fj+?(Sn-). For each j =1, ... , k9
 let Uj be a small open set in Dj, chosen so thatui n ui U 0 for i # j,
 and Un f f(Sn-1) 0 = U, ff'(Sn-1) for all j. For each such j, use
 Lemma 3.1 to obtain an element fj* e Hom (Sn-1, Sn) such that fj*(Sn-1) c Uj

 and such that fj*Af,. An application of Lemma 3.2 yields fAfl* and
 fk* A-f. A double application of Lemma 3.2 yields f; *f*+1 for j =
 1, k k1. Thus

 f = fo A fl A -Afk-A fk+l = f f

 with all images disjoint and fj*(Sn-1) small for j = 1, ... , k. Since a small
 sphere cannot separate the remaining spheres, Lemma 3.3 may be applied
 several times to the interior of this chain until we end up with either

 ft f, or f Af1* -ff ' or f Af1* - AfkA f or f Af1* Af2* Afk Aff'. Lemmas
 3.2, 3.3 and 3.4 reduce the chains of length 4 and 5 to chains of length
 2 or 3. A chain of length 3 between f and f' either reduces to a chain
 of length 2 by Lemma 3.2 or to the conclusion that f and f' have oppo-

 site orientations, hence in the present case, to a chain of length 2. In-
 variably, then, we end up with f Af' completing the argument for (i).

 PROOF OF (ii). If f(Sn-1) = f'(Sn-1) and f1f' is orientation preserving,
 let g be a locally flat embedding of Sn-1 in one of the complementary

 domains of f(Sn-1), chosen so that g Af, according to Lemma 3.1. Then
 g -f-f ' implies g -f' But g and f' satisfy the conditions of (i), hence
 g -A f.

 If f(Sn-1) # f(Sn-1), let x be a point of S n which lies on f'(Sn-1) but

 not on f(Sn-1). Let U be an open neighborhood of x in Sn which misses

 f(Sn-1) and which is chosen, according to the local flatness of f'(Sn-1), so
 that the pair (U, U nf f(Sn-1)) is homeomorphic to the pair (Rn, Rn-1)
 Orienting Sn-1 induces orientations of f(Sn-1) and f'(Sn-1), which in turn
 induce orientations on their complementary domains. Let U' be that

 component of U - f'(Sn-1) whose orientation as induced by the orientation
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 6 BROWN AND GLUCK

 of f'(Sn-') coincides with the orientation induced by the orientation

 of f(S-1). Now let g be an embedding of Sn-1 in U' such that g f,
 according to Lemma 3.1. Then g and f' have disjoint images and are
 similarly oriented. Furthermore g'Af-f' implies gaf'. Then by (i),

 g -A f.

 PROOF OF (iii). If f(Sn-1) = f'(Sn-1) and f -1f ' is orientation reversing,
 let g be an embedding of Sn-1 in one of the complementary domains of

 f(S-1), chosen so that fAg. Let g' be a small embedding of Sn-1 in
 the region between f (Sn-1) and g(Sn-1), chosen so that g - g'. Then f - g',
 but f and g' have opposite orientations. Therefore f' and g' have similar

 orientations, and f ' - g'. By (i), f ' - g', which proves (iii).

 4. Stable homeomorphisms

 Let h be a homeomorphism of Sn onto itself. If there is a non-empty

 open set U C Sn such that h/U = 1, we will say that h is somewhere the
 identity. Then SH(Sn), the group of stable homeomorphisms of Sn, will

 consist of products of homeomorphisms, each of which is somewhere the
 identity.

 SH(Sn) is the intersection of all non-trivial normal subgroups of H(Sn)

 and is, furthermore, simple [3]. Then SH(Sn) must be arcwise connected
 in the compact-open topology. Hence every stable homeomorphism is iso-

 topic to the identity through stable homeomorphisms. If h e H(Sn) agrees

 with h. e SH(Sn) on the non-empty open set U, then h-'h is the identity
 on U, and hence in SH(Sn). Then also h e SH(Sn). Hence any homeo-
 morphism of Sn which agrees with a stable homeomorphism on a non-
 empty open set is itself stable.

