HOMOTOPY OF SPACES OF DIFFEOMORPHISMS OF SOME
THREE-DIMENSIONAL MANIFOLDS

N. V. Ivanov UDC 515.164

The goal of the paper is to calculate the homotopy type of the space of diffeomor-—
phisms for most orientable three-dimensional manifolds with finite fundamental
group containing the Klein bottle. The fundamental group of such a manifold Q has
the form <@, blabab™ = 1, @™?™ = 1>. As m and n one can have any relatively
prime natural numbers; these numbers m, n determine the manifold Q up to diffeo-
morphism. Let K be a Klein bottle lying in Q@ and let P be a closed tubular neigh-

borhood in Q of this Klein bottle K. We denote by ])bffo(Q) the connected component
of the space of diffeomorphisms Q - Q containing i1dQ, and by E¢(K, Q) the con-
nected component of the space of imbeddings K - Q containing the inclusion K — Q3
analogously we define Ey(K, P). The main results of the paper are the following
two theorems. THEOREM 1. If m, n # 1, then the space Diff (@) is homotopy equiva-
lent with a circle. THEOREM 2. If m, n # 1, then the inclusion Eq(K, P) & Eg(K,
Q) is a homotopy equivalence. With the help of familiar results on spaces of dif-
feomorphisms of irreducible manifolds which are sufficiently large, Theorem 1 re-
duces without difficulty toTheorem 2. The main difficulty is the proof of Theorem
2. This proof develops a technique of Hatcher and the author which deals with
spaces of PL-homeomorphisms and diffeomorphisms of irreducible manifolds which are
sufficiently large. In the paper we use a different structure definition of the
class of manifolds considered. It is easy to verify that these definitions are
equivalent.

1. Introduction

(1.1) The study of the homotopy type of spaces of diffeomorphisms of compact smooth
manifolds attracts more and more attention. A survey of recent results in this area can be
found in Proc. Symp. in Pure Math., Voi. 32, Part 1; cf. [3, 7, 9, 25]. At the same time in
only a small number of cases has there been success up to now in calculating completely the
homotopy type of spaces of diffeomorphisms. Namely, such a calculation has been made for
manifolds of dimension 1 and 2 and for certain three-dimensional manifolds.

The case of one-dimensional manifolds is simple and is well known. The homotopy type
of the space of diffeomorphisms of surfaces was calculated by Eells and Earle [6], and their
paper was preceded by Smale's paper [24], in which the cases of the two-dimensional sphere
and the two-dimensional disk were considered. As to three-dimensional manifolds, here the
homotopy type of the space of diffeomorphisms is known in the following cases. Firstly, ac-
cording to the famous "Smale conjecture,'" recently proved by Hatcher [10, 11], the space of
diffeomorphisms of the sphere S® is homotopy equivalent with 0(4), and the space of diffeo-
morphisms of the disk D® is homotopy equivalent with 0(3) (the cases of S® and D® reduce to
one another easily). Further, the homotopy type of the space of diffeomorphisms has been
calculated for the case of Waldhausen manifolds, i.e., irreducible compact three-dimensional
manifolds containing a noncontractible surface and not admitting a two-sided imbedding of the
projective plane. This calculation was made independently by Hatcher [8] and the author [13,
14]; it is based on the Smale conjecture. (Hatcher [8] is devoted to the corresponding piece-
wise-linear problem; in order to get differential results from it, it suffices to use the
PL/Diff comparison theorem of Burghelea-Lashof-Morley [4] and the Smale conjecture). Finally,
Hatcher [12] calculated the homotopy type of the space of diffeomorphisms of the manifold
sl x 82 and certain other reducible manifolds. (In [5] a series of results were announced
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dealing with reducible manifolds, but according to [12], Laudenbach discovered an essential
lacuna in the proof of the results of [5],) There is a more detailed discussion of these
results in Hatcher's report to the congress in Helsinki [10].

The goal of the present paper is to calculate the homotopy type of the space of dif-
feomorphisms for a certain infinite family of irreducible three-dimensional manifolds with
finite fundamental group (we note that all Waldhausen manifolds have infinite fundamental
group) . These manifolds are defined in (1.2), and the main results of the paper are for-
mulated in (1.3).

We note that all these results, including the results of the present paper, have analogs
dealing with spaces of homeomorphisms and with spaces of piecewise-linear homeomorphisms. In
fact, as is well known, for manifolds of dimension <3, all three spaces: of diffeomorphisms,
homeomorphisms, and piecewise-linear homeomorphisms, are homotopy equivalent. In dimension
3 this fact depends on the Smale conjecture. Here in most cases the results on spaces of
homeomorphisms and piecewise-linear homeomorphisms can be obtained directly, without turning
to the differential results.

{(1.2) The manifolds with which we shall be concerned in the present paper are defined
as follows. Let K be a Klein bottle, m:T -+ K be the orienting covering, so that T is a torus,

and let P=TxTu K/(x,0)~'rr(ae) , where T is the segment {0, 1], be the mapping cylinder of w.
Tt is clear that P is a three~dimensional manifold with boundary T, containing K as a defor-
mation retract. The manifolds of interest to us are obtained by gluing on the solid torus

D*x S” to P by all diffeomorphisms 8(@2" Si)'—*T
It is easy to list these manifolds. In fact, the result of gluing iDlX,g1 to P is de~

termined up to a diffeomorphism by the isotopy class of the image of the meridian Bﬂzx&’, ,
where x is (any) point of the circle S', and in addition its homotopy class (since homotopic
curves on the torus are isotopic). Let ¢ and b be standard generators of the group 71(K), so
that m1(K) = <a, blgbab™ = 1>. Then ¢ and b® generate the image of the group mi(T) in m1(K),
which we shall identify with the group m1{(T) itself. Thus, the homotopy class of the image

of the meridian has the form ¢™?%, and thus the two numbers m and n are defined. Since the
class @™b?" contains an imbedded circle, the numbers m and n are relatively prime. Actually,
the result of gluing depends up to a diffeomorphism only on Iml, Inl (cf. the following para-
graph). The result of gluing corresponding to positive relatively prime m and n will be
denoted by Q{(m, n).

