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EXAMPLES OF TOPOLOGICALLY UNKNOTTED TORI

ANDRÁS JUHÁSZ AND MARK POWELL

Abstract. We show that certain smooth tori with group Z in S4 have ex-
teriors with standard equivariant intersection forms, and so are topologically
unknotted. These include the turned 1-twist-spun tori in the 4-sphere con-
structed by Boyle, the union of the genus one Seifert surface of Cochran and
Davis that has no slice derivative with a ribbon disc, and tori with precisely
four critical points whose middle level set is a 2-component link with vanish-
ing Alexander polynomial. This gives evidence towards the conjecture that
all Z-surfaces in S4 are topologically unknotted, which is open for genus one
and two. It is unclear whether these tori are smoothly unknotted, except for
tori with four critical points whose middle level set is a split link. The double
cover of S4 branched along any of these surfaces is a potentially exotic copy
of S2 × S2, and, in the case of turned twisted tori, we show they cannot be
distinguished from S2 × S2 using Seiberg–Witten invariants.

1. Introduction

We study the topological isotopy problem for locally flat embeddings of closed,
orientable surfaces in S4. Let Σ ⊆ S4 be such a surface of genus g. If π1(S

4\Σ) ∼= Z,
generated by a meridian of Σ, then we say that Σ is a Z-surface. The surface Σ is
topologically unknotted if it is topologically isotopic to the standard genus g surface
in S3, i.e. if it topologically bounds a genus g handlebody. If Σ has genus one, then
we say that Σ is a Z-torus. Conway and the second author [CP23] have shown that
any locally flat, embedded, closed, orientable Z-surface Σ ⊆ S4 with g(Σ) �∈ {1, 2}
is topologically unknotted. The topological unknotting conjecture states that this
also holds for g ∈ {1, 2}.

Using the topological classification of Z-surfaces in terms of the equivariant in-
tersection forms of their exteriors due to Conway and the second author [CP23], we
show that certain Z-tori are topologically unknotted. Our three main results, for
the three types of tori we investigate, are described in Sections 1.1, 1.2, and 1.3.

We say that a pair of smoothly embedded surfaces in a 4-manifold is exotic if
they are topologically but not smoothly isotopic. In S4, this is equivalent to saying
that they are orientation-preserving ambiently homeomorphic but not orientation-
preserving ambiently diffeomorphic. Finashin, Kreck, and Viro [FKV87]
constructed infinitely many exotic copies of #10RP 2 in S4. This was later im-
proved by Finashin [Fin09] to #6RP 2 in S4. These are distinguished by their double
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branched covers. Further improvements were recently announced by Miyazawa
[Miy23] for RP 2 and Matić, Öztürk, and Stipsicz [MOS23] for 5RP 2. However,
there is no example known of an exotic pair of closed, orientable surfaces in S4.

This work can be viewed as collecting evidence towards the genus one topological
unknotting conjecture. On the other hand, the examples we consider are potentially
exotic surfaces, i.e. so far as we know, they could be counterexamples to the smooth
unknotting conjecture for tori; see Section 8. Furthermore, if we take the double
cover of S4 branched along any of these tori T , we obtain a potentially exotic copy
of S2 × S2.

1.1. Turned twisted tori. Given a knot K in S3, Artin [Art25] associated to it
a 2-knot (i.e. an embedded 2-sphere) in S4 using a construction called spinning.
This was later extended by Zeeman [Zee65] to twist-spinning, and then by Lither-
land [Lit79] to deform-spinning. Building on this, in 1993, Boyle [Boy93] associated
to a knot K in S3 and integers i, j the i-turned j-twist-spun torus in S4, which we
will denote by TK,i,j . See Section 3 for the definition. The smooth isotopy class
of TK,i,j only depends on the parity of i. At the end of his paper, Boyle noted that
the torus TK,1,1 is a Z-torus and asked whether it is standard.

Theorem 1.1. For every knot K in S3, the turned 1-twist-spun torus TK,1,1 is
topologically unknotted.

We also observe in Section 8 that the double cover of S4 branched along TK,1,1

is (S2×S2)#X for a homotopy 4-sphere X. So one cannot use the Seiberg–Witten
invariants of the double branched covers to smoothly distinguish TK,1,1 and the
standard torus T 2 ⊆ S3 ⊆ S4.

1.2. Seifert surface union a ribbon disc. Recall that, given a knot K in S3,
a homotopy ribbon disc D for K is a locally flat disc embedded in D4 such that
∂D = K and the map

π1(S
3 \K) → π1(D

4 \D)

is surjective. In particular, every ribbon disc is homotopy ribbon; see Gordon
[Gor81]. Let K be a knot in S3 with Seifert surface F and homotopy ribbon disc
D. Then Σ := F ∪D ⊆ S4 is a Z-surface.

A slice derivative for a genus g Seifert surface F for a knot K in S3 is a collection
of g pairwise disjoint, homologically linearly independent simple closed curves that
form a smoothly slice link and have self-linking zero [CHL10]. If F has a slice
derivative, we can perform surgery on F in D4 along a slice derivative and obtain a
smooth slice disc D for K. Then F ∪D is smoothly unknotted; see Lemma 6.1. If
D is a ribbon disc that is not obtained from a Seifert surface F by surgering along
a slice derivative, Gabai has asked whether F ∪ D is topologically or smoothly
unknotted.

Kauffman conjectured that every genus one Seifert surface for a slice knot admits
a slice derivative. Cochran and Davis [CD15] have shown that there exists a ribbon
knot admitting a genus one Seifert surface F that has no slice derivative. Moreover,
there is an example where F is the unique minimal genus one Seifert surface, up
to isotopy. The union of F and a ribbon disc is therefore a potentially smoothly
knotted Z-torus in S4. We show that it is topologically unknotted.
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Theorem 1.2. Let K be the knot in S3 with genus one Seifert surface F and
ribbon disc D constructed by Cochran and Davis. Then Σ := F ∪D is topologically
unknotted.

In Proposition 6.2, we note that a genus one Seifert surface union a slice disc for
a knot K is a topologically unknotted Z-torus also when ΔK

.
= 1.

We will show in Section 8 that the double cover M of S4 branched along Σ
can be obtained from S2 × S2 by knot surgery along a 0-homologous torus. By
Theorem 1.2, the 4-manifolds M and S2 ×S2 are homeomorphic. We do not know
whether M is diffeomorphic to S2 × S2 or even whether it is irreducible. One
cannot distinguish M from S2 × S2 using the knot surgery formula of Fintushel
and Stern [FS98], since it requires the torus to be homologically essential.

Theorem 1.2 follows from the following result on knot surgery along a torus in
the complement of an unknotted surface in S4.

Theorem 1.3. Let Σ ⊆ S4 be a smoothly embedded, topologically unknotted, ori-
ented surface of genus g. Furthermore, let T ⊆ S4 \N(Σ) be a smoothly embedded
torus that is unknotted in S4, and let J be a knot in S3. Suppose that the push-off
s(m), for some primitive, essential curve m on T , is 0-homotopic in S4 \ (Σ ∪ T ).
Then the t-twist, r-roll knot surgery Σt,r(T, J) is topologically unknotted for all t,
r ∈ Z.

For further details on the t-twist r-roll knot surgery construction involved, see
Section 5.

1.3. Tori with four critical points. Let Σ ⊆ S4 be a smoothly embedded torus.
Consider S4 = S4

+ ∪ S4
−, where S4

±
∼= D4. Let r : D4 → I be the radial function,

and let f± : S4
± → R be given by ±(1 − r). These glue to give a standard Morse

function f : S4 → R, with precisely two critical points f−1(±1) at the centre of S4
±.

Assume that f |Σ : Σ → R is a Morse function with precisely four critical points.
Then we say that Σ has four critical points. In this case, the exterior of Σ has a
handle decomposition with a unique 1-handle, so Σ is a Z-torus.

We can isotope Σ so that Σ ∩ S4
− contains the minimum of f |Σ and one critical

point of index one, while Σ ∩ S4
+ contains the maximum of f |Σ and one critical

point of index one. Then L := Σ ∩ ∂S4
± is a 2-component link in ∂S4

± = S3.

Theorem 1.4. Let Σ ⊆ S4 be a smoothly embedded torus with four critical points.
Suppose that the single-variable Alexander polynomial ΔL of the 2-component link
L := Σ∩S3 is zero, where S3 is the equator of S4. Then Σ is topologically unknotted.

This answers a special case of Problem 4.30 of Kirby [Kir21] in the topological
category. Scharlemann [Sch85] has shown that every 2-sphere in S4 with four criti-
cal points is smoothly unknotted, and Bleiler–Scharlemann [BS88] have shown that
every embedded RP2 ⊆ S4 with three critical points is smoothly unknotted. As
far as we know, it is open whether every torus with four critical points is smoothly
unknotted. We are not aware of any explicit potentially smoothly knotted exam-
ples associated with Theorem 1.4. We show the following result about smooth
unknotting.

Theorem 1.5. Let Σ ⊆ S4 be a torus with four critical points, and suppose that
the link L := Σ ∩ S3 is split, where S3 is the equator of S4. Then Σ is smoothly
unknotted.
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When L is not split, it is not even clear whether the double cover of S4 branched
over Σ contains a self-intersection zero sphere, so potentially it could be distin-
guished from S2 × S2 using Seiberg–Witten invariants.

Remark 1.6. An interesting family of examples of Z-surfaces that would be good
candidates for potential future investigation is the following. Let K be a knot in
the 3-sphere with two nonisotopic genus one Seifert surfaces F+ and F−. Consider
S4 = S4

+ ∪S3 S4
−, where S4

± is a copy of D4, and push the interior of F± ⊆ S3 into
S4
±. The result F+ ∪K F− is a genus two Z-surface. Is it topologically, or even

smoothly, unknotted?

Notation. Throughout, we write

D3
r := {v ∈ R3 : |v| ≤ r} and S2

r := {v ∈ R3 : |v| = r}.

Let B3
r := Int(D3

r). As usual, D3 := D3
1 , S

2 := S2
1 , and B3 := B3

1 . If A is a
submanifold of B, then we write N(A) for an open tubular neighbourhood of A in
B and νA⊆B for the normal bundle of A in B. For smooth manifolds M and N , we
write M ∼= N if they are diffeomorphic. Finally, let

R3
+ := {(x, y, z) ∈ R3 : z ≥ 0} and R3

>0 := {(x, y, z) ∈ R3 : z > 0}.