 If S is a locally flat n - 1 sphere in Sn and h is a homeomorphism of

 Sn, whose restriction to S is the identity and which does not interchange
 the complementary domains of S, then h is stable. For if the comple-
 mentary domains of S in Sn are C and D, let h1 be the homeomorphism

 of Sn which is the identity on C and agrees with h on D. Then h = (hhT1)hl,
 and h1 is the identity on C and hhT1 is the identity on D, from which it
 follows that h is stable.

 The principal property of stable homeomorphisms is expressed in Theo-

 rem 7.1, from which it follows in the Corollary that any stable homeo-
 morphism of Sn can be written as the product of just two homeomorphisms,

 each of which is somewhere the identity.

 5. Stable equivalence of embeddings of Sn-1 in Sn

 Let f1 and f2 be elements of Hom (Sn-1, Sn). Then by [1] and [2] there
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 STABLE STRUCTURES: I 7

 is a homeomorphism h of SI such that hf, = f2, and if desired, h may be
 chosen to be orientation preserving. If there is an h e SH(SR) such that

 hf, = f2, then we say that fi and f2 are stably equivalent and write f, -f2.
 Stable equivalence is an equivalence relation, and Hom (SR-', SR) divides
 up into stable equivalence classes.

 Let f,-f2, and choose h. e SH(SR) so that hjfi = f2. If h e H(SR), then
 hhoh-'e SH(SR) by normality. Then (hhoh-`)hf, = hf2 yields hf1-hf2.
 Thus H(SR) acts on Hom (SR-l, SR) by permuting the stable equivalence
 classes.

 LEMMA 5.1, Letf] andf2 be stably equivalent elements of Hom (SR-', Sn),
 and h an orientation preserving homeomorphism of SR such that hf1=f2.

 Then h e SH(SR).

 Choose h. e SH(SR) such that hjf, = f2. Then h-yhf, = f. Hence
 ho1h/f1(S--1) is the identity. Since h-'h is orientation preserving, it does

 not interchange the complementary domains of f1(SR-1), and is therefore
 stable by ? 4. Then h must also be stable.

 COROLLARY 1. If an element of H+(SR) leaves one stable equivalence
 class of Hom (SnR-, SR) fixed, it is an element of SH(SR), and therefore

 leaves all stable equivalence classes fixed.

 COROLLARY 2. H+(SR)/SH(SR) acts transitively and regularly on the

 stable equivalence classes of Hom (SR', SRn), and is therefore in one-one
 correspondence with the set of these stable equivalence classes.

 THEOREM 5.2. Let f and f' be elements of Hom (SnR-, Sn) such that

 f -A f'. Then there is a stable homeomorphism h of SR such that f = hf'.
 Let F: SR-1 x [0, 1] - SR be a strict annular equivalence between f and

 f'. Since f(SR-1) and f'(SR-1) are locally flat, F may be extended to an
 embedding F*: SR-1x [-1, 2] - SR. Let h be a homeomorphism of S
 which takes F*(x, 1) onto F*(x, 0) and which is the identity on
 SI, - Image (F*). Then h is stable and

 hf'(x) = hF(x, 1) = hF*(x, 1) = F*(x, 0) =F(x, 0) = f(x) .

 COROLLARY. If f, f e Hom (SnR-, SR) and f af', then f f'.

 THEOREM 5.3. Let h be a stable homeomorphism of SI whose restriction
 to the non-empty open set U is the identity. If f e Hom (Sn-, Sn), then
 f'a hf.

 Let f' be an element of Hom (SnR-, SR) such that f'(S-1) c U and
 'f-Af, according to Lemma 3.1. Then hf ' Ahf. But hf' = f'. Therefore
 fif - Ihf"' hf. Hence f Vhf.
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 8 BROWN AND GLUCK

 COROLLARY. If f, f' e Hom (Sn-', SI) and f-f ', then f af'

 Choose a stable homeomorphism h such that f' = hf. Write h as a

 product hkhkhl* h2h, of stable homeomorphisms each of whose restriction
 to some (variable) non-empty open set is the identity. Then by Theorem

 5.3,

 fahlf-h2hif- a * hkhk-1... h2hif = f Y
 hence faf'

 Combining these two corollaries, we get

 THEOREM 5.4. Two elements of Hom (Sn-', S") are stably equivalent
 if and only if they are annularly equivalent.