The fact that the result of gluing depends only on Iml, Inl follows from the existence
of a diffeomorphism P > P acting on mi1(T) by the formula a¢ - a~ %, b? - b?> and a diffeomor-
phism acting on w1(T) by the formula a ~ @, b®> > b™2. For example, in order to get the first
diffeomorphism, it suffices to take a diffeomorphism K + K acting on m1(K) by the formula
a~a', b>b, take a covering diffeomorphism T + T of it, and finally take the diffeomor-—
phism P > P induced by the latter. The diffeomorphisms K > K which are needed are induced by
symmetries of the standard model of the Klein bottle as a rectangle with sides identified.

(1.3) Now we formulate the main results of the paper, Theorems 1 and 2. AS§ usual, we
denote by D (M) the space of diffeomorphisms of the manifold J# , and by fbiﬁo(ﬁfi’} the
component of the space (M) containing i'd’lkﬂ For a submanifold N of the manifold M,

we denote by E(fq,ﬁt) the space of imbeddings N > M, and by EO(N,ﬂi) the component of the
space E(N, M) containing the inclusion N € M.

THECREM 1. If m, n # 1, then the space €Méﬂ(GRHQHO) is homotopy equivalent with a cir-
cle.

THEOREM 2. If m, n # 1, then the inclusion E¢(K, P) & Eo(K, Q{(m, n)) is a homotopy
equivalence.

Theorem 2 can be considered as a "separation theorem': it is easy to verify that the
image of the imbedding K - Q(m, n) lies in int P if and only if this image does not intersect
oP. With the help of the results on Waldhausen manifolds mentioned in (1.1), Theorem 1 can
be reduced without difficulty to Theorem 2. This is one of the main sources of interest in
Theorem 2.

The technique of the proof of these theorems can be supplemented so as to include the
case of the manifolds Q(1, n) with n # 1. Since the manifolds Q(1, n) are lens spaces
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[namely, Q(1, n) is diffeomorphic with L(4n, 2n — 1)], this case is of particular interest.

A separate paper of the author will be devoted to it. The main result here is that @f/ﬂo
(Q(1, n)) for n # 1 is homotopy equivalent with the two-dimensional torus. Probably the meth-—
ods of this paper can be extended to the remaining manifolds Q(m, n) also. Of the others the
most interesting is the manifold Q(2, 1), which is diffeomorphic with the quaternion space,
i.e., the quotient-space of the sphere S° by the action of the group of eight unit quater-
nions.

The proof of Theorems 1 and 2 recounted in the present paper is based on the Smale con-
jecture, whose proof, obtained by Hatcher [10, 11], is very difficult. The use of the Smale
conjecture in the proof of Theorem 1 is apparently necessary. However, Theorem 2 can also be
proved without using the Smale conjecture. Namely, such a proof was originally obtained by
the author. The proof given in the present paper is based on the combination of the ideas
of this original proof and the ideas of Hatcher [8]. It is essentially simpler in technical
terms than the original proof. The use of the Smale conjecture allows us to concentrate on
the difficulties connected with the fact that K lies in a one-sided way in Q(m, n). At the
same time, essentially all the ideas needed to prove Theorem 2 without being based on the
Smale conjecture are contained in the present paper and [14].

Theorem 1 can be supplemented by the calculation of the group %;(%@ﬁ‘(@(ﬂ%%)» . It is

equal to (Z/?/Z)z form# 1, 2 and n # 1 and is equal to S’ae Z[%Z , where S; is the sym—
metric group, for m = 2 and n # 1. For other m and n this group is also known; cf. the fol-
lowing subsection.

(1.4) Theorems 1 and 2 were announced by the author in [15, 16] along with the calcula-

tion of the groups Re(Diff (B(m,n))) for m # 1, 2 and n # 1. The manifolds Q(m, n) were also
introduced there. The manifolds Q(m, n) were also introduced independently by Kim [17],
Rubinstein [22] and Asano [2]. Kim [17] and Rubinstein [22] applied the manifolds Q(m, n)
to the study of the actions of some finite groups on 3%, Rubinstein [22], Asano [2], and

Cappel and Shaneson (unpublished) calculated the groups 'n;(‘.bm(ﬂ(m,n))) for all m and n.
These papers also contain a series of elementary facts about the manifolds Q(m, n): the cal-
culation of the groups 71(Q(m, n)) and H1(Q(m, n)) — it shows that the manifolds Q(m, n) are
pairwise homotopically inequivalent; the identification of the manifolds Q(1, n) with the

lens spaces and of the manifold Q(2, 1) with the quaternionic space; the fact that the sphere
is the universal covering of all the manifolds Q(m, n), from which it follows that these mani-
folds are irreducible. We shall not repeat the proofs of these results here, "or the calcu-

lation of the groups ‘IFQ(QLM(O(m’n))) , referring the reader to the papers cited.

The splitting of the quaternion space into two parts, diffeomorphic with P and ﬂﬂxg'
from which it is evident that it is diffeomorphic with Q(2, 1), is already contained in Price
[21]. Thinking about this paper led the author to the definition of the manifolds Q(m, n)
and was the initial point in the study of their spaces of diffeomorphisms.

(1.5) The rest of the paper is devoted to the proof of Theorems 1 and 2. They are com-
pleted in Secs. 10 and 9, respectively. One of the main steps in the proof is the Basic lem-—
ma, proved in Sec. 8. Sections 3 and 4 are devoted to specific questions connected with the
manifolds Q(m, n). Sections 5, 6, and 7 contain a series of general constructions needed in
the proof of Theorems 1 and 2. Finally, Sec. 2 has an auxiliary character. It contains, in
particular, the conventions and terminology used throughout the entire paper.