Organisation. In Section 2, we set out the strategy that we will use for all our
proofs, which is to compute the equivariant intersection pairing of the surface knot
exterior, and apply [CP23]. In Section 3, we recall the construction of turned,
twisted tori. Then, in Section 4, we show that they are topologically unknotted,
proving Theorem 1.1. In Section 5, we prove Theorem 1.3 on knot surgeries. In
Section 6, we prove Theorem 1.2, and in Section 7, we prove Theorems 1.4 and 1.5.
In Section 8, we observe that using the double branched cover to detect that some
turned twisted torus is exotic would entail finding a counterexample to the smooth
4-dimensional Poincaré conjecture. Furthermore, we identify the double branched
cover of the union of the genus one Seifert surface and the ribbon disc constructed
by Cochran and Davis as knot surgery on S2 × S2 along a 0-homologous torus.

2. Standard intersection form implies unknotted

For a Z-surface Σ ⊆ S4, let

EΣ := S4 \N(Σ)

be the exterior of Σ. Let Λ be the group ring Z[Z], which is isomorphic to the ring
of Laurent polynomials Z[t, t−1]. This admits an involution determined by t �→ t−1.
Consider the Hermitian form

H2 :=

(
Λ2,

(
0 1− t

1− t−1 0

))
.

The following is a consequence of [CP23, Theorem 1.4] and [CP23, Lemma 6.1].

Theorem 2.1. Let Σ ⊆ S4 be a Z-surface of genus g. Then the Λ-intersection
form of EΣ is isometric to ⊕

g

H2

if and only if Σ is topologically unknotted.
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So, to prove Theorems 1.1, 1.2, and 1.4, it suffices to compute the equivariant
intersection pairings of the surface exterior.

Next, we record some homological facts about the exteriors of Z-surfaces in S4.
If Σ ⊆ S4 is an embedded surface and γ ⊆ Σ is a simple closed curve, then we write
Tγ for the total space of the restriction of the unit normal circle bundle of Σ to γ,
which is known as the rim torus over γ.

Proposition 2.2. Let Σ ⊆ S4 be a closed, connected, and oriented Z-surface of
genus g. Then

(i) H0(EΣ; Λ) ∼= Z;
(ii) H1(EΣ; Λ) = 0;
(iii) H1(∂EΣ; Λ) ∼= H1(Σ× S1; Λ) ∼= (Λ/(1− t))⊕2g;
(iv) H2(EΣ;Z) ∼= Z2g, generated by rim tori;
(v) H2(EΣ; Λ) ∼= Λ2g, generated by generically immersed spheres that map to

the classes of the rim tori under the surjective map H2(EΣ; Λ) → H2(EΣ;Z)
induced by tensoring with Z over Λ;

(vi) H3(EΣ; Λ) = 0.

Proof. Part (iii) is a special case of [CP23, Lemma 5.5]. Part (iv) follows from
Alexander duality. All the other parts follow from [CP23, Lemma 3.2], except
for (v), where some more argument is required, which we now give. In [CP23,
Lemma 3.2], it is shown that H2(EΣ; Λ) is a free Λ-module. That it has rank 2g
follows from considering Q(t) coefficients: to see this, note that, by (i), (ii), and
(vi), the Euler characteristic over Q(t) equals rkH2(EΣ; Λ), whereas computing
over Q shows that χ(EΣ) = 2g. Hence rkH2(EΣ; Λ) = 2g.

The elements of the standard basis {ei}2gi=1 of H2(EΣ; Λ) ∼= Λ2g are repre-
sented by generically immersed spheres (i.e. locally a flat embedding and all self-
intersections are transverse double points) in the smooth 4-manifold Int(EΣ) (it is
smooth because it is an open subset of S4), which we can see as follows. Apply the
Hurewicz theorem to the universal cover of EΣ to see that π2(EΣ) ∼= H2(EΣ; Λ).
Then apply the density of smooth immersions in C0(S2, Int(EΣ)) [Hir76, Theo-
rems 2.2.6 and 2.2.12], and finally the density of generic immersions in the space of

smooth immersions [GG73, Chapter III, Corollary 3.3]. Since the {ei}2gi=1 are rep-

resented by generically immersed spheres, so are {ei ⊗ 1}2gi=1 ⊆ H2(EΣ; Λ)⊗Λ Z ∼=
Λ2g ⊗Λ Z.

It was shown in the proof of [CP23, Lemma 5.10] that the canonical map

H2(EΣ; Λ)⊗Λ Z
∼=−→ H2(EΣ;Z)

is an isomorphism. It follows that H2(EΣ; Λ) → H2(EΣ;Z) is indeed surjective.
Moreover, rim tori generate the codomain H2(EΣ;Z) ∼= Z2g by (iv). The inverse
images of these rim tori in H2(EΣ; Λ) ⊗Λ Z are linear combinations of the basis

elements {ei ⊗ 1}2gi=1, which we can write as

∑
j

aij(ej ⊗ 1) =

(∑
j

aijej

)
⊗ 1

for some aij ∈ Z such that the matrix (aij)
2g
i,j=1 is invertible over Z. Hence, the ele-

ments {e′i :=
∑

j aijej}
2g
i=1 generate H2(EΣ; Λ), because (aij)

2g
i,j=1 is also invertible

over Λ. Furthermore, the e′i map to the rim tori. By taking aij parallel copies of
ej for j ∈ {1, . . . , 2g}, linearly ordering all these spheres in an arbitrary way, and
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connecting each sphere with the next using a tube [FNOP24, Chapter 11] around
an embedded framed arc that is coherent with the orientations of the spheres, we
obtain a generically immersed sphere in Int(EΣ) representing e′i. �

Definition 2.3. Let E be a compact, connected, oriented, and based 4-manifold
with π1(E) ∼= Z. We say that a closed, connected, and oriented surface S � E
immersed in E, and equipped with a basing arc from S to the basepoint of E, is
Z-trivial if the inclusion-induced map π1(S) → π1(E) is the trivial homomorphism.

Lemma 2.4 encapsulates the strategy for the proofs of most of our theorems.

Lemma 2.4. Let Σ ⊆ S4 be a closed, connected, and oriented Z-surface of genus
g. Let S1, . . . , S2g ⊆ EΣ be generically immersed Z-trivial surfaces, and let λ be
the Λ-intersection form on H2(EΣ; Λ). Suppose that

A := [λ([Si], [Sj ])]i,j∈{1,...,2g} =

g⊕
k=1

(
0 1− t

1− t−1 dk

)

for some dk ∈ Λ. Then {[S1], . . . , [S2g]} is a basis for H2(EΣ; Λ) ∼= Λ2g and λ is
isometric to

⊕
g H2. Hence Σ is topologically unknotted by Theorem 2.1.

Proof. Let 〈e1, . . . , e2g〉 be a basis for H2(EΣ; Λ) ∼= Λ2g. Let B be a matrix over Λ
such that

(1) ([S1], . . . , [S2g]) = B · (e1, . . . , e2g),

i.e. [Si] = Bei for i ∈ {1, . . . , 2g}. By part (iii) of Proposition 2.2, the order of
H1(∂EΣ; Λ) is (1− t)2g, which, up to units in Λ, equals (1− t)g(1− t−1)g. Hence,
up to units,

(2) det
(
[λ(ei, ej)]i,j∈{1,2}

) .
= (1− t)g(1− t−1)g.

By a computation, the hypothesis, equation (1), another computation, and finally
using equation (2), we obtain that

(−1)g(1− t)g(1− t−1)g = detA

= det
(
[λ([Si], [Sj ])]i,j∈{1,...,2g}

)
= det

(
[λ(Bei, Bej)]i,j∈{1,...,2g}

)
= det(B) det

(
[λ(ei, ej)]i,j∈{1,...,2g}

)
det

(
BT

)
.
= det(B)det(B)(1− t)g(1− t−1)g.

The last equality is again up to units, so we can ignore the (−1)g factor, and deduce
that

(1− t)g(1− t−1)g
.
= det(B)det(B)(1− t)g(1− t−1)g.

Since Λ is an integral domain, it follows that det(B) = ±tk for some k ∈ Z, so
B is invertible over Λ, and hence {Be1, . . . , Be2g} = {[S1], . . . , [S2g]} is a basis, as
claimed. This means that the Λ-intersection form λ of EΣ is represented by A.
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Augmenting this matrix with ε : Λ → Z gives the Z-valued intersection form

g⊕
k=1

(
0 0
0 ε(dk)

)

of EΣ. By Proposition 2.2, H2(EΣ;Z) is generated by rim tori, which lie in the
image of H2(∂EΣ;Z), and so all intersection numbers involving them vanish. It
follows that ε(dk) = 0 for all k.

Now fix k ∈ {1, . . . , g}. Since λ is Hermitian,

dk = a0 + a1(t+ t−1) + · · ·+ an(t
n + t−n)

for some n ∈ N0 and for some integers a0, . . . , an. Since ε(dk) = 0, we deduce that

a0 + 2a1 + · · ·+ 2an = 0.

For any p(t) ∈ Λ, we can add (1− t)p(t) + (1− t−1)p(t−1) to dk while keeping the
other three entries of the matrix(

0 1− t
1− t−1 dk

)

unchanged by the change of basis {[S2i], [S2i+1]} �→ {[S2i], [S2i+1] + p(t)[S2i]} of
H2(EΣ; Λ). Applying this with p(t) = ant

n−1, we replace dk with

a0 + a1(t+ t−1) + · · ·+ (an−1 + an)
(
tn−1 + t−(n−1)

)
.

Iterate this change, at each stage removing the terms whose exponents have the
highest absolute value, to obtain

a0 + (a1 + · · ·+ an)(t+ t−1).

One more basis change, with p(t) = (a1+ · · ·+an)t, yields a0+2a1+ · · ·+2an = 0.
Thus, by a basis change, we can replace dk with 0.

Performing these basis changes for each k = 1, . . . , g, we find that λ, the Λ-
intersection form of EΣ, is isometric to H2. It follows by Theorem 2.1 that Σ is
topologically unknotted. �

In each of Sections 4, 6, and 7, we will exhibit Z-trivial surfaces that generate a
submodule with Λ-intersection form represented by A, and then we will appeal to
Lemma 2.4.