 We will generally prefer the name stable equivalence for this relation,
 except when specifically referring to the results of ? 3.

 6. Approximation of spheres

 THEOREM 6.1. Let F: S'-l x [0, 1] -S be a (not necessarily locally flat)
 embedding, and g an arbitrary element of Hom (S"', Si,). Then there

 is an element g' of Hom (S-', Si,) such that
 (i) g' is stably equivalent to g,

 (ii) g'(Sn-1) c F(Sn-1 x (0, 1)) and separates F(Sn-1 x 0) from F(Sn-1 x 1).

 Using [1] and [2], first construct a stable homeomorphism h1 of S" which
 is the identity in a neighborhood of F(Sn-1 x 1/2) and which shrinks

 F(Sn-1 x 0) and F(Sn-1 x 1) very small. Then let h2 be a stable homeo-

 morphism which slides hF(Sn-1 x 0) into one complementary domain of

 g(Sn-1) and hF(Sn-1 x 1) into the other. Finally let g' -h7 1h-1g. Since
 h1 and h2 are stable, g' is stably equivalent to g. And since g(Sn-1) sepa-
 rates h2hF(Sn-1 x 0) from h2hF(Sn-1 x 1), g'(Sn-1) separates F(Sn-1 x 0)
 from F(Sn-1 x 1).

 REMARK. Note that we can arrange the 'orientation' of g' by sliding
 hF(Sn-1 x 0) into the appropriate complementary domain of g(Sn-1). If
 g(S n-) does not meet F(S n- x (0, 1)), we can therefore arrange that g
 and g' have similar orientations. In such a case it would then follow from

 Theorem 3.5 that gcAg'.

 7. The structure of stable homeomorphisms

 THEOREM 7.1. Let h be a stable homeomorphism of Sn and E1, E2 closed

 n-cells with locally flat boundaries Sl, S2. If E1 U hEl is disjoint from
 E2, then there is a stable homeomorphism h' of Sn which agrees with h
 on E1 and whose restriction to E2 is the identity.

 Let f be any homeomorphism of Sn-1 onto S1. Use Theorem 6.1 to find
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 STABLE STRUCTURES: I 9

 an element f' of Hom (Sr-1 , S") which is stably equivalent to f and whose
 image separates E1 U hE1 from E2. Use the Remark following Theorem

 6.1 to insure that f and f ' have similar orientations, so that fAf '. Let

 E,' denote the closed n-cell bounded by f'(S '-) which contains E2. Since
 h is stable, f ' is also stably equivalent to hf. Note that f' and hf have
 disjoint images and similar orientations. Then by Theorem 3.5, h'Af '.

 Now let F be a strict annular equivalence between f and f' and F* a

 strict annular equivalence between hf and f'. Define a homeomorphism
 h' from F(S n- x [0, 1]) onto F*(Sn-1 x [0, 1]) by taking F(x, t) onto
 F*(x, t). Then h'/S1 takes F(x, 0) onto F*(x, 0), i.e., takes f(x) onto hf(x),
 i.e., coincides with h. And h'/f'(Sn-1) takes F(x, 1) onto F*(x, 1), i.e.,
 takes f '(x) onto f '(x), i.e., is the identity. Finally, extend h' over Sq? by
 taking E1 onto hEl by h and E,' onto E,' by the identity. Then h' satisfies
 the conditions of the theorem.

 COROLLARY. Any stable homeomorphism of Sn can be written as the
 product of two homeomorphisms, each of which is somewhere the identity.

 For if h is a stable homeomorphism of Sn, one uses the above theorem

 to find another stable homeomorphism h' which agrees with h on a small

 n-cell E, and restricts to the identity on some other n-cell E2, and then
 writes h = h'(h'-lh).