2. Preliminary Material

(2.1) We use differential-topological terminology. Manifolds, diffeomorphisms, etc. are
assumed to be of class C®. The spaces of diffeomorphisms and embeddings are provided with
the C*-topology as usual.

(2.2) As usual, we denote by I the segment [0, 1], by P and S™7!, respectively, the

unit ball ai.d sphere in R” . A manifold which is diffeomorphic with I, St ﬂ% , or s%, re-
spectively, will be called a segment, circle, disk, or sphere. By a disk with holes we mean
a manifold diffeomorphic with a disk with the interiors of some pairwise disjoint dlsks
lying in its interior discarded. By a ring we mean a manifold diffeomorphic with st x I.

A manifold diffeomorphic with @“xSf is called a solid torus. A circle Y, lying in
the boundary 90X of a solid torus X, is said to be a parallel of the solid torus X if the
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inclusion Y ¢ X is a homotopy equivalence, and a meridian of the solid torus X if it is
null-homotopic in X and not null-homotopic in 2X. The intersection index (in 3X) of a merid-~
ian with a parallel is always equal to *1.

By a surface we mean a compact two—dimensional manifold. A surface F imbedded in a

three~dimensional manifold V is called a regular surface in V if 3F = 8V 11 F and F is trans-
verse to 3V in V.

% .
By 503 we shall denote the half-disk Qzﬂ R?{. , where IR,.,. is the half-space {('x,u)em:
X
yzo}. By S}F we shall denote the semicircle S'1 n R:’. , and by S the segment @3 a 8R+ , 80
that a%ﬁ == glkJSq . It is clear that %i is a smooth manifeld with corners.

(2.3) In what follows we assume fixed the relatively prime natural numbers m and n such
that m, n # 1 and we shall denote the manifold Q{(m, n) simply by Q.

The notation and conventions of (1.2) are used for the duration of the paper. In par-
ticular, the group m1(T) can be identified with its image in m1(K); & and b® can be con-
sidered as its standard generators. The boundary ﬁ(ﬁ“xsﬁ) of the solid torus 9°x8' wil1
be identified with the boundary T of the manifold P by means of the gluing diffeomorphism
[corresponding to Q = Q(m, n)]. We note that a meridian of the solid torus ﬂthsf has in T
the homotopy class a™b?R,

(2.4) The Covering q:Q” - Q. We recall that P = TxI vK/ARD)Y~ (%) , where m:T > K is
the orienting covering. Let p:T x I - P be the canonical map and t:T » T be the involution
permuting the sheets of the covering m:T + K. We set P™ = T x [~1, 1] and we define the map
p:P” > P by :

(P eh for T3>0
Pm’t’_{ (T, =% for $=0.

It is clear that p is a covering. Here p 2(K) = T x 0 and the map T x 0 -+ K, induced by p,
is obviously the orienting covering. Moreover, p induces a homeomorphism between each of the

components of the boundary 3P and the boundary 8P. Hence one can glue to P~ two copies of the solid

torus 9%x §' so that the manifold Q obtained is a two-sheeted covering of Q. Let q:Q »Qbe
the covering obtained. It is clear that Q~ is a lens space. The torus p~ (K) divides Q~
into two solid tori, which we denote by R and R'. Further, we set r = q/R and r' = qIR'.
The map r:R - Q obviously induces a homeomorphism R \ 3R - Q \ K and a two-sheeted covering
dR -~ K; this covering is orienting.

3. Klein Bottles in Q

(3.1) LEMMA. A circle lying in a Klein bottle either bounds a disk in K or is isotopic
with one of the four circles a, B, a8, B2 indicated in Fig. 1: in Fig. 1a there is shown the
identification of sides of a rectangle giving K; in Fig. 1b the circles are indicated.

There is a proof in [21]; cf. [21, Lemma 2.1].

We note that the circle o (respectively, 8, a8, 8%) is isotopic with the image of some
loop of the homotopy class a (respectively, b, ab, b?). This explains our notation. We note
in addition that the circles isotopic with B or af lie in K in a one-sided fashion, and the
others in a two-sided fashion.

(3.2) LEMMA. A connected, orientable surface A, lying in K, is a disk with holes. Here
either all components of the boundary A are contractible in K, or exactly two components are
not contractible in K. ‘

For the proof we apply Lemma (3.1) to the components of the boundary 9A and we consider
the possibilities which arise. We get that A is isotopic in K with either a tubular neigh~
borhood of the curve o with some holes, or a tubular neighborhood of the curve 282 with holes.

(3.3) In the rest of this section L denotes a Klein bottle in Q, isotopic with K.
(3.4) LEMMA. 1If a circle on L 1is null-homotopic in Q, then it bounds a disk in L.

Proof. It suffices to consider the case I = K.
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Fig. 1

Applying van Kampen's theorenm to the subdivision of the manifold Q into P and 50‘1‘ X S‘ s we
get the following representation of the group m1(Q) by generators and relatioms: m1(Q) =

<a, blabab™ = 1, o™ = {>. From this one gets a representation of the group Hi(Q) by gen-
erators and relations: H1(Q) = <ea, b{ab = ba, > = 1, ™2™ = 1>. These ¢ and b are the
images of the generators ¢ and b of the group m1(K). Since m, n # 1, one has that @, b, ab,

and b? are not equal to one in H1(Q). From this it follows that the circles o, B, aB, and g2
are not null-homotopic (or even null-homologous) in Q. To complete the proof it remains to
apply Lemma (3.1).

(3.5) LEMMA., 1If L is transverse to K, then any component of the surface r (L) is a
disk with holes.

[We recall that r:R -~ Q is defined in (2.4).]

Proof. Since L is isotopic with K, one has q~'(L) is a torus. Since ﬁd(b)==$4th)ﬂ R,
it follows that the surface r~'(L) is orientable. On the other hand, a slight reduction of
the surface r~ (L) can be imbedded in the Klein bottle L. By (3.2) it follows from this that
r~1(L) is a disk with holes.