It will sometimes be helpful to compute the homological self-intersection numbers
λ([Si], [Si]) ∈ Λ in Lemma 2.4 using the Wall self-intersection number μ(Si), so we
recall this next; see [Wal99, Chapter 5]. Let S ⊆ EΣ be a Z-trivial surface that
is the image of a generic immersion into EΣ. For each double point p ∈ S, we
obtain a sign εp and a double point loop γp in S, with the latter well-defined up
to orientation and homotopy in EΣ; see e.g. [BKK+21, Section 11.3]. Thus each
double point gives rise to a monomial ±tk ∈ Λ/〈tr ∼ t−r : r ∈ Z〉. To define the
target, consider Λ as a free abelian group with basis {tr : r ∈ Z}, and take the
quotient abelian group where tr and t−r are identified for all r. Taking the sum of
contributions from all the double points p gives

μ(S) :=
∑
p

εpγp ∈ Λ/〈tr ∼ t−r : r ∈ Z〉.
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Let e(S) ∈ Z be the Euler number of the normal bundle of S, and let ι : Z → Λ be
the unique such ring homomorphism. Then we have the useful formula

(3) λ([S], [S]) = μ(S) + μ(S) + ι(e(S));

see [Wal99, Theorem 5.2]. Here, we must fix a representative of μ(S) in Λ, and

note that the sum μ(S) + μ(S) ∈ Λ is independent of the choice of representative.
Lemma 2.5 will be useful for computing intersections numbers.

Lemma 2.5. Let Σ ⊆ S4 be a Z-surface, and let T ⊆ EΣ be a rim torus. Let
D ⊆ EΣ be a Z-trivial immersed surface with one boundary component that is
a longitude of T . Suppose that the interior of D intersects T transversely, and
suppose that a section of ν∂D⊆T extends to a nonvanishing section of νD⊆EΣ

. Let
S denote the result of surgering T along D. Let G ⊆ EΣ be an immersed Z-trivial
surface disjoint from T and intersecting D transversely in precisely one point, i.e.
|D � G| = 1.

(i) Every intersection point of Int(D) with T contributes ±tk(1 − t) to μ(S),
for some sign and some k ∈ Z.

(ii) Possibly after changing the orientation and basing arc of G, we have that
λ([S], [G]) = 1− t.

Proof. The surgery cuts T open along ∂D and glues in two parallel copies of D.
Since D is embedded, and we use the section of νD⊆EΣ

from the statement, we
obtain a surface with trivial normal bundle.

We first prove part (i). Consider an intersection point p ∈ Int(D) � T . This gives
rise to two double points p+ and p− of S, which lie at either end of an arc D1 ⊆ T
arising from the two parallel copies D+ and D− of D. Since D+ and D− have
opposite orientations induced on them from an orientation of S, the signs of the
double points p+ and p− differ. We can compare the corresponding group elements
by taking a path γ embedded in D, with γ(0) = p and γ(1) ∈ ∂D ⊆ T . The path γ
gives rise to γ×D1, with γ×S0 ⊆ D+∪D−. Let M be a meridional disc of Σ with
boundary on T , such that γ(1)×D1 is an arc of ∂M . Then δ := (γ×D1)∪M ⊆ S4

is a disc with

∂δ = (γ(0)×D1) ∪ (γ × S0) ∪
(
∂M \ (γ(1)×D1)

)
;

see Figure 1. The homotopy class of ∂δ in π1(EΣ) ∼= Z measures the difference
between the double point loops of the two double points. Since δ intersects Σ exactly
once, the difference in the contributions to μ(S) is t±1. So, up to multiplication
by ±tk, we have a contribution 1 − t or 1 − t−1. But these are equal in Λ/〈tr ∼
t−r : r ∈ Z〉, so this completes the proof of part (i).

The proof of part (ii) is analogous to the proof of part (i). The intersection
point in D � G gives rise to two intersection points between S and G. By the
same argument as in the proof of part (i), they contribute 1 − t or 1 − t−1, up to
multiplication by ±tk. But −t(1− t−1) = 1− t, so, up to units, there is again just
one case. By changing the basing arc of G and its orientation, we can remove the
up-to-units indeterminacy ±tk. �
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Σ

D

T

T T

+ −

S

δ

Σ

Figure 1. Left: A schematic showing a meridian of the rim torus
T , a portion of the surface D, and another sheet of T intersecting
D. Right: After surgery, with the disc δ that is used to compute
the difference in the double point loops of the two intersection
points in Int(D) � T shown.

The topological unknotting conjecture for genus g ∈ {1, 2} is implied by the
following algebraic conjecture, which we advertise here. We say that a Hermitian,
sesquilinear form on a free module over Z[Z] is surface hyperbolic if it is isometric

to H⊕g
2 for some g. Such a form (P, λ) is stably surface hyperbolic if there is an

isometry (P, λ)⊕H⊕k
2

∼= H⊕g
2 for some k, g.

Conjecture 2.6. Let (P, λ) be a Hermitian, sesquilinear form on a free Z[Z]-
module of rank 2g, where g ∈ {1, 2}, that is stably surface hyperbolic. Then (P, λ)
is surface hyperbolic.

An important part of [CP23] was to prove the analogue of Conjecture 2.6 for
g ≥ 3.

3. Turned twist-spun tori

In this section, we review Boyle’s construction [Boy93, Definition 5.1]. Let K be
a knot in D3 such that K intersects S2

1/2 in {(0, 0, 1/2), (0, 0,−1/2)} transversely,

and such that K \ B3
1/2 is a boundary-parallel arc in D3 \ B3

1/2 with endpoints on

S2
1/2. Furthermore, let i and j be integers.

Let Rθ be rotation of R3 about the z-axis by angle θ. Fix ε ∈ (0, 1/2). Choose
an isotopy {Φt : t ∈ I} of D3 such that Φt|S2

r
= IdS2

r
for all r ∈ (1− ε, 1], and

Φt|D3
1/2

= R2πjt|D3
1/2

for every t ∈ I. Write φj := Φ1.
We define the diffeomorphism ηi : S

2 × S1 → S2 × S1 via

ηi|S2×{θ} := Riθ|S2 × Id{θ}

for each θ ∈ S1. Consider the decomposition

S4 ∼= ∂D5 ∼= ∂(D3 ×D2) ∼= (D3 × ∂D2) ∪ (∂D3 ×D2).

Then the 4-manifold

(D3 × ∂D2) ∪ηi
(∂D3 ×D2)
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is obtained from S4 via a Gluck twist along the standard 2-sphere S0 := ∂D3×{0},
and is hence diffeomorphic to S4. On the other hand, if i is even, then ηi is isotopic
to IdS2×S1 , and so we again obtain the standard S4.

Definition 3.1. The i-turned j-twist-spun torus of K is the pair (S4, TK,i,j) given
by

(D3,K)× I

{(x, 0) = (φj(x), 1) : x ∈ D3} ∪ηi
(S2 ×D2),

where S4 ∼= (D3 × ∂D2) ∪ηi
(∂D3 ×D2) and TK,i,j := K × I.

Intuitively, we can describe TK,i,j as follows. Let K ⊆ R3
>0 be a knot. Choose a

3-disc D ⊆ R3
>0 such that ∂D intersects K transversely in a pair of antipodal points

and K \D is an unknotted arc. Then we obtain TK,i,j in R4 ⊆ S4 by rotating R3
+

around R2 = ∂R3
+, and while doing so, rotating K ∩ D around the line through

K ∩ ∂D and simultaneously rotating K around the z-axis.
Boyle showed that the smooth isotopy class of TK,i,j only depends on i through

the parity of i. Indeed, the group of automorphisms of S2 × S1 modulo ones that
extend to S2×D2 is Z/2, generated by η1. Boyle calls TK,0,i the j-twist-spun torus
of K and TK,1,j the turned j-twist-spun torus of K.

Boyle also showed that π1(S
4 \ TK,i,j) ∼= G/[G,μj ], where G ∼= π1(S

3 \K) and
μ ∈ G is the class of a meridian of K. Since μ normally generates G, we have
[G,μ] ∼= [G,G]. This isomorphism can be seen using the commutator identities

[g, μx] =
[
gx

−1

, μ
]x

and [g, μxμy] = [g, μx][g, μy]μ
x

, where superscripts indicate
conjugation. Hence

π1(S
4 \ TK,i,1) ∼= G/[G,G] ∼= H1(S

3 \K) ∼= Z.

In fact, TK,0,1 is smoothly isotopic to T 2, since it is the 1-twist-spun 2-knot obtained
from K, which is the unknot by Zeeman [Zee65], with a trivial tube attached.
However, Boyle could not determine whether TK,1,1 was smoothly equivalent to
T 2, and this question is still open. Note that one can obtain TK,1,1 from TK,0,1 via
a Gluck twist along the trivial 2-knot S0 that links TK,0,1 nontrivially.

4. Every turned 1-twist-spun torus is topologically unknotted

In this section, we study turned 1-twist-spun tori up to topological isotopy. Our
main result is the following, restated from Section 1.

Theorem 1.1 (Restated). For every knot K in S3, the turned 1-twist-spun torus
TK,1,1 is topologically unknotted.

Proof. By Lemma 2.4, it suffices to find Z-trivial surfaces in

E := ETK,1,1
= S4 \N(TK,1,1),

with respect to which the Λ-intersection form λ of E is represented by a matrix of
the form A as in Lemma 2.4. Throughout, we use the notation of Definition 3.1.
Consider the sphere

S0 := ∂D3 × {0} ⊆ S4

disjoint from K. This has self-intersection 0.
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Isotope the arc K \ B3
1/2 relative to its boundary such that its interior only

intersects the z-axis in {(0, 0, 3/4)}, where it is perpendicular to it. Let μ be a
meridian of K at (0, 0, 3/4) of radius 1/8. Then

T� :=
μ× I

{(x, 0) = (φ1(x), 1) : x ∈ μ} ⊆ E

is a rim torus of TK,1,1 over a longitude � of TK,1,1.
Since T� is not a Z-trivial surface, we surger it to a sphere. For this end, consider

the arc

J := {0, 0} × [7/8, 1] ⊆ D3.

Then

D :=
J × I

{(x, 0) = (φ1(x), 1) : x ∈ J} ∪η1
({(0, 0, 1)} ×D2)

⊆ D3 × I

{(x, 0) = (φ1(x), 1) : x ∈ D3]} ∪η1
(S2 ×D2)

(4)

is a disc in S4 with boundary on T�.
Since η1 applies a 2π rotation about the z-axis to μ, a trivialisation of the

normal bundle ν∂D⊆T�
does not extend to a section of the normal bundle νD⊆E.