 8. The suspension homomorphism

 Let S be a locally flat n - 1 sphere in Sn, H(S) the group of homeo-
 morphisms of S and g an element of H(S). Let h be any extension of g
 over Sn which does not interchange the complementary domains of S.
 The extension h is certainly not unique, but if h' is any other extension,

 then h-'h' is a homeomorphism of Sn which is the identity on S, and does
 not interchange the complementary domains of S. By ? 4, h-'h' must be

 stable. Thus the coset h * SH(S?) is uniquely determined by g. The cor-
 respondence g h * SH(Sn) defines a homomorphism

 E4: H(S) H(Sn)ISH(Sn)

 called the suspension homomorphism.
 A coset of SH(S n)- is in the image of Y; if and only if that coset contains

 a homeomorphism which is invariant on S and does not interchange the

 complementary domains of S. Note however that SH(Sn) contains a
 homeomorphism which-is invariant on S and does interchange the com-
 plementary domains of S. For if h is a homeomorphism of Sn which takes

 S onto Sn-1, and t a rigid deformation of S" which interchanges the
 northern and southern hemispheres, then h-'th is invariant on S and
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 10 BROWN AND GLUCK

 interchanges the complementary domains of S. One easily sees that t is

 stable, therefore h-'th is also stable. Hence a coset of SH(Sn) is in the

 image of I; if and only if that coset contains a homeomorphism of Sn which

 is invariant on S. Letting H(Sn, S) denote the group of homeomorphisms

 of S" which are invariant on S, we have

 THEOREM 8.1. The image of X is (H(S , S) * SH(Sn))/SH(SB).

 DEFINITION 8.2. The homeomorphism f of a space X onto itself is said

 to be weakly isotopic to the homeomorphism f ' of X if there is a homeo-

 morphism F: X x [0, 1] X x [0, 1] such that F(x, 0) = (f (x), 0) and
 F(x, 1) = (f'(x), 1).

 HI(S) will denote the normal subgroup of H(S) consisting of those

 homeomorphisms weakly isotopic to the identity.

 THEOREM 8.3. The kernel of I; is HI(S).

 Suppose first that g is a homeomorphism of S which is weakly isotopic

 to the identity. Let G be a homeomorphism of S x [0, 1] onto itself such

 that G(x, 0) = (g(x), 0) and G(x, 1) = (x, 1). Let F: S x [0, 1] - Sn be a
 locally flat embedding such that F(x, 0) = x. Define the homeomorphism

 h of F(S x [0,1]) onto itself by h = FGF-'. Then h/S = g and h/F(S x 1)
 is the identity. Extend h to a homeomorphism of Sn which is the identity

 on one of the complementary domains of F(S x 1). Then h is stable,

 hence g is in the kernel of E.

 Now let g be in the kernel of I; and let E1 and E,' be the closed n-cells
 in Sn bounded by S. Let F: S x [0, 1] -kSn be a locally flat embedding
 such that F(x, 0) = x and F(S x 1) c E'. Let E2 be the closed n-cell

 bounded by F(S x 1) and contained in E'. Let h be an extension of g

 over Sn which does not interchange E1 and E.'. Since g is in the kernel,
 of Y, h must be stable. Apply Theorem 7.1 to h, E1 and E2 to obtain a

 stable homeomorphism h' which agrees with h on E1 and the identity on

 E2. Then h'F(S x [0,1]) = F(S x [0,1]) and F-'h'F: S x [0, 1] S x [0, 11
 is a weak isotopy of g with the identity.

 THEOREM 8.4. The suspension homomorphism I; induces an isomor-
 phism

 (H(S))/(HI(S)) P&(H(Sn, S).* SH(Sn))1(SH(Sn))
 where S is a locally flat n - 1 sphere in Sn.

 It will be seen later that HI(S3) = H+(S3), from which we obtain

 THEOREM 8.5. (H(S4, S) * SH(S4))/(SH(S4)) Z2, where S is a locally
 flat 3-sphere in S4. In particular, if h is an orientation preserving
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 STABLE STRUCTURES: I 11

 homeomorphism of S4 which is invariant on some locally flat 3-sphere

 in S4, then h is stable.