(3.6) LEMMA. If L is transverse to K, then no component of the boundary 3r (L) is
either a parallel or a meridian of the solid torus R.

Proof. We can assume that LNP is a tubular neighborhood in L of the intersection
LK. In this case the pairs (R, r™* (L)) and (@%{Sﬂ Lnﬂ)z"ﬁ”) are obviously diffeomorphic.
Hence it suffices for us to show that no component of the intersection LnT [which coin-
cides with U(Ln:a"x,s”) ] is either a parallel or a meridian of the solid torus ﬁszﬂ,‘

It is clear that each component of the intersection LnT is isotopic in T with a curve
covering (under the covering m:T - K) some component of the intersection LnK. Using Lemma
(3.1), we see that each component of the intersection LAT 1ies in one of the following
homotopy classes: 1,031,(52)*1. Since m, n # 1, none of these classes coincides with the
homotopy class a,"“é”” of a meridian of the solid torus 509'3 S‘ Hence none of the compo-
nents of the intersection LFIT is a meridian of the solid torus ﬂﬂxsi . Further, since
m, n # 1, the intersection index in T of any of the classes 1, a*t ,(ﬁz)t1 with the class
u"°€zw of a meridian is equal to *1. Hence, none of the components of the intersection LnT
is a parallel of the solid torus D% S’

(3.7) LEMMA. Let L be transverse to K and let A be a component of the surface r~'(L).
Then either all components of the boundary 3A are contractible in 3R, or exactly two compo-
nents are not contractible (in 3R).

Proof. Tt is clear that QA€ ¥'(LNK) and that each component S of the boundary 9A

covers a component r{(S) of the intersection LnK . Here S is contractible in 3R if and only
if r(S) is contractible in K. 1In fact, in case r(S) either bounds a disk in K or is one of
the standard curves o, B, af, 8%, this assertion is obvious (we recall that 3R » K is an
orienting covering); the general case reduces to this by (3.1).

Further, by (3.4), r(S) is contractible in K if and only if r(S) is contractible in L.

Now let B be a slight reduction of the surface A; more precisely, let B be obtained by
imbedding in A the interior of some collar of the boundary. Let §' be the component of the
boundary 8B, corresponding to the component S of the boundary 3A. It is clear that either
r(S) and r(S') bound a ring in L and thus are isotopic in L, or r(S8') is the boundary of a
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Mobius strip with axis r(S) 1lying in L. From this it is clear that r(S) is contractible
in L if and only if r(S') is contractible in L.

Cotnbining the equivalences obtained, we see that S is contractible in 3R if and only if
r(S") is contractible in L. By (3.5), the surface A, and hence the surface r(B) also, is a
disk with holes. Tt remains to use Lemma (3.2).

{(3.8) LEMMA. If L is transverse to X, then at least one of the components of the bound-
RN S sq g .
ary 9r™ (L) is not contractible in 3R.

Proof. Obviously it suffices to show that if L is transverse to K, then at least one of
the components of the intersection LnK is not contractible in K. Let us assume the con-

trary. Then by Lemma (3.4) each component of the intersection Un K is contractible not
only in K, but alsc in L. Standard arguments (cf., e.g., [19, Chap. 2, Sec. 5.2]) show that

. . . . ! . .
then 1. is isotopic with a surface L' such that Lf\K== ﬁ’ . Thus we get an 1lmbedding of a
Klein bottle in @ \ K. Since Q \ K is diffeomorphic with iﬂ&w@*x,S‘ , this is impossible.

The contradiction obtained completes the proof.

4, Admissible Surfaces in a Solid Torus

(4.1) Let X be a solid torus and A be a surface in X. We shall say that A is an ad-
missible surface in X if the following conditions hold:

(4.1.1) A is a regular surface in X;

(4.1.2) A is a disk with holes;

[

(4.1.3) none of the components of the boundary 3A is either a parallel or a meridian o
the solid torus X;

(4.1.4) either all components of the boundary 3A are contractible in 3X, or exactly two
components are not contractible in 3X.

We shall call an admissible surface A in X <nessentzal if all components of the boundary
8A are contractible in 38X, and essential in the opposite case.

The following lemma shows how admissible surfaces arise from Klein bottles in Q.

(4.2) LEMMA. Let L be a Klein bottle in Q, isotopic with K. If L is transverse to K,
then any component of the surface r~'(L) is an admissible surface in R.

This is a consequence of Lemmas (3.5), (3.6), and (3.7).

(4.3) Let A be an essential admissible surface in X. In addition, let no component of
the boundary 9A be contractible in 8X. Then obviously A is a ring and A is not contractible
in ¥ [i.e., the inclusion homomorphism m1{A) -+ w1(X) is a monomorphism]. As is well known,

a regularly imbedded noncontractible ring in a solid torus 1s a parallel of the boundary,
more precisely, of a part of the boundary. In other words, A divides X into twc parts, at
least one of which, say W, hasstandard form: the triple (W; A, 3X N W) is diffeomorphic with

the triple (ﬂz’_ XS',; g:XS") S_‘_xsq) . Since the components of the boundary 9A arenot parallels
of the solid torus X, only one of these parts has standard form. We shall denote this part
by Wx(A) or simply W(A).

(4.4) LEMMA. Let A be an essential admissible surface in X. Let 1h,h@:%i = X be
two imbeddings such that:

@ Ay ="H,(85), h (B0 n0X=1,(8D), in parcicular, 4 (ghndA =4, 3LH;

hi(iﬁ) is transverse to A and to 8X;

the two points which constitute hi(asi) lie on two different components of the boundary
8A which are not contractible in 3X.

Then 1114 (%2) and 1%(%3) lie on one side of A.