The tangential framing of ν∂D⊆T�
, transported to

∂D3 × I

{(x, 0) = (φ1(x), 1) : x ∈ ∂D3} =
∂D3 × I

{(x, 0) = (x, 1) : x ∈ ∂D3}
∼= S2 × S1,

is a constant vector

v × {0} ∈ T(0,0,1)S
2 × TθS

1 ⊆ TS2 × TS1 ∼= T (S2 × S1).

A nonvanishing section of the normal bundle of {(0, 0, 1)}×D2 in S2×D2 also gives
rise to a constant vector, in the coordinates of S2×D2. However, the identification
η1 is a Gluck twist, so introduces a full rotation of difference between the two.
Hence D is not compatibly framed with respect to the tangential framing of ∂D.

However, if we perform a boundary twist on D along the curve ∂D =
{(0, 0, 7/8)} × I, then we can undo the twist. The resulting disc D1 intersects
T� once, but now a trivialisation of ν∂D1⊆T�

does extend to νD1⊆E .
If we surger T� along D1, we obtain an immersed sphere S1 with two double

points, and we claim that μ([S1]) = ±(1 − t) ∈ Λ/〈tr ∼ t−r : r ∈ Z〉. We have
that D1 is embedded and framed, and intersects T in one point, so, by part (i) of
Lemma 2.5, we have that μ(S1) = ±tk(1 − t) for some k. Since the double points
arose from a boundary twist, it follows that one of the double points is local, i.e.
the entire double point loop is contained in a copy of D4 ⊆ EΣ. Hence, this double
point loop is trivial. We deduce that μ(S1) = ±(1 − t) or ±(1 − t−1). Given the
indeterminacy in μ(S1), this completes the proof of the claim that μ(S1) = ±(1−t).

Furthermore, thanks to the boundary twist, S1 has trivial normal bundle, hence
e(S1) = 0 and so, by equation (3), we have that

λ([S1], [S1]) = μ([S1]) + μ([S1]) = ±(1− t)± (1− t−1).
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As |S0 � D1| = 1, by part (ii) of Lemma 2.5, we have that λ([S0], [S1]) = 1−t, after
possibly changing the orientation of S0 and its basing arc. Since λ is Hermitian,
λ([S1], [S0]) = 1− t−1. Hence, the matrix of λ on the submodule generated by the
classes [S0] and [S1] is (

0 1− t
1− t−1 ±(1− t)± (1− t−1)

)
.

It follows from Lemma 2.4, with g = 1, that ([S0], [S1]) is indeed a basis of
H2(E; Λ) ∼= Λ2, that the equivariant intersection form λ is isometric to H2, and
that Σ is topologically unknotted, as desired. �

Remark 4.1. An alternative strategy to proving Theorem 1.1 is to observe that
the 1-twist-spun torus TK,1,1 can be obtained from the standard torus T 2 in S4

by performing 1-twist rim surgery along the curve with slope 1, and then applying
[CP23, Theorem 1.7].

5. Knot surgery

In this section, we extend the results of Kim and Ruberman [KR08] to Z-surfaces
in S4. Let Σ ⊆ S4 be a smoothly embedded, topologically unknotted, oriented
surface of genus g. Furthermore, let T ⊆ S4 \N(Σ) be a smoothly embedded torus
that is unknotted in S4. If J is a knot in S3 with exterior EJ and t, r ∈ Z, then
we let

S4
t,r(T, J) := (S4 \N(T )) ∪f (EJ × S1)

be the result of t-twist r-roll knot surgery along T with pattern J , where we describe
the glueing map f next.

Fix a parametrisation g : S1 × S1 → T , and write � := g(S1 × {1}) and m :=

g({1}× S1). Let s : T → ∂N(T ) be a section such that s(�) and s(m) are trivial in

H1(S
4 \N(T )) ∼= Z. If μT ⊆ ∂N(T ) is a meridian of T , then{

[s(�)], [s(m)], [μT ]
}

is a basis of H1

(
∂N(T )

) ∼= H1(T
3) ∼= Z3.

Let μJ ⊆ ∂EJ be a meridian and let λJ ⊆ ∂EJ be a 0-framed longitude of J ,
and write μJ ∩ λJ = {b}. Then{

[{b} × S1], [μJ × {1}], [λJ × {1}]
}

is a basis of H1(∂(EJ × S1)) = H1(∂EJ × S1) ∼= H1(T
3) ∼= Z3.

Note that π0

(
Diff+(T 3)

) ∼= SL(3,Z), with the isomorphism given by taking the

induced map on H1(T
3), by Waldhausen [Wal68]. Hence, we can define the map

f : ∂N(T ) → ∂EJ × S1 up to isotopy by requiring that

f(s(�)) = {b} × S1 + t(μJ × {1}) + r(λJ × {1}),
f(s(m)) = μJ × {1}, and f(μT ) = λJ × {1}.

Since T is smoothly unknotted in S4, there is a diffeomorphism

Θ: S4
t,r(T, J) → S4;

see Kim–Ruberman [KR08]. We write

Σt,r(T, J) := Θ(Σ).
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When T is a rim torus of Σ and m is a meridian of Σ, then this is known as the
t-twist r-roll rim surgery of Σ with pattern J , but in our application T will not be a
rim torus. We now restate our main result on knot surgeries in surface complements
from Section 1.

Theorem 1.3 (Restated). Let Σ ⊆ S4 be a smoothly embedded, topologically un-
knotted, oriented surface of genus g. Furthermore, let T ⊆ S4 \N(Σ) be a smoothly
embedded torus that is unknotted in S4, and let J be a knot in S3. Suppose that
the push-off s(m), for some primitive, essential curve m on T , is 0-homotopic in
S4 \ (Σ ∪ T ). Then the t-twist, r-roll knot surgery Σt,r(T, J) is topologically un-
knotted for all t, r ∈ Z.

Proof. Our discussion below works for arbitrary g, but it follows from the work of
Conway and the second author [CP23] that Σt,r(T, J) is topologically standard if it
is a Z-surface and g �∈ {1, 2}. The strategy is as follows. Let E := S4\N(Σt,r(T, J))
and EΣ := S4\N(Σ). We describe generators for H2(EΣ; Λ), and then modify them
during the knot surgery construction to obtain generators for H2(E; Λ). We check
that the intersection form is unchanged.

Now we begin to implement this. Since Σ is topologically unknotted, there
is a locally flat 3-manifold Y ⊆ S4 homeomorphic to S3 such that Σ ⊆ Y and
the closures Hα and Hβ of the components of Y \ Σ are handlebodies. Let α =
{α1, . . . , αg} and β = {β1, . . . , βg} be collections of pairwise disjoint simple closed
curves on Σ such that α ∪ β represents a basis of H1(Σ), and αi bounds a locally
flat disc Dαi

⊆ Hα and βi bounds a locally flat disc Dβi
⊆ Hβ for i ∈ {1, . . . , g}.

Furthermore, we can assume that |αi � βj | = δij and the interiors of the discs Dγ

for γ ∈ α ∪ β are pairwise disjoint.
Let Rγ ⊆ S4 \Σ be a rim torus around γ for γ ∈ α∪β, which is the boundary of

the restriction Nγ of the unit normal disc bundle of Σ to γ. Let Sγ ⊆ S4 \Σ be the
topologically embedded 2-sphere obtained by surgering Rγ along the topologically
embedded disc D′

γ := Dγ \ Int(Nγ). We can arrange that D′
αi

∩ Rγ = ∅ and
D′

βi
∩Rγ = ∅ for any i ∈ {1, . . . , g} and γ ∈ (α ∪ β) \ {αi, βi}. It follows that

(5) Sαi
∩ Sαj

= Sβi
∩ Sβj

= Sαi
∩ Sβj

= ∅
for every i, j ∈ {1, . . . , g} with i �= j. All the Sγ are topologically embedded
spheres in S4, so have trivial normal bundle. Thus their self-intersection numbers
all vanish, i.e. λEΣ

([Sγ ], [Sγ ]) = 0. The collection {[Sα1
], [Sβ1

], . . . , [Sαg
], [Sβg

]}
is a basis of H2(S

4 \ N(Σ); Λ) ∼= Λ2g, and in this basis the Λ-intersection form
λS4\N(Σ)

∼=
⊕

g H2; see Section 2.

Lemma 5.1. Suppose that s(m) is 0-homotopic in S4 \ (Σ ∪ T ). Then Σt,r(T, J)
is a Z-surface.

Proof. Let E := S4 \N(Σt,r(T, J)) and EΣ := S4 \N(Σ). Then

E = (EΣ \N(T )) ∪∂N(T ) (EJ × S1).

Hence, by the Seifert–van Kampen theorem,

π1(E) ∼= π1(EΣ \N(T )) ∗Z3 (π1(EJ)× Z),

where π1(T
3) ∼= Z3 is generated by the curves μJ × {1}, λJ × {1}, and {b} × S1

(recall that {b} := μJ ∩λJ ). Since μJ ×{1} = f(s(m)) and s(m) is 0-homotopic in
EΣ \N(T ) by assumption, μJ ×{1} is 0-homotopic in E. As μJ normally generates
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π1(EJ), the curve λJ × {1} is also 0-homotopic in E. However, f(μT ) = λJ × {1},
so μT is 0-homotopic in E. Finally, as f(s(�)) = {b}×S1+t(μJ×{1})+r(λJ×{1})
and μJ × {1} and λJ × {1} are 0-homotopic in E, the curve {b} × S1 is homotopic
to s(�) in E. Hence

π1(E) ∼= π1(EΣ \N(T ))/〈μT 〉 ∼= π1(EΣ) ∼= Z,

where 〈μT 〉 is the normal subgroup generated by μT , and the second isomorphism
follows from the decomposition EΣ = (EΣ \ N(T )) ∪ N(T ) via the Seifert–van
Kampen theorem. �

The intersection Sγ ∩ N(T ) is a collection of meridional discs. The boundary

of each disc is a meridian of T . In the definition of the glueing map f : ∂N(T ) →
∂EJ × S1, we have that f(μT ) = λJ × {1}. Hence each meridian of T is taken to
a parallel of J . For each γ ∈ α ∪ β, construct S′

γ ⊆ S4
t,r(T, J) by first making Sγ

transverse to T , and replacing each component of Sγ ∩N(T ), which is a disc, with
a Seifert surface of J in EJ × {p} for some p ∈ S1. We can assume that we have a
different p for every component, so these Seifert surfaces are mutually disjoint.