 DEFINITION 8.6. The locally flat n - 1 spheres S and S' in Sn will be

 called stably equivalent if there is a stable homeomorphism h of Sn such

 that h(S) = S'. Note that h induces an isomorphism h.: H(S) H(S')
 defined by h*(g) = hgh-'/S'.

 THEOREM 8.7. Under the conditions of the above definition,

 H(S n S) i SH(Sn) = H(Sn, S'). SH(Sn),

 and the following diagram is commutative.

 ?/ \ /H(Sn__ISH__H(S)

 H(S) H(S')

 Let g be a homeomorphism of S and g- an extension of g over Sn which
 does not interchange the complementary domains of S. Then hgh-1 is an

 extension of h*(g) over Sn which does not interchange the complementary
 domains of S'. Then

 ,(h*(g)) = (hah-1) . SH(Sn) = . SH(Sn) = 5(h)

 since SH(Sn) is normal in H(Sn). The diagram is therefore commutative,

 from which it follows that H(Sn, S) * SH(Sn) = H(Sn, S') * SH(Sn).

 9. The relation between stable homeomorphisms and
 the annulus conjecture

 By the annulus conjecture in dimension n, we mean the following
 statement, denoted by An.

 A,. If S, and S2 are disjoint locally flat n -1 spheres in Sn, then the
 closure of the region between them is homeomorphic to Sn-1 x [0, 1].

 LEMMA 9.1. A. is true if and only if any two (not necessarily disjoint)
 locally flat n - 1 spheres in Sn are stably equivalent.

 If An is true and S1 and S2 are locally flat n - 1 spheres in Sn, let h1 be
 a stable homeomorphism such that h1(SJ) is disjoint from S2. Applying
 An to h,(S) and S2, one easily constructs a stable homeomorphism h2 such
 that h2h1(S1) = S2. Hence S1 and S2 are stably equivalent.

 If S1 and S2 are disjoint locally flat n - 1 spheres in Sn which are stably
 equivalent, let h be a stable homeomorphism such that h(S1) = S2. Let f
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 12 BROWN AND GLUCK

 be a homeomorphism of Sn` onto S1, and compare the elements f and hf
 of Hom (Sn-', Sn). They are stably equivalent and have disjoint images,
 but may or may not have similar orientations. If they have opposite
 orientations, let h' be a stable homeomorphism of SI which is invariant
 on S2 and which interchanges the complementary domains of S2 (see ? 8),
 and compare f with h'hf instead of with hf. In either case we obtain

 elements f1 and f2 of Hom (Sn-', S ") which are stably equivalent, have

 disjoint images S1 and S2 and have similar orientations. By Theorem 3.5,
 fibAf2, hence the closed region between S1 and S2 must be homeomorphic
 to S-' x [0, 1].

 THEOREM 9.2. An is true if and only if H(Sn) = H(Sn, Sn 1) * SH(Sn).
 If An is true and h e H(Sn), then Sn-1 and h-l(Sn-1) must be stably

 equivalent by Lemma 9.1. Let ho be a stable homeomorphism which
 carries Sn-1 onto h-l(Sn-S). Then writing h = (hho)h-1 yields H(Sn) =
 H(Sn , Sn-1) SH(Sa).

 If H(Sn) = H(Sn, Sn-1) * SH(Sn) and S, and S2 are two locally flat n - 1
 spheres, let g be a homeomorphism of Sn such that g(S1) = Sn-1. Let h

 be a homeomorphism of So such that h(S -) g(S2), and, using the nor-
 mality of SH(Sn), write h- hh", with h' stable and h" invariant on Sn-1.
 Then g(S2) = hph"(S)= h'(Sp ), hence g(S2) is stably equivalent to Sn-.
 Then S2 is stably equivalent to g-l(Sn-1) = S, hence by Lemma 9.1, An is
 true.

 REMARK. Clearly Theorem 9.2 remains valid if we replace Sn-1 by any
 locally flat n - 1 sphere S in Sn. Then it follows from Theorem 8.1 that

 An is true if and only if the suspension homomorphism E;: H(S)
 H(Sn)/SH(Sn) is onto for every locally flat n - 1 sphere S in Sn.