Proof. We set ﬂk==ﬁk(%f), i =1, 2. We glue disks to all components of the boundary
3A which are contractible in 3X; we denote the surface obtained by A%, ~Obviously AT is a
ring. The inclusion A & X obviously extends to a map A* > X; let 1 be some extension.



Each of the segments -‘-an A, mﬁﬂ A joins two components of the boundary 9A*, and hence these
segments are homotopic in A% in the class of segments joining two components of the boundary.

Let h:I x I » A" be the corresponding homotopy, so that h induces homeomorphisms.Ix'0‘+'ahﬂ
A,IX‘I—FQ'@“A and W(0xI), W(ix e 0AT . we glue & and &y to I x I by means of
these homeomorphisms Ix0 »4,nA . »Ix{— %z NA" ; let9 be the space obtained. Ob-
viously 9 1is homeomorphic with a disk. The inclusioné %ery %z o X together with the
composition %14,'.1!:[ —~ X determine a map 49— X , which we denote by j. If %4 and ﬁ)%
lie on different sides of A, then the intersection index in 3X of the loop j‘ 02 with any

component of the boundary 9A* is equal to #1 (ef. Fig. 2). Since the loop jllaﬁ is null-
homotopic in X (j defines the homotopy), it follows that in this case the components of the
boundary dAT are parallels of the solid torus X. Since these components are simultaneously
components of the boundary 9A, this contradicts the admissibility of A.

(4.5) LEMMA. ZLet A and B be essential admissible surfaces in X. Suppose none of the
components of the boundary 3A and none of the components of the boundary 3B is contractible

in 38X. 1If AnB=¢ , then either WAIN WR) = ¢ , OT ‘W(A)C WR) , or WBYSWA).

Proof. We note first that obviously the components of the boundary 9A are isotopic with
components of the boundary 9B. If W(A) N W(B) == @ , then either AnW(B)=#¢ or BAW(A) +
¢. 1In the first case obviously A< W(B) and aAGW(B)n 0X . Here 3A bounds some ring C
in WKB”18X . Moreover, A divides W(B) into two solid tori. Let Y be the one which con-
tains C. It is clear that [ =Yn0X and that the triple (Y; A, C) is homeomorphic with the

triple (ﬂz’xs{; S:X,SH; g x,S”) . Hence Y = W(A) and W(A)c W(B). Analogously, if Bn w(hy =
¢, then WR)ICW(A).

5. General Position

(5.1) Let M and N be closed surfaces in the closed three-dimensional manifold Z. We
shall say that the point %€MnN is a singular point of intersection of M with N if M is not
transverse to N at x. In this case the germ at x of the triple (Z; N, M) is obviously dif-
feomorphic with the germ at 0 of some triple of the form (RZXR,R}XO,F) such that I' is the
graph of some function Rz;ﬂ' R having O as a critical point.

If this function has 0 as a critical point of finite multiplicity (this circumstance

does not depend on the choice of triple (RR'XR s R*x 0, " )), then we shall say that x is a
singular point of finite multiplicity. (For the definition of critical points of finite mul-
tiplicity, cf., e.g., [1].) We shall say that M Zs in general position with N if all singu-
lar points of the intersection of M with N are of finite multiplicity.

Let F be some closed surface. We shall say that the Zmbedding F > Z is in general posi-—
tion with N if its image is in general position with N.

(5.2) LEMMA. Any finite-parametric family of imbeddings F > Z admits an approximation
by a family of imbeddings in general position with N.

This follows from the Thom transversality theorem and the fact that the set of all «~-—
jets of functions at critical points of infinite multiplicity has codimension = in the space
of all jets of functions (cf. [1]).

(5.3) For a function -!'r:ﬂa'—-r— ];{,1] we shall denote by I'f its graph; chﬂ%x 1,11
Let % be a singular point of finite multiplicity of the intersection of M with N. By
definition, for some neighborhood U of the point # in Z the quadruple (%,Nnll, Malb, %) is

diffeomorphic with some quadruple of the form (0, @%x0, T, Dox [-;1,'1] ), where }:@R’-—» 11 is a
function having O as a critical point of finite multiplicity. If here O is the unique criti-
cal point of the function f and £-1(0) is a union of several segments joining O with 09" ,
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transverse to 3%2' , and intersecting only at 0 (cf. Fig. 3), then we shall say that U is a
regular neighborhood of the point .

We shall show that ®# always has a regular neighborhood. Firstly, since a critical point
of finite multiplicity is isolated in the set of all critical points (cf. [1]), we can assume

that 0 is the unique critical point of the function f. Further, since for a function ?:R%-—»—
IK with critical point of finite multiplicity at O there exists a diffeomorphism %:(R?;ﬁ)-»

(R%O) such that the germ of the function geoh at 0 is polynomial (cf. [1]), one can assume
in addition that the function f is polynomial. Then by Theorem 2.10 of [20] for a disk f{,’}

of sufficiently small radius with center at 0 the pair (4,@n #0)) is homeomorphic with
the pair (ﬁ,GM(aR)ﬂiﬁJ(O))) , Wwhere con 1s a rectilinear cone with vertex at 0. Moreover, as

is evident from the proof of this theorem, the homeomorphism (Z,2n#~(0) (D con(d2nsF01)
can be chosen so that it is a diffeomorphism away from 0. From this it is evident that the

image of the cylinder 2% [<1,11 under the diffeomorphism ﬁzk [—111] —— U is a regular
neighborhood of the point w.

We note for what follows that if the function f:ﬂz"—b(-'f,'l') satisfies the conditions
from the definition of regular neighborhood, then 0 is a regular value of the function :Haﬁ% 5

moreover, F'(O)ﬂﬂﬁvx consists of an even number of points. The second assertion obviously
follows from the first. The first, in its own right, follows from the fact that f has no

critical points on ‘aﬁbz and £-*(0) is transverse to 3:0"

(5.4) LEMMA. Let M be in general position with N; M,NCZ . Let ﬂp:ﬁzx E-f,‘i]‘"*" Z
be an imbedding such that Im&PﬂNr— P(P¥%x0) . Then for all sufficiently small u the disk
PD¥xu) is transverse to M.