We have assumed that s(m) is 0-homotopic in S4 \ (Σ ∪ T ). So, by the proof of
Lemma 5.1, the map π1(EJ) → π1(S

4
t,r(T, J) \N(Σ)) induced by the embedding is

trivial. Hence S′
γ is a Z-surface in S4

t,r(T, J) \N(Σ). We have that

(6) S′
αi

∩ S′
αj

= S′
βi

∩ S′
βj

= S′
αi

∩ S′
βj

= ∅

for every i, j ∈ {1, . . . , g} with i �= j. This follows from the analogous facts in (5)
for the Sαi

and the Sβi
, together with the fact that the Seifert surfaces used in the

construction of the S′
γ are mutually disjoint.

As above let

E := S4 \N(Σt,r(T, J)).

We can arrange that Sαi
∩ Sβj

⊆ S4 \N(Σ ∪ T ) for every i, j ∈ {1, . . . , g}. Then

S′
αi

∩ S′
βj

⊆ S4 \N(Σ ∪ T ) for every i, j ∈ {1, . . . , g} as well. Let

Uγ := Θ(S′
γ) ⊆ E

for γ ∈ α∪β, oriented in such a way that Θ|S′
γ
: S′

γ → Uγ is orientation-preserving.

We compute the intersection numbers among the Uγ . Since each S′
γ is an embedded

Z-surface, each Uγ is an embedded Z-surface. Since Uγ ⊆ S4, it has trivial normal
bundle. Thus λE([Uγ ], [Uγ ]) = 0 for every γ ∈ α∪ β. Since Θ is a diffeomorphism,
the analogous facts in (6) for the S′

γ imply that

Uαi
∩ Uαj

= Uβi
∩ Uβj

= Uαi
∩ Uβj

= ∅

for every i, j ∈ {1, . . . , g} with i �= j. In order to complete the computation of
the intersection numbers among the Uγ , it remains to compute λ([Uαi

], [Uβi
]), for

i = 1, . . . , g.

Proposition 5.2. Let q ∈ Sαi
∩ Sβi

be an intersection point with sign ε ∈ {+,−}
and double point group element tk ∈ 〈t〉 ∼= C∞ ∼= Z. Since q ∈ S4 \N(Σ ∪ T ), we
can consider Θ(q) ∈ Uαi

∩Uβi
⊆ S4 \N(Σt,r(T, J)). Then Θ(q) also has sign ε and

double point group element tk. It follows that λE([Uαi
], [Uβi

]) = λEΣ
([Sαi

], [Sβi
]) =

1− t.
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Proof. As Θ is orientation-preserving and the orientations of Uαi
and Uβi

are in-
duced by Θ, the intersection point Θ(q) has the same sign as q.

Let V ⊆ S4 be a disc such that ∂V is a double point loop for q. Then V
intersects Σ transversely in k points, counted with sign. We can arrange that V
is transverse to T . Replace V ∩ N(T ) with Seifert surfaces of J to obtain V ′ ⊆
S4
t,r(T, J), and write W := Θ(V ′) ⊆ S4. Then ∂W is a double point loop for Θ(q),

and W intersects Σt,r(T, J) transversely in k points, again counted with sign. As
Θ: S4

t,r(T, J)\N(Σ) → S4 \N(Σt,r(T, J)) induces an isomorphism on fundamental
groups, both of which are isomorphic to Z, it follows that the double point group
element of Θ(q) is tk. We deduce that λE([Uαi

], [Uβi
]) = λEΣ

([Sαi
], [Sβi

]) for i ∈
{1, . . . , g}. �

By Proposition 5.2 and the computations above it, the matrix of λE on
{Uα1

, Uβ1
, . . . , Uαg

, Uβg
} is

⊕
g H2. It follows from Lemma 2.4 that {Uα1

, Uβ1
, . . . ,

Uαg
, Uβg

} is a basis of H2(E; Λ), and that

λE
∼=

⊕
g

H2.

Thus Σt,r(T, J) is topologically unknotted by Theorem 2.1. This concludes the
proof of Theorem 1.3. �

6. The Cochran–Davis Seifert surface union a ribbon disc

A natural idea for constructing potentially nontrivial, closed, orientable
Z-surfaces, smoothly embedded in S4, is to take the union of a Seifert surface
F for a slice knot K in S3 and a homotopy ribbon disc D for K. However, by
Lemma 6.1, this is smoothly unknotted if D is obtained from F by compressing
along a slice derivative, which is often the case. Recall that a slice derivative for a
genus g Seifert surface F for a knot K in S3 is a collection of g pairwise disjoint,
homologically linearly independent simple closed curves that form a smoothly slice
link such that the Seifert form vanishes identically on the submodule of H1(F )
generated by these curves.

Lemma 6.1. Let F ⊆ S3 be a genus g Seifert surface, and suppose that c ⊆ F is a
slice derivative. Write D for the slice disc obtained by surgering F along c. Then
Σ := F ∪D is smoothly unknotted.

Proof. Since D is obtained by surgering F along c, it follows that Σ bounds an
embedded copy of F×I with a collection of 3-dimensional 2-handles attached along
c × {0}, which we denote by H. Since the components of c are g homologically
linearly independent simple closed curves in F , the 3-manifold H is a genus g
handlebody. To see this, note that, if we turn the relative handle decomposition of
H built on F × I upside down, we obtain a handle decomposition of H with only
1-handles relative to D2 × I, as D2 is the surface obtained by compressing F along
c. So one can obtain H by attaching 3-dimensional 1-handles to D2 × I, which is
a handlebody. Since ∂H = Σ, it follows that Σ is smoothly unknotted. �
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R

F ′

+3

α′

R

+3

η1

η2

Figure 2. Left: A ribbon knot R, together with a Seifert surface
F ′ and a slice derivative α′ on F ′. Right: The same knot R, with
two embedded curves η1 and η2 in S3 \ R such that η1 � η2 is an
unlink. See [CD15, Figure 6].

Kauffman conjectured that every genus one Seifert surface for a slice knot admits
a slice derivative, but Cochran and Davis [CD15] constructed a counterexample.
This motivates Theorem 1.2, which we restate for the reader’s convenience.

Theorem 1.2 (Restated). Let K be the knot in S3 with genus one Seifert surface
F and ribbon disc D constructed by Cochran and Davis. Then Σ := F ∪ D is
topologically unknotted.

Before beginning the proof, we recall the Cochran–Davis construction [CD15].
It starts with the ribbon knot R with Seifert surface F ′ on the left of Figure 2. We
obtain a ribbon disc Δ ⊆ D4 for R by cutting the left band with a saddle move,
as shown in Figure 3, and then capping off the resulting 2-component unlink with
discs. This is equivalent to surgering F ′ along the slice derivative α′, since cutting
the left band of F ′ results in an annulus with core α′.

The curves η1�η2 shown on the right of Figure 2 form an unlink, and cobound an
annulus A smoothly embedded in D4 \Δ by [CD15, Proposition 5.1]. To construct
this annulus, perform a saddle move on η1�η2 and then on R, as shown in Figure 3.
Figure 3 now shows a 3-component unlink, so the result of the saddle moves can
be capped off with disjoint discs to produce the rest of Δ and the rest of A.

Cochran and Davis perform a satellite construction on D4 along the annulus
A ⊆ D4 with ∂A = η1 � η2 ⊆ S3. We write

S4 ∼= S4
+ ∪S3 S4

−,

where S4
±
∼= D4. Using the identification S4

+
∼= D4, we have Δ ⊆ S4

+. We push the
Seifert surface F ′ for R into S4

−. Consider the surface Σ′ := Δ ∪ F ′ ⊆ S4
+ ∪ S4

−.
Relabel A as A+ ⊆ S4

+, and let A− denote another copy of A in S4
−. By only

pushing F ′ into S4
− a small amount, so it lives in a collar of the boundary S3, we

may assume that A− ∩ F ′ = ∅.
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R

+3

Figure 3. The saddle moves for constructing the ribbon disc Δ
and the annulus A.

Our goal is to perform the satellite construction mentioned above (and explained
in detail below) simultaneously on A+ and A−, which will produce the knot K, with
a ribbon disc D and a Seifert surface F . Then Σ := D∪F ⊆ S4 is the Z-torus that
is the subject of Theorem 1.2.

Let J be one of the knots in S3 considered by Cochran and Davis, for example
the left-handed trefoil, and let EJ be its exterior. Cochran and Davis parametrise
A as S1 × [0, 1], and then perform a 1-parameter satellite construction on D4,
removing a neighbourhood S1 × [0, 1] × B2 ∼= S1 × B2 × [0, 1], and glueing in
EJ × [0, 1] instead, in such a way that each meridian {p} × S1 × {t} is identified
with a longitude of J in EJ ×{t} for p ∈ S1 and t ∈ I. They show that the result of
this construction is a manifold W that comes with a diffeomorphism Φ: W → D4;
see [CD15, Theorem 3.1]. They define the knot K to be Φ(R), the disc D to be
Φ(Δ), and the Seifert surface F to be Φ(F ′).

The knot K can be obtained with a purely 3-dimensional construction, as fol-
lows. Perform two simultaneous infections (satellite constructions) on the curves
η1 and η2, with companion knots J and −J respectively. The resulting knot
K := Rη1,η2

(J,−J) is the Cochran–Davis knot.

Proof of Theorem 1.2. We consider the decomposition S4 = S4
+ ∪S3 S4

−. We per-
form the satellite construction on both S4

+ and S4
− along the annuli A+ and A−,

respectively. This produces 4-manifolds W± with ∂W± ∼= S3 and diffeomorphisms
Φ± : W± → S4

±. The knot R, the pushed-in Seifert surface F ′, and the disc Δ are
all disjoint from A±, and so represent analogous objects in W±. We then have the
pushed-in Seifert surface F := Φ−(F

′) ⊆ S4
− for the knot K := Φ±(R) ⊆ S3, and

ribbon disc D := Φ+(Δ) ⊆ S4
+. So

Σ := F ∪D = Φ−(F
′) ∪ Φ+(Δ).
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Hence Σ is obtained from Σ′ = F ′ ∪ Δ via knot surgery along the torus TA :=
A+ ∪ A− with pattern the knot J . To see this, note that knot surgery removes
N(T ) and glues in EJ × S1. Our construction removes N(A+) ∪N(A−) and glues
in (EJ × [0, 1])∪ (EJ × [0, 1]) ∼= EJ ×S1. As the glueing maps coincide, Σ is indeed
obtained via knot surgery.