 THEOREM 9.3. SH(Sn) = H+(Sn) if and only if A. is true and HI(Sn-1) =
 H+(Sn-1).

 If SH(S-) = H+(Sn), then

 H(Sn) = H(Sn, Sn-1) . H+(Sn) = H(Sn, Sn-1) . SH(Sn),
 so by Theorem 9.2, An is true.

 If SH(Sn) = H+(Sn), then H(Sn-')/HI(Sn-1) Z2 by Theorem 8.4. But
 HI(Sn-) c H+(S -) and H(S -')/II+(Sn) Z2. Therefore HI(Sn-) =
 H+(Sn-1).

 If An is true, then H(Sn) = H(Sn, Sn-l) * SH(Sn) by Theorem 9.2, and
 if HI(Sn-1) = H+(Sn-), then H(Sn-')/HI(Sn-1) Z2. Then by Theorem
 8.4, H(Sn)/SH(Sn) Z2. Hence, as above, SH(Sn) - H+(Sn).

 THEOREM 9.4. Ak is true for k < n if and only if SH(Sk) - H+(Sk)
 for k < n.

This content downloaded from 62.60.62.198 on Thu, 29 Mar 2018 18:23:00 UTC
All use subject to http://about.jstor.org/terms



 STABLE STRUCTURES: I 13

 If A, is true and SH(Sk1) = H+(Sk1), then also HI(Sk1) = H+(Sk),
 for SH(Sk-1) c HI(Sk-l) c H+(Sk-1). From Theorem 9.3 it follows that

 SH(Sk) = H+(Sk). Hence, by induction, if Ak is true for k _ n, then
 SH(Sk) = H+(Sk) for k _ n.

 The other direction follows immediately from Theorem 9.3.

 REMARKS. 1. In summary, the statement that SH(Sn) = H+(Sn) is

 stronger than the statement that the annulus conjecture is true in di-

 mension n, but the statement that SH(Sk) = H+(Sk) for k ? n is equiva-

 lent to the statement that the annulus conjecture is true in dimensions

 less than or equal to n.

 2. It is shown in [5] that, if the closed region between two disjoint

 locally flat k - 1 spheres in Sk can be triangulated for k _ n, then Ak is,

 true for k ? n. Then by [6] and [7], Ak is true for k ? 3. Hence SH(Sk) =

 H+(Sk) for k < 3.

 10. Extension of homeomorphisms

 THEOREM 10.1. Let S1, *.. , Sk be disjoint locally fiat n - 1 spheres in
 Sn, and gi a homeomorphism of Si onto itself for i = 1, ... , k. Then a
 necessary and sufficient condition for the existence of a homeomorphism

 h of Sn onto itself such that h/Si = gi is that Y;(g,) = =
 147(g ) e H(S n)ISH(S n).

 If k = 1, the condition is vacuous and hence necessary. If k > 1, and

 such a homeomorphism h exists, then h cannot interchange the comple-

 mentary domains of any Si. Hence for each i, h lies in the coset :5;(gi),
 and the condition is therefore necessary.

 If k = 1, h always exists by [1] and [2], and may be chosen so as not to

 interchange the complementary domains of S1. Suppose then that k > 1

 and that the theorem has already been proved for smaller values of k.
 Number the spheres so that Sk is an innermost sphere, i.e., so that one

 of its complementary domains contains none of the Si. Let h' be a homeo-
 morphism of Sn which extends gi for i = 1, *..., k - 1. If k > 2, then h'
 cannot interchange the complementary domains of any Si; and if k = 2,
 we have remarked above that h' can be so chosen. Let Ek be the closed
 n-cell bounded by Sk which contains none of the other spheres. Then Ek

 and h'(Ek) lie in the same component of Sn - (Sl U ... U Sk-l). Let h"
 be a stable homeomorphism of Sn which shrinks h'(Ek) and slides it inside
 the interior of Ek, and which is the identity in a neighborhood of