Proof., Let ‘ljﬁﬁaz . If cp(y,o,) is not a singular point of the intersection of M with N,

then for some neighborhood Uy of the point vy, obviously sp(u (XW) is transverse to M for all
sufficiently small u. Now let @(4,0) be a singular point. "If Uy is a sufficiently small

neighborhood of the point y and ¢ is sufficiently small, then W"’(M)ﬂu X[‘S,&] is the graph
of some function Uy + (—¢, €). This function has y as a critical point of finite multiplicity.
Since critical points of finite multiplicity are isolated in the set of all critical points,

we can assume that y is the unique critical point of this function. Then (P(u%x%) is trans-

verse to M for lul < €. 1In order to complete the proof, it suffices to note that from the

family {u?}ye%g, one can choose a finite covering of the disk féz’;

6. Reconstruction along the Boundary

(6.1) Let M be a regular surface in the three-dimensiocnal manifold Z. Let ’h:%ixl — 7
be an imbedding such that %(SIXI)=Mnh(f6§:xI) and h(ﬁ’ij):ﬁZnh(ﬂi’xI) . Let M' be the

result of smoothing corners in the surface (M\MSIXI)) Q-h(%f'ﬁa}:) . In this situation we
shall say that M' is obtained from M by reconstruction along the boundary in 7 by means of
the imbedding h. See Fig. 4.
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It is clear that M' is a regular surface in Z. The boundary 8M' is obtained from aM
by Morse reconstruction of index 1: h(S: x I) is the corresponding handle.

Fig. 4

(6.2) Let M' be obtained from M by reconstruction (along the boundary) by means of h,
and M" be obtained from M' by reconstruction by means of h'. If the images of the imbed-
dings h and h' do not intersect, then obviously these reconstructions can be commuted: M"
can be obtained from M by first reconstructing by means of h' and then reconstructing by
means of h. Actually, these reconstructions can be done simultaneously.

More generally, if several imbeddings such as in (6.1) are given, and their images are
pairwise disjoint, then reconstruction by means of these imbeddings can be done simulta-
neously.

7. Special Approximations of Surfaces

(7.1) Let N be a closed surface in the closed three-dimensional manifold Z. Each sur-
face M in Z can be approximated by a surface transverse to N. In case M is in general posi-
tion with N [in the sense of (5.1)], there is a particularly convenient class of such ap-
proximations, the class of special approximations. This section is devoted to defining it.

Let M be a closed surface in Z, in general position with N. Let % be a singular point
of intersection of M with N. We choose a regular neighborhood U of the point ® and a corre-

sponding function £, such that the quadruples A=(90,Nn U, Mn M;u) and B=(0,.2)1x0,[},$02x ['1;1])
are diffeomorphic and f satisfies the conditions from the definition of regular neighbor-
hood [cf. (5.3)]. 1In particular, the preimage £~*(0) is the union of some segments joining

& , - . .
0 to 0% , and since F YONOL* consists of an even number of points [cf. (5.3)], the
number of these segments is even. Cf. Fig. 5a. Let giﬂw-ﬂ~ (-1,1) be some function co-

inciding with f near 04%, having O as a regular value, and such that the preimage g~ *(0)
consists of several pairwise disjoint segments, each of which joins two neighboring points

of the intersection f-QO)f1aQ” » 80 that up to an isotopy which is the identity on 0a*
one has two possibilities for g='(0), which are pictured in Fig. 5b and c. Since 0 is a

regular value of the function fiaﬁz [cf. (5.3)], such functions g obviously exist. It is
clear that for such a function g the graph T'g is transverse to the disk *x 0 in ﬁ”x[}t1] .

In the surface M we replace the piece‘Mf1ur by the surface corresponding to the graph T'g
under the diffeomorphism of quadruples A -~ B. We perform the analogous operation for the
remaining singular points of intersection of M with N. The surface obtained is obviously
transverse to N; by the choice of the functions g, we can arrange that it will be arbitrarily
close to M. We shall call surfaces obtained from M in the way indicated special approxima-
tions of the surface M (with respect to N).

(7.2) We note that for the quadruple(O,QZXO,rb,ﬂzx[}t1]) , where g is a function par-
ticipating in the construction of a special approximation of the surface M near some singu-
lar point, there are, up to an isotopy which is the identity on ﬁ(QZXE}1,1]) , two possibili-
ties for the preimage g~*(0). Hence, close to a given singular point a special approximation
M' of the surface M can be constructed in only two essentially different ways. If U is a

regular neighborhood of a singular point, taking part in the construction of a special approx-
imation, and Uy is one of the two halves into which N divides U, then these two ways are ob-

viously distinguished by whether Mn u@ is connected or disconnected.
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(7.3) Now let the surface N divide 7 into two parts Zo and Z;, so that Z=TF,uZ4 and
N=09Z,=0Z; . Let M' be a special approximation of the surface M such that for any singular

point ® - the intersection Mlﬂ u;eﬂ Z, is disconnected, where Uy is the regular neighbor—~
hood of the point w taking part in the construction of M'. Let M" be some other special ap-

. 17 .
proximation of the surface M. It is clear that M]ﬂ Zo and M/ﬂ Zo are regular surfaces in
Zg .

T
(7.4) LEMMA. Under the conditions of (7.3), one can get from the surface MnZ, by
simultaneous vealization of several reconstructions along the boundary in Zg [by means of im-

beddings with pairwise disjoint images; cf. (6.2)] a surface isotopic with the surface\MGlzo
in the class of regular surfaces in Zj.

Proof. We can assume that in the construction of the approximations M' and M" the same
regular neighborhoods and the same diffeomorphisms of quadruples (x,Nn1&,Mni@lL)—*{Q@&0,
Q,ﬂfxE4ﬂ]) from (7.1) are used. In fact, the choice of cther regular neighborhoods and dif-
feomorphisms in the construction of the approximation M' leads to replacement of the surface

MG]Z, by a surface which is isotopic (in the class of regular surfaces in Zg). (The same
is true for M".) .