Note that π1(D
4 \ F ′) ∼= Z, generated by a meridian by [Che21, Lemma 3.1].

Since Δ is homotopy ribbon, it follows from the Seifert–van Kampen theorem that
Σ′ is a Z-torus.

As η1 � η2 is an unlink, and we obtain A from it by attaching a trivial band and
capping off the resulting unknot with a disc, it follows that A and hence TA are
smoothly unknotted. The surface Σ′ is also unknotted by Lemma 6.1, since one
can obtain Δ by compressing F ′ along the slice derivative α′ shown on the left of
Figure 2.

The annulus A− is obtained by pushing A into S4
− deeper than F−, hence the

meridian m of A− bounds a disc whose interior is disjoint from A− ∪ F−. So the
meridian of TA also bounds a disc in S4 \ Σ′ whose interior lies in S4 \ (Σ′ ∪ TA).

So Σ′ and TA satisfy all the assumptions of Theorem 1.3, and hence the result
Σ of knot surgery on Σ′ along TA with pattern J is topologically unknotted, as
claimed. �

We close this section by noting another general case when a genus one Seifert
surface union a slice disc is a topologically unknotted Z-torus, suggested by Anthony
Conway. Let K ⊆ S3 ⊆ S4 = S4

+ ∪ S4
− be a genus one knot with Alexander

polynomial ΔK
.
= 1. Let D ⊆ S4

+ be a Z-slice disc for K, and let F be a genus one
Seifert surface for K pushed into S4

−. Let Σ := F ∪K D.

Proposition 6.2. The torus Σ ⊆ S4 is topologically unknotted.

Proof. Let ED := S4
+ \ N(D), EK := S3 \ N(K), and EF := S4

− \ N(F ). Then
EΣ := S4\N(Σ) = ED∪EK

EF and π1(EΣ) ∼= Z. With Λ-coefficients, Hi(EK ; Λ) =
0 and Hi(ED; Λ) = 0 for i ∈ {1, 2}. The Mayer–Vietoris sequence implies that the

inclusion-induced map H2(EF ; Λ)
∼=−→ H2(EΣ; Λ) is an isomorphism. By [CP23,

Proposition 7.10], the intersection form of EF is isometric to H2. It follows that
the intersection form of EΣ is also isometric to H2, and hence Σ is topologically
unknotted by Theorem 2.1. �

7. Tori with four critical points

We now prove our theorem on tori with four critical points, which we recall here.

Theorem 1.4 (Restated). Let Σ ⊆ S4 be a smoothly embedded torus with four
critical points. Suppose that the single-variable Alexander polynomial ΔL of the
2-component link L := Σ ∩ S3 is zero, where S3 is the equator of S4. Then Σ is
topologically unknotted.

Proof. Denote the critical points of Σ by c0, c
a
1 , c

b
1, and c2, where the subscript

denotes the index. As before, write S4 = S4
+ ∪S3 S4

−, a union of two copies of D4.

Arrange the critical points of Σ such that c0 and ca1 lie in S4
−
∼= D4, and cb1 and c2

lie in S4
+
∼= D4. The intersection of Σ with S4

+ ∩ S4
− = S3 is a two-component link

L = L1 � L2, with the property that a single fusion band move yields the unknot,
in two different ways.
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Let EL := S3 \N(L), and define

W± := S4
± \N(Σ).

As before, set Λ := Z[Z]. Fix an identification π1(S
4 \N(Σ)) ∼= Z. We then have

a homomorphism π1(EL) → π1(S
4 \ N(Σ)) ∼= Z and isomorphisms π1(W±) →

π1(S
4 \ Σ) ∼= Z, giving rise to Λ-coefficient systems.

Lemma 7.1. We have

(i) H1(W±; Λ) = 0 = H3(W±; Λ);
(ii) H2(W±; Λ) ∼= Λ;
(iii) H2(W±, EL; Λ) ∼= Λ;
(iv) H3(W±, EL; Λ) = 0 = H4(W±, EL; Λ).

Proof. By the rising water principle, W± has a handle decomposition with one 0-
handle, one 1-handle, and one 2-handle. The corresponding handle chain complex
with Λ coefficients has the form

Λ
(0)−−→ Λ

(1−t)−−−→ Λ,

supported in degrees 2, 1, and 0, and hence H1(W±; Λ) = 0 = H3(W±; Λ) and
H2(W±; Λ) ∼= Λ.

Turning the Morse function upside down, we obtain a handle decomposition for
W± relative to EL consisting of one 2-handle, one 3-handle, and one 4-handle. The
handle chain complex for the pair (W±, EL) has the form

(7) Λ
(x)−−→ Λ

(y)−−→ Λ,

supported in degrees 4, 3, and 2, for some x, y ∈ Λ with xy = 0. We will return to
this chain complex after proving (iv). Write

∂± := ∂W± \ EL.

By Poincaré–Lefschetz duality,

H3(W±, EL; Λ) ∼= H1(W±, ∂±; Λ) and H4(W±, EL; Λ) ∼= H0(W±, ∂±; Λ).

Since H1(W±; Λ) = 0, the long exact sequence of the pair (W±, ∂±) ends with

0 → H1(W±, ∂±; Λ) → H0(∂±; Λ)
∼=−→ H0(W±; Λ) → H0(W±, ∂±; Λ) → 0.

It follows that H1(W±, ∂±; Λ) = 0 = H0(W±, ∂±; Λ). So, by the universal coef-
ficient spectral sequence, which gives a short exact sequence for H1, we deduce
that H1(W±, ∂±; Λ) = 0 = H0(W±, ∂±; Λ) and hence H3(W±, EL; Λ) = 0 =
H4(W±, EL; Λ).

Now we make use of the handle chain complex (7). Since H4(W±, EL; Λ) =
ker((x)) = 0, we must have that x �= 0. Since xy = 0 by the chain complex
condition, and since Λ is an integral domain, we see that y = 0. Then, from the
chain complex (7), we compute that H2(W±, EL; Λ) ∼= Λ. �
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The previous proof is the key place where we used the assumption that ΔL = 0.

Lemma 7.2. We have H1(EL; Λ) ∼= Λ ∼= H2(EL; Λ), and H2(EL; Λ) → H2(W±; Λ)
is an isomorphism.

Proof. By Lemma 7.1, the long exact sequence of the pair (W±, EL) with Λ-
coefficients has the form

0 → H2(EL; Λ) → Λ
A−→ Λ → H1(EL; Λ) → 0.

The map A presents H1(EL; Λ), and so is multiplication by the (single-variable)
Alexander polynomial of L. Since we assumed ΔL = 0, it follows that A is the trivial
map and H1(EL; Λ) ∼= Λ ∼= H2(EL; Λ). Furthermore, H2(EL; Λ) → H2(W±; Λ) is
an isomorphism, as claimed. �

Now we consider the Mayer–Vietoris sequence associated with the decomposition

EΣ := S4 \N(Σ) = W+ ∪EL
W−.

By Lemmas 7.1 and 7.2, we have

H2(EL; Λ) ∼= Λ
(1,1)−−−→ Λ⊕ Λ → H2(EΣ; Λ) → Λ ∼= H1(EL; Λ) → 0.

This yields a short exact sequence

(8) 0 → Λ → H2(EΣ; Λ) → Λ → 0.

By Proposition 2.2, we already knew that H2(EΣ; Λ) ∼= Λ ⊕ Λ, but this short
exact sequence gives us a basis {[S0], [S1]}, as follows. Let S0 ⊆ EL denote a
surface generating H2(EL; Λ). Let λ be the Λ-intersection form on H2(EΣ; Λ). The
intersection number λ([S0], [S0]) is trivial, because we can use the boundary collar
EL × [0, 1] ⊆ W− to obtain a disjoint copy of S0 that represents the same class in
H2(EΣ; Λ).

We define an immersed sphere S1 as follows. Take a loop γ in EL generating
H1(EL; Λ). Since γ represents an element of H1(EL; Λ), it represents an element of
π1(EL) in the kernel of the representation π1(EL) → Z defining the Λ-coefficients,
i.e. the total linking number lk(γ, L1)+lk(γ, L2) = 0. The representation π1(EL) →
Z coincides with the inclusion-induced maps π1(EL) → π1(W±) ∼= Z, hence γ is
null-homotopic in W±. Choose a null-homotopy of γ in W+ and a null-homotopy
of γ in W−, and glue the null-homotopies together. The sphere S1 represents the
image of a splitting of the short exact sequence (8).

The intersection pairing λ : H2(EΣ; Λ) × H2(EΣ; Λ) → Λ is represented with
respect to the basis {[S0], [S1]} for H2(EΣ; Λ) ∼= Λ⊕ Λ by a matrix of the form(

0 b

b d

)
.

We have that

H1(∂EΣ; Λ) ∼= H1(Σ× S1; Λ) ∼= H1(Σ× R;Z) ∼= (Λ/(1− t))2

and H1(EΣ; Λ) = 0 by parts (ii) and (iii) of Proposition 2.2. So, the long exact
sequence of the pair (EΣ, ∂EΣ) gives

H2(EΣ; Λ) → H2(EΣ, ∂EΣ; Λ) → (Λ/(1− t))2 → 0.
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ρ

σ

Figure 4. The second row shows the effect of ρ (left) and σ (right)
on the standard band shown in the top row. The band can then
be isotoped back to the standard position by rotating each link
component through angle π in the direction of the arrow.

The intersection pairing λ is adjoint to the composition

H2(EΣ; Λ) → H2(EΣ, ∂EΣ; Λ)
∼=−→ H2(EΣ; Λ)

∼=−→ HomΛ(H2(EΣ; Λ),Λ)

given by the map from the long exact sequence of the pair, Poincaré duality, and
universal coefficients. Hence, the adjoint of the intersection form gives a presenta-
tion for H1(∂EΣ; Λ) ∼= (Λ/(1− t))2. The order of this Λ-module is (t− 1)2, and so,
up to units, b · b agrees with (1− t)2. Thus b = ±tk(1− t) for some k ∈ Z. After a
change of basing path and orientation choice for [S0], we can assume that b = 1− t,
and so λ is represented by (

0 1− t
1− t−1 d

)

for some d ∈ Λ. It now follows by Lemma 2.4 that Σ is topologically unknotted,
which concludes the proof of Theorem 1.4. �

In the special case that the link L appearing as Σ∩S3 is split, we will prove next
that Σ is moreover smoothly unknotted. Note that if L is split, then ΔL(t) = 0, but
there are links, e.g. 2-component boundary links, that are not split but that have
vanishing Alexander polynomial. As L is split, a theorem of Scharlemann [Sch85,
Main Theorem] implies that L is the unlink and the bands are both trivial. The
key to the proof will be Lemma 7.3.