 S1 U *** U Sk-1.
 Let f be any homeomorphism of Sn-1 onto Sk. Then gkf and h"h'f are

 elements of Hom (Sn-1, Sn). If -k is any extension of g, to a homeo-

This content downloaded from 62.60.62.198 on Thu, 29 Mar 2018 18:23:00 UTC
All use subject to http://about.jstor.org/terms



 14 BROWN AND GLUCK

 morphism of S" which does not interchange the complementary domains

 of Sk, then p1, lies in the coset Y;(g,) of SH(S"). So does h', since all the
 Y(g,) are equal. Since h" is stable, so does h"h'. Then h"h'--l must be

 a stable homeomorphism, hence the embeddings gkf = gikf and h"h'f are
 stably equivalent. Since their images are disjoint and h"h'(Ek) lies inside

 the interior of P-k(Ek) = Ek, gkf and h"h'f have similar orientations. Then

 by Theorem 3.5, gkf A'h"h'f. If F: Sn-1 x [0, 1] - Sn is such a strict
 annular equivalence, extend F to an embedding of Sn-1 X [-1, 2] in S n,

 whose image contains none of the n - 1 spheres other than Sk. Using
 this embedding, define a homeomorphism h"' of Sn which takes F(x, 1)

 onto F(x, 0) and is the identity outside the image of Sn-1 X [-1, 2].

 Then h = h"'h"h' satisfies the requirements of the theorem. For if

 y E Sk, write y = f (x), x E Sn1. Then

 h(y) = h"'(h"hf(x)) = h"'(F(x, 1)) = F(x, 0) = gkf(X) = gk(Y)

 If i < k, then h/S. = h'/S, = gi, and the proof is completed.

 THEOREM 10.2. Let S1, **, Sk be disjoint locally flat n - 1 spheres in
 Sn which are stably equivalent to one another. If g is a homeomorphism
 of S, onto itself, then there is a homeomorphism h of Sn such that h/S1=g

 and h(S) = Si for i = 2, ***, k.
 By Theorem 8.7, Y.(H(S1)) = ... = Y;(H(Sk)). Hence there are homeo-

 morphisms gi of Si, i = 2, *., k, such that Y(g,) = X(g). Then apply
 Theorem 10.1.

 THEOREM 10.3. Let S1, * *, Sk be disjoint locally flat n - 1 spheres in
 Sn which are stably equivalent to one another. Suppose that none of the

 spheres separates the remaining spheres, and let R be the closed region

 of Sn bounded by all of the spheres. Then the topological type of R is

 independent of the particular choice of the Si, and is referred to as a
 sphere with k holes.

 By a round n - 1 sphere in Sn, we mean an n - 1 sphere which is the
 intersection of Sn with an n-dimensional hyperplane in Rn+l. We may
 assume, by [1] and [2], that S1 is round and that S2, * * *, Sk are very small.

 Surround S2, * , Sk by round spheres S, * , Sk in the obvious way, and

 let R' denote the closed region bounded by Si, S', * , S'. The topological
 type of R' is clearly independent of the particular choice of round spheres.

 Since S1 is round, Si is stably equivalent to round spheres and hence to
 St. Then by Lemma 9.1 and Theorem 3.5, the closed region between Si
 and Si' is homeomorphic to Sn-1 X [0, 1]. Hence R is obtained from R' by
 adding k - 1 rims, each homeomorphic to S-1 X [0, 1], which does not

 change the topological type of R'.
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 COROLLARY. Let S1, * *, S, be disjoint locally flat n - 1 spheres in S"
 which are stably equivalent to one another. Then there is a homeomor-
 phism h of SI such that h(S,) is round for each i.

 THEOREM 10.4. Let fl, * . *, f, be homeomorphisms of S and x1, ***, Xk
 distinct points of SI chosen so that f1(xl), * *, fk(Xk) are also distinct.
 Then a necessary and sufficient condition for the existence of a homeo-
 morphism h of SI which agrees with each fi on a neighborhood of xi is
 that J1, ***, fk should all lie in the same coset of SH(S") in H(S").

 If such an h exists, then since fi and h agree on an open set, they must
 lie in the same coset of SH(S"), so the condition is necessary.