Thanks to this, it suffices to comsider our situation in a regular neighborhood of a
singular point and even the corresponding situation in ﬁzx{}1ﬂ] . The latter is pictured
in Fig. 6. By F we denote the homeomorphism of quadruples (%, Na#,Mn#, §)—— (O,ﬁ%(ﬂ)r;,
ﬂzx [~’i,1]) of (7.1). Here it is assumed that F(WnZy=2*x[0,4] (this obviously does not re-

strict the generality) and only those parts of the surfaces are pictured which lie in ﬁ%x
[0, 1] (it is precisely these in which we are interested). It is clear from the figure that
the reconstructions and isotopies needed exist.

8. Basic Lemma

(8.1) Let #€(01] . We denote by Py the image of the product T % {0, ul]l under the
canonical map T x T~ P [cf. {1.2)], so that P, is diffeomorphicwithPand P, =P, We set R, =
CZ(Q \ Py); it is clear that Ry is a solid torus.

(8.2) Basic Lemma. Let L be a Klein bottle in Q, isotopic with K and in general posi-
tion with K. If u is sufficiently small, then each component of the surface L fi R, is an
admissible surface in the solid torus Ry.

The rest of this section is devoted to the proof of this lemma.

(8.3) We recall that q:Q” » Q is the standard two-sheeted covering from (2.4). We set
L~ = g"1(L) and Rd = r‘l(Ru) [where r = q|R; cf. (2.4)]. It is clear that the pair (R%,ltn
Ry) 1s diffeomorphic with the pair ('R,i‘,J EV]RQ&) . Hence it suffices for us to prove that

- ro. .o .
for sufficiently small u each component of the surface E?!Ru, is an admissible surface in
Ry -

Further, let Li be a special approximation of the surface L™ with respect to q *{K),

a - a . ~ . ’
such that for any singular point the intersection L,n ux Nk is not connected, where U

. . . ) . . s w
is the regular neighborhood of the point y which takes part in the construction of L7.
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. .. . ~ 4 .
Obviously for sufficiently small u the pairs (R,I.H'HR) and (Ru,l.;vnﬁa) are diffeomorphic.

. - . 3 ~ 3 .
Thus it suffices for us to show that each component of the intersection L1 N R is an admis-
sible surface in R.

(8.4) Let Lo be some special approximation of the surface L with respect to K and let
~ -q . - s . . . - .
L°== Q (Lu). It is clear that Ly 1s a special approximation of the surface L~ [with respect

to ¢"*(K)]. We set Ho"—= L: AR andH =L:ﬂ R . The surfaces Hy and H are regular surfaces
in R. By Lemma (7.4), from Hy; one can get, by simultaneous realization of several reconstruc-
tions along the boundary in R, a surface which is isotopic with H in the class of regular sur-
faces in R. Let this be reconstructions by means of the imbeddings hi,...,hy; the images of
these imbeddings are pairwise disjoint. Let Hi be the result of reconstruction of the sur-~
face Ho by means of hi, H» be the result of reconstruction of the surface Hi by means of
hy,...,Hy be the result of reconstruction of the surface Hy-1 by means of hy; Hy is isotopic
with H. Changing the indexing of the imbeddings hi, if necessary, we can assume that for

some n € m one has the following:

(8.4.1) for i = 1,...,n the image Imh; intersects no more than one component of the
boundary 8H; which is not contractible in 3Rj;

(8.4.2) for i = n + 1,...,m the imagé Imh; intersects two components of the boundary
9Hp which are not contractible in 3R [we stress that (8.4.2) is concerned with
dH,, and not 3H; as in (8.4.1)].

(8.5) We shall show that for 1 = 0,...,n, each component of the surface H; is an admis-
sible surface (in R). We shall prove this by induction on i simultaneously with the follow-
ing assertion:

(8.5.1) at least one of the components of the boundary 3Hj is not contractible in 3R.

For i = 0 this assertion is valid by Lemma (3.8), and moreover, each component of the
surface Hy is admissible by Lemma (4.2). Now let our assertions be valid for 1 € k and k <
n. Obviously each component of the surface Hk+; is a regular surface in R. Since recon-
struction along the boundary obviously carries a disk with holes into one or two disks with
holes, each component of the surface Hg+: is a disk with holes. Further, since each compo-
nent of the surface Hk is admissible, it follows from (8.5.1) that at least two components
of the boundary 3Hk are not contractible in 3R. Hence, by (8.4.1) the image Imhyg41 does
not intersect some component S of the boundary 3Hi which is not contractible in 3R. It is
clear that S is also a component of the boundary 9Hi+i and that all components of the bound-
ary 9Hk+: which are not contractible in 3R are isotopic with S. Since S is neither a parallel
nor a meridian (by the inductive hypothesis), no compcnent of the boundary 3Hyg+: is either a
parallel or a meridian. To justify the inductive step it remains for us to verify that each
component of the surface Hig+: either has exactly two components of the boundary which are not
contractible in 3R, or has no such component.
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We shall prove this. TFor a regular surface F in R we shall denote by n(F) the number
of components of the boundary dF which are not contractible in 9R. Let G be a component of
the surface Hyp which intersects Imhg+1, and let G' be the result of reconstruction of the
surface G by means of hix. Since each component of the surface Hy4; is obviously either a
component of the surface Hg or a component of the surface G', it suffices for us to show

ot

that n(G") = 0 or 2 for any component G" of the surface G'.

If Imhyg+1 intersects two components of the boundary 3G, then obviously the surface G'
is connected. Here if Imhy intersects two components which are not contractible in 3R, then
n{G') = 0, while in the opposite case n{(G') = n(G) = 0 or 2 (by the inductive hypothesis).