Lemma 7.3. Consider a standard, oriented, 2-component unlink L and a band B
with one end attached to each component of L, and suppose that L ∪ B is isotopic
to the standard oriented unlink L with a standard band B′ (see the top of Figure 4).
Then B is isotopic to B′ relative to its ends, via an isotopy that fixes L setwise
throughout.
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i

ρ σ τi

Figure 5. The generators ρ, σ, and τi for i ∈ {1, 2} of the motion
group of a 2-component link

Proof. If the isotopy from L ∪ B to L ∪ B′ switches the components of L, we
concatenate this isotopy with a π-rotation of L ∪B′ around an axis perpendicular
to the plane of L ∪B′ through the midpoint of B′, which preserves B′. So, we can
assume that, after the isotopy, L is preserved as an ordered, oriented link.

Consider the isotopy of L ∪ B to L ∪ B′, and then forget the band. We obtain
an isotopy of L to itself. The group of such self-isotopies, considered up to isotopy
of isotopy, is called the motion group of L. We are thus given an element γ of the
motion group, which we can extend to an ambient isotopy Γt : S

3 → S3 for t ∈ I,
such that Γ0 = IdS3 , Γ1(L) = L as an ordered, oriented link, and Γ1(B) = B′.

The motion group of an unlink was shown by Goldsmith [Gol81] to be gener-
ated by standard isotopies; see also Brendle–Hatcher [BH13] and Damiani–Kamada
[DK19, Proposition 3.4]. In the case of two components L1 and L2, there are four
standard isotopies, called ρ, σ, τ1, and τ2. Both ρ and σ switch the positions of L1

and L2. During ρ, the component L1 passes through L2 while swapping L1 and L2.
During σ, the components L1 and L2 pass past each other. The isotopy τi rotates
the ith component by angle π around an axis connecting a pair of antipodal points
of Li. See [BH13, Figure 1], which we have reproduced in Figure 5, except we have
isotoped σ relative to its ends to better suit the rest of the proof. The motion group
of L is generated by {ρ, σ, τ1, τ2}. Let w be a word in these generators representing
the motion γ. As τ1ρ = ρτ2 and τ1σ = στ2, we can move every copy of τ1 and τ2 to
the end of w. Using the relations τ1τ2 = τ2τ1, τ

2
1 = e, and τ22 = e, we can assume

that w ends with τ ε11 τ ε22 for ε1, ε2 ∈ {0, 1}. We have ε1 = 0 and ε2 = 0 because L
is oriented and the motion ι is orientation-preserving. So τ1 and τ2 can be ignored,
and we can assume w is a word in ρ and σ.

The motion γ−1 extends to an isotopy of diffeomorphisms Υt : S
3 → S3 starting

at Υ0 = IdS3 . To obtain this, write γ−1 as a word in the generators ρ, σ, and
ρ−1 (note that σ−1 = σ). Apply isotopy extension to each to obtain the path
of diffeomorphisms Υt. We have that Υ1(L) = L as an ordered, oriented link.
Using the simple form of the generators of the motion group, observe that Υ1(B

′)
is isotopic to B′, relative to L. More specifically, after applying ρ or σ to the
standard band shown in the top row of Figure 4, we obtain the band shown in
the second row of Figure 4. We then rotate each link component in the direction
of the arrows in the figure through angle π, after which the band is isotopic to
the standard band, keeping its ends fixed. This observation produces an isotopy
Δt : S

3 → S3 that fixes L setwise for all t ∈ I, but sends Υ1(B
′) back to the trivial

band B′. Concatenate Υt and Δt to obtain an ambient isotopy Υt ·Δt representing
γ−1 in the motion group of L that sends B′ to B′. Now concatenate Γt with Υt ·Δt

to obtain an ambient isotopy such that the motion of L represents γ · γ−1 = e in
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the motion group and sends B to B′. Isotope this isotopy relative to its endpoints
to one where L is fixed setwise for all time, which we may do since, when restricted
to L, this gives the trivial element of the motion group. We have constructed the
desired isotopy from B to B′ that fixes L setwise throughout. �

Theorem 1.5 (Restated). Let Σ ⊆ S4 be a torus with four critical points, and
suppose that the link L := Σ ∩ S3 is split, where S3 is the equator of S4. Then Σ
is smoothly unknotted.

Proof. A theorem of Scharlemann [Sch85, Main Theorem] implies, as mentioned
before, that L is the unlink and the bands are both trivial. By isotoping Σ in a
bicollar of the equatorial S3, we may and shall assume that L is in the position of the
standard unlink. Let B± denote the band that determines the surface Σ± := Σ∩S4

±,
up to isotopy. Since the band is trivial, L ∪ B± is isotopic to L ∪ B′, where B′

is the standard band. Then, by Lemma 7.3, the band B± is isotopic relative to
L to B′, through an isotopy that fixes L setwise. In the theory of banded unlink
representations of surfaces introduced by Yoshikawa [Yos94], this corresponds to
a smooth isotopy relative to boundary from Σ± to the standard annulus in S4

±
with boundary L ⊆ S3 = ∂S4

±. The union of two standard annuli is a smoothly
unknotted torus, so the proof is complete. �

8. Double branched covers

Given a surface S in a 4-manifold X, we denote the double cover of X branched
along S by Σ(X,S). As in the case of the exotic copies of 5RP 2, #6RP 2, and

#10RP 2 constructed by Matić–Öztürk–Stipsicz [MOS23], Finashin [Fin09], and
Finashin–Kreck–Viro [FKV87], respectively, one might try to distinguish the turned
1-twist-spun torus TK,1,1 and the standard torus T 2 using their double branched
covers. Note that Σ(S4, T 2) is diffeomorphic to S2 × S2, where the covering invo-
lution is given by reflection in S1 in both S2 factors.

Proposition 8.1. Let K be a knot in D3. Then Σ(S4, TK,1,1) is diffeomorphic to
(S2 × S2)#X for a homotopy 4-sphere X.

Proof. Using the notation of Definition 3.1, note that both φj and ηi|S2×{θ} for

θ ∈ S1 fix the z-axis pointwise. Let

J := {0, 0} × [1/2, 1] ⊆ D3.

Isotope K such that K ∩ J = {(0, 0, 1/2)}. Then

D :=
J × I

{(x, 0) = (φ1(x), 1) : x ∈ J} ∪η1
({(0, 0, 1)} ×D2)

is a disc in S4 with boundary on TK,1,1. Furthermore, consider the sphere

S0 := ∂D3 × {0} ⊆ S4

disjoint from K × {0}. Then S0 is disjoint from the branch locus TK,1,1 and is
simply connected, so it lifts to a pair of spheres in Σ(S4, TK,1,1), one of which we
denote by S. Since S0 has self-intersection zero, so does S. As D ∩ TK,1,1 = ∂D,
the disc D lifts to a sphere S′ in Σ(S4, TK,1,1), which has even self-intersection (in
fact, it is four by the proof of Theorem 1.1). Note that ∂D3 ∩ J = {(0, 0, 1)}, so
|S0 ∩ D| = 1. It follows that |S � S′| = 1, so N(S ∪ S′) is a plumbing of two
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spheres of self-intersection zero and four, respectively, and is hence diffeomorphic
to (S2 × S2) \D4; see Neumann–Weintraub [NW78].

As TK,1,1 and T 2 are topologically isotopic by Theorem 1.1 and Σ(S4, T 2) ∼=
S2 × S2, it follows that Σ(S4, TK,1,1) is homeomorphic to S2 × S2. Consequently,

Σ(S4, TK,1,1) \N(S ∪ S′)

is a homotopy 4-disc, and the result follows. �
Let M be a closed, connected, smooth, and oriented 4-manifold M with b1(M) =

0 and b+2 (M) > 1. Furthermore, let o be an orientation ofH2
+(M ;R), which is called

a homology orientation. The Seiberg–Witten invariant of M is a map

SWM,o : Spinc(M) → Z,

where Spinc(M) is the set of Spinc structures on X, which is an affine space mod-
elled on H2(M). This satisfies SWM,−o = − SWM,o. If Φ: M ′ → M is a diffeo-
morphism, o is a homology orientation of M , and s ∈ Spinc(M), then

SWM ′,Φ∗o(Φ
∗
s) = SWM,o(s).

We say that the Seiberg–Witten invariants of M and M ′ agree if there is an affine
isomorphism φ : Spinc(M) → Spinc(M ′) such that

SWM ′,o′ ◦φ = ± SWM,o

for arbitrary homology orientations o of M and o′ of M ′.
By Kronheimer and Mrowka [KM94] (see also Gompf–Stipsicz [GS99, Theo-

rem 2.4.8]), if Σ is a smoothly embedded, connected, and oriented surface of genus
g in M with self-intersection [Σ]2 ≥ 0 and [Σ] �= 0 in H2(M), then

(9) 2g − 2 ≥ [Σ]2 + |〈c1(s), [Σ]〉|
whenever SWM,o(s) �= 0. This is known as the generalised adjunction formula.

One can also define SWM,o(s) ∈ Z when b1(X) = 0 and b+2 (M) = 1, but it
also depends on a choice of two possible metric chambers c+ and c−. When the
expected dimension of the Seiberg–Witten moduli space

d(s) :=
(
c1(s)

2 − 2χ(M)− 3σ(M)
)
/4 ∈ 2Z≥0,

then the dependence of the Seiberg–Witten invariant on the choice of chamber is
described by the wall-crossing formula

(10) SWM,o(s, c−) = SWM,o(s, c+) + (−1)d(s)/2

due to Kronheimer and Mrowka [KM94]. We have the following consequence of
Proposition 8.1.

Corollary 8.2. Let K be a knot in S3. Then the Seiberg–Witten invariants of
Σ(S4, TK,1,1) and S2 × S2 agree.