 Let E, be a closed n-cell with round boundary Si, which contains xi in
 its interior, and which is chosen so small that not only are all the E, dis-
 joint but also all the f,(E,) are disjoint. If hij is a stable homeomorphism
 taking Si onto Sj, then, since fi and fj lie in the same coset of SH(S"),
 fj~hjfr-l is a stable homeomorphism taking f,(S,) onto fj(Sj). Hence the
 f,(S,) are stably equivalent to one another and so, by Theorem 10.3, there
 is a homeomorphism h' of SI which takes Si onto f,(Sj) for each i. Then
 h'-1fi is invariant on E, for each i, and the several h'-1f' all lie in the
 same coset of SH(S"). By Theorem 10.1 there is a homeomorphism h" of
 Sn which agrees with h'-lfi on Si for each i. Then h" may obviously be
 taken to agree with h'-lf, on E, for each i. Hence h = h'h" agrees with

 fi on E, for each i, proving the theorem.

 11. Stability of differentiable and piecewise linear homeomorphisms

 THEOREM 11.1. Let n be a differentiable manifold whose underlying
 space is Sn, and h an orientation preserving diffeomorphism of En onto
 itself. Then h is stable.

 Let E be a small differentiable closed n-cell in n. Then the inclusion
 Ec n and the map hIE: Em n are orientation preserving differentiable
 embeddings of E in En Since E and hence h(E) are small, let U be a
 proper open subset of En containing both E and h(E). Then U inherits
 a differentiable structure from n. By [8], the two embeddings of E in
 U are equivalent in the sense that there is a diffeomorphism h' of U,
 which is the identity outside a compact set, such that h'/E = hIE. Then
 h' extends, via the identity, to a stable homeomorphism of An Since h'
 and h agree on E, h must also be stable.

 The same argument in piecewise linear topology, using [9] and [10]
 instead of [8], proves

 THEOREM 11.2. Let n be a combinatorial manifold whose underlying

This content downloaded from 62.60.62.198 on Thu, 29 Mar 2018 18:23:00 UTC
All use subject to http://about.jstor.org/terms



 16 BROWN AND GLUCK

 space is SI, and h an orientation preserving piecewise linear homeo-

 morphism of Yn onto itself. Then h is stable.

 12. Homeomorphisms of euclidean space

 Let z denote the north pole of S" and p: SI - z - RI the stereographic
 projection of S -z c Rn+1 onto Rn c Rn+l Then to each homeomorphism

 h of (Sn, z) there corresponds the homeomorphism p(h/S" - z)p-1 of Rn.
 This correspondence defines an isomorphism

 P*: H(S", z) H(Rn1)

 between the group of homeomorphisms of S" which leave the north pole
 fixed and the group of all homeomorphisms of R.

 Let SH(R7), the group of stable homeomorphisms of R", be generated

 by homeomorphisms whose restriction to some variable non-empty open
 set is the identity. Then SH(Rn) is the image under p* of SH(Sn, z),
 the group of stable homeomorphisms of Sn which leave the north pole

 fixed. SH(Rn), unlike SH(Sn), is not simple. The smallest non-trivial

 normal subgroup of H(R") is SH0(R, ) the group of homeomorphisms
 which restrict to the identity outside some variable compact set.

 THEOREM 12.1. (H(Rn))/(SH(Rn)) (H(Sn))/(SH(Sn)).

 For

 (H(R n))1(SH(R n)) p&(H(Sn n z))I(SH(S n, Z)
 __ (H(Sn, z) . SH(Sn))/ (SH(Sn)) = (H(Sn))/(SH(Sn)

 because SH(Sn) acts transitively on Sn.

 The theorems of the preceding sections translate without difficulty to

 theorems about homeomorphisms of euclidean space. For the convenience
 of later reference, we restate Theorem 7.1 for Rn.

 THEOREM 12.2. Let h be a stable homeomorphism of Rn, and Ea closed
 n-cell with locallyflat boundary. Then there is a stable homeomorphism
 h' of Rn which agrees with h on E and which restricts to the identity
 outside some compact set.
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