Proof. For a closed, connected, smooth, and oriented 4-manifoldM with b+2 (M) = 1
and b−2 (M) < 10, there is a canonical metric chamber for the Seiberg–Witten
invariant; see Szabó [Sza96, Lemma 3.2]. Furthermore, the generalised adjunction
formula holds with this choice. Hence, ifM is (S2×S2)#X for a homotopy 4-sphere
X, then, for every s ∈ Spinc(M), we have SWM,o(s, c) = 0 for the canonical metric
chamber c by the generalised adjunction formula (9) applied to the self-intersection
zero, homologically nontrivial 2-sphere Σ := S2 × {p} ⊆ M for p ∈ S2 (as the
inequality −2 ≥ |〈c1(s), [Σ]〉| does not hold for any s). Hence, the Seiberg–Witten
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invariants of Σ(S4, TK,1,1) and S2×S2 both vanish in the canonical metric chambers,
and also agree in the other chamber by the wall-crossing formula (10). �

In particular, we cannot use the Seiberg–Witten invariants of the double
branched covers to distinguish TK,1,1 from T 2 up to diffeomorphism of pairs. How-
ever, this might still be a possibility if T has four critical points and T ∩ S3 is
not split, but we do not have any such examples that are not already known to be
smoothly standard.

We finally consider the double cover M of S4 branched along the Cochran–
Davis Seifert surface union a ribbon disc. By Theorem 1.2, the 4-manifold M is
homeomorphic to S2 × S2. On the other hand, we have the following.

Proposition 8.3. Let M be the double cover of S4 branched along the surface Σ
constructed in Theorem 1.2. Then M can be obtained from S2 × S2 using knot
surgery along a 0-homologous torus.

Proof. We use the notation of Section 6. Let us write

S4
± :=

S3 × I±
S3 × {±1} ,

where I+ = [0, 1] and I− = [−1, 0]. Let the Seifert surface pushed into S4
− be

�′ := (R× [−1/8, 0]) ∪ (F ′ × {−1/8}).
(i) We can arrange that A−∩(S3×[−1/2, 0]) takes the form (η1�η2)×[−1/2, 0],

i.e. A− is a product in this collar.
(ii) We assume that the saddle moves used to construct A− are performed in

S3 × [−3/4,−1/2], and the disc capping it off (i.e. the minimum of the
projection to [−1, 0] restricted to A−) lies in S3 × [−1,−3/4].

(iii) We suppose that A+ ∩ (S3 × [0, 1/2]) takes the form (η1 � η2)× [0, 1/2].
(iv) We assume that the saddle moves used to construct A+ and Δ are per-

formed in S3 × [1/2, 3/4], and the discs capping them off (i.e. the maxima
of the projection to [0, 1] restricted to A+ ∪Δ) lie in S3 × [3/4, 1].

Consider the torus TA := A+ ∪ A− in S4 \ Σ′, where

Σ′ = Δ ∪�′ ⊆ S4
+ ∪ S4

−.

Let p : M → S2 × S2 be the covering map. We now show that T := p−1(TA) is
connected, and hence a torus. The curve η1 is a meridian of TA. Since lk(η1, R) = 0
and Σ′ ∩ S3 = R, the meridian of TA is 0-homologous in S4 \ Σ′.

We claim that a longitude of TA represents a generator of H1(S
4 \ Σ′) ∼= Z.

Recall that the annulus A± is obtained by performing a saddle move on η1∪η2 and
capping off the resulting unknot with a disc. Suppose that the saddle is attached
at points x1 ∈ η1 and x2 ∈ η2; see Figure 6. We can assume that x1 and x2 lie on
opposite sides of the Seifert surface F ′. Suppose that the saddle point of A± lies
in S3 × {t±}, and let c± be the core of the band that is attached. Then

� :=
(
{x1, x2} × [t−, t+]

)
∪ c+ ∪ c−

is a longitude of TA. Let a be a straight arc in S3 connecting x1 and x2 such
that |a � F ′| = 1; see Figure 6. Then DA := a × [t−, t+] gives a disc in S4 with
boundary �. We have DA � �′ = {(a ∩ F ′,−1/8)}. Furthermore, DA ∩ Δ = ∅,
because we attach the saddle to η1∪η2 to obtain A+ before we attach the saddle to
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R

+3

η1

η2

x1 x2
a

F ′

Figure 6. The points x1 ∈ η1 and x2 ∈ η2, together with the arc
a connecting them that intersects F ′ in a single point

R when forming Δ. It follows that |DA � Σ′| = 1. Hence � represents a generator
of H1(S

4 \ Σ′), as claimed. Consequently, the pre-image p−1(TA) is connected.
By construction, we obtain Σ from Σ′ by performing knot surgery along TA

with pattern some knot J in S3 (in the main Cochran–Davis example, J is the
left-handed trefoil). So we can obtain M from S2 × S2 by knot surgery along the
torus T . Since H2(S

4) = 0, the torus TA bounds a 3-manifold N in S4. Make N
transverse to Σ′. Then p−1(N) is a 3-manifold in M with boundary T . Hence T is
0-homologous, as claimed. �

The knot surgery formula of Fintushel and Stern [FS98] only applies when the
torus along which we surger is homologically essential. Furthermore, S2 × S2 has
vanishing Seiberg–Witten invariants in the relevant chamber. Hence, we cannot
use the knot surgery formula to distinguish M from S2 × S2, and consequently Σ
from T 2.
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1292 ANDRÁS JUHÁSZ AND MARK POWELL

[BS88] S. Bleiler and M. Scharlemann, A projective plane in R4 with three critical points
is standard. Strongly invertible knots have property P , Topology 27 (1988), no. 4,
519–540, DOI 10.1016/0040-9383(88)90030-4. MR976593

[CD15] T. D. Cochran and C. W. Davis, Counterexamples to Kauffman’s conjectures on slice
knots, Adv. Math. 274 (2015), 263–284, DOI 10.1016/j.aim.2014.12.006. MR3318151

[Che21] W. Chen, A lower bound for the double slice genus, Trans. Amer. Math. Soc. 374
(2021), no. 4, 2541–2558, DOI 10.1090/tran/8191. MR4223025

[CHL10] T. D. Cochran, S. Harvey, and C. Leidy, Derivatives of knots and second-order signa-
tures, Algebr. Geom. Topol. 10 (2010), no. 2, 739–787, DOI 10.2140/agt.2010.10.739.
MR2606799

[CP23] A. Conway and M. Powell, Embedded surfaces with infinite cyclic knot group, Geom.
Topol. 27 (2023), no. 2, 739–821, DOI 10.2140/gt.2023.27.739. MR4589564

[DK19] C. Damiani and S. Kamada, On the group of ring motions of an H-trivial link, Topol-
ogy Appl. 264 (2019), 51–65, DOI 10.1016/j.topol.2019.06.004. MR3974715

[Fin09] S. Finashin, Exotic embeddings of #6RP2 in the 4-sphere, Proceedings of Gökova
Geometry-Topology Conference 2008, Gökova Geometry/Topology Conference (GGT),
Gökova, 2009, pp. 151–169. MR2528682

[FKV87] S. M. Finashin, M. Kreck, and O. Ya. Viro, Exotic knottings of surfaces in the 4-sphere,
Bull. Amer. Math. Soc. (N.S.) 17 (1987), no. 2, 287–290, DOI 10.1090/S0273-0979-
1987-15562-5. MR903734

[FNOP24] Stefan Friedl, Matthias Nagel, Patrick Orson, and Mark Powell, A survey of
the foundations of four-manifold theory in the topological category, Preprint,
arXiv:1910.07372, 2024.

[FS98] R. Fintushel and R. J. Stern, Knots, links, and 4-manifolds, Invent. Math. 134 (1998),
no. 2, 363–400, DOI 10.1007/s002220050268. MR1650308

[GG73] M. Golubitsky and V. Guillemin, Stable mappings and their singularities, Grad-
uate Texts in Mathematics, Vol. 14, Springer-Verlag, New York-Heidelberg, 1973.
MR341518

[Gol81] D. L. Goldsmith, The theory of motion groups, Michigan Math. J. 28 (1981), no. 1,
3–17. MR600411

[Gor81] C. McA. Gordon, Ribbon concordance of knots in the 3-sphere, Math. Ann. 257 (1981),
no. 2, 157–170, DOI 10.1007/BF01458281. MR634459

[GS99] R. E. Gompf and A. I. Stipsicz, 4-manifolds and Kirby calculus, Graduate Studies
in Mathematics, vol. 20, American Mathematical Society, Providence, RI, 1999, DOI
10.1090/gsm/020. MR1707327

[Hir76] M. W. Hirsch, Differential topology, Graduate Texts in Mathematics, No. 33, Springer-
Verlag, New York-Heidelberg, 1976. MR448362

[Kir21] Robion C. Kirby, Problems in low-dimensional topology, 2021, www.math.berkeley.
edu/~kirby/problems.ps.gz.

[KM94] P. B. Kronheimer and T. S. Mrowka, The genus of embedded surfaces in the projective
plane, Math. Res. Lett. 1 (1994), no. 6, 797–808, DOI 10.4310/MRL.1994.v1.n6.a14.
MR1306022

[KR08] H. J. Kim and D. Ruberman, Topological triviality of smoothly knotted surfaces
in 4-manifolds, Trans. Amer. Math. Soc. 360 (2008), no. 11, 5869–5881, DOI
10.1090/S0002-9947-08-04482-6. MR2425695

[Lit79] R. A. Litherland, Deforming twist-spun knots, Trans. Amer. Math. Soc. 250 (1979),
311–331, DOI 10.2307/1998993. MR530058

[Miy23] Jin Miyazawa, A gauge theoretic invariant of embedded surfaces in 4-manifolds and
exotic P 2-knots, Preprint, arXiv:2312.02041, 2023.

[MOS23] Gordana Matić, Ferit Öztürk, and András I. Stipsicz, An exotic 5RP 2 in the 4-sphere,
Preprint, arXiv:2312.03617, 2023.

[NW78] W. D. Neumann and S. H. Weintraub, Four-manifolds constructed via plumbing, Math.

Ann. 238 (1978), no. 1, 71–78, DOI 10.1007/BF01351456. MR510309
[Sch85] M. Scharlemann, Smooth spheres in R4 with four critical points are standard, Invent.

Math. 79 (1985), no. 1, 125–141, DOI 10.1007/BF01388659. MR774532
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