Now let Imhg41 intersect only one component S of the boundary 3G and let Sy, Si be com—
ponents of the boundary 3G' obtained [by some Morse reconstruction; cf. (6.1)] from S. 1In
this case obviocusly G' consists of two components Gy and Gi containing Sg and 831, respec-
tively. We note that n(G{) = 1, i = 0, 1. 1In fact, if 3Gi has exactly one component which
is not contractible in 38R, then this component is contractible in R (since Gi is a disk with
holes) and hence is a meridian, which contradicts what has been proved already. 1If S is con-
tractible in 3R, then obviously the circles Sy and S; are either both contractible in 3R, or
are both not contractible. Thus in this case either n(G') = n(G), or n{G’) = n(G) + 2, and
hence n(G') = 0, 2, or 4. Combining this with the fact that n(G') = n(Gy) + n(Gy) and n(Gy),
n(Gy) # 1, we get that n(Gi) =0 or 2, i = 0, 1. t remains to consider the case when S is
not contractible in 3R. Let S' be a second component of the boundary 3G which is not con-
tractible in 3R (it exists, since Hg, and thus G, is an admissible surface). Since k < n,

one has Im/bh+1n S’==¢ . If we cut R along S', then we get some ring C. The circle S divides
C into two rings (since S is isotopic with S' in 8R). It is clear that hg+1 (S x I) lies

entirely in one of these rings. Since 8,US, 1is obtained from S by Morse reconstruction by
means of the handle hp+1(S1 x I), it is evident that one of the circles Su, S1 is contract-
ible in 9R, and the other is not. Thus n(G') = n{(G) = 0 or 2. Combining this, as above,
with the fact that n(G') = n(Gy) + n(Gy) and n(Gy), n(G;) = 1, we get that n(Gi) = 0 or 2,
i=20, 1.

This completes the justification of the inductive step. Thus, we can conclude that each
component of the surface Hi with i = 0,...,n is an admissible surface.

(8.6) Now we show that each component of the surface Hy is admissible. Since Hy is iso-
topic with H, this completes the proof of the basic lemma. ’

If m = n, then everything is already proved. Let m > n. Let G be some component of

the surface H,, and let the images of the imbeddings bn+1,...,hy intersect with G, and those
of the imbeddings hi+7,...,hy not (this can alreays be achieved by changing the indexing of
the imbeddings). Let G' be obtained from G by simultaneous realization of the reconstructions
by means of hp+1,...,h7. It is clear that G' is the union of several components of the sur-~

face Hy. By (8.5), G is an admissible surface. In view of (8.4.2), Lemma (4.4) is applicable
to all pairs of imbeddings h‘,, Qﬁ’xo, hi' Q:fx 0, mh&é,jsi . It follows from this lemma that

the images Im hp+;,...,Imhy lie on the sideof G. Since in addition each of these images
intersects two components of the boundary 3G which are incontractible in ( )% (and there
are always two such components), it follows that all components of the boundary 3G’ are con-
tractible in 3R. Since the surface G' is obviously regular and is a union of several disks
with holes, it is evident that each component of the surface G' is an admissible surface.

Since each component of the surface Hy is obtained from some component of the surface
Hp, we see that each component of the surface Hy is admissible. This concludes the proof of
the Basic Lemma.

9. Proof of Theorem 2

(9.1) We recall [cf. (8.1)], that for we€(0,1] we denote by P, the image of the product
T * [0, u] in P, and by Py we denote CZ(Q \ P,). By T, we denote the torus 3Ry -

If L is a surface in Q which is in general position with K, then for all sufficiently
small u, the torus Ty is transverse to L. This follows from Lemma (5.4).

*A symbol was missing in the Russian original — Publisher.
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(9.2) To prove Theorem 2 it suffices for us to show that 'IFWQE‘,(K,Q), Eo(KaP))’:O for all
n. Let the family of imbeddings {,ft:K"""g}teﬁb”’ represent some element of T( E.,(K,Q), Eo (K,
P)). We need to show that this element is equal to zero. Using Lemma (5.2), we can assume
that all surfaces :f't(K), teij“’ are in general position with K. Moreover, we can assume that
ft(K)thP for ‘veaib” . We set Kt_r—:ﬁ;(KJ, tegh.

Let 1€ @" . Since Kt is in general position with K, one has that K¢ is transverse to
Ty for all sufficiently small u, say for W= w,,,,('b)<1 fef. (9.1)]. 1t is clear that all
pairs (Ru,anKt) with u‘%w('b) are diffeomorphic. We choose a closed spherical neigh-
borhood UItl of the point t in aS” , such that Kg is transverse to Tun(t) for éeug,

The collection of neighborhoods u«g » Yed™ forms a covering of the ball " . we
choose a triangulation 1y of the ball %"  subordinate to this covering, i.e., such that
each closed simplex o of Tp lies in the neighborhood UE(@ for some point t(&)efén. We set

u(o) =u,(t{c)) and we denote by A, the collection of (closed) n-dimensional simplices of the
triangulation p.

Let X, _, be the (n — 1)-dimensional skeleton of the triangulation T,. Let te Xn,..f

We choose a number un—1<t) such that 0 < up(t) < u(o) for tese A" and Ky is transverse

1

to Ty for W&Wu_f(t) . We choose a closed spherical neighborhood Urtl_ of the point t in 2%,

such that Kg is transverse to Twn_1('[}) for se Hat

The triangulation Ty induces a triangulation of the skeleton X,-;. We refine this tri-
angulation to a triangulation t,., of the skeleton X,_, having the following property: for each
(n - 1)-dimensional simplex o of the triangulation T, the restriction of the triangulation ty_, to

e

¢ is subordinate to the covering {’% }tso‘ of the simplex 0. Thus, for each simplex o of tp—,
1
&)

sional simplex o' of the triangulation T,, then t(é")e ¢’ We set u(o) = up-1(t{o)). Let Ay

one can find a point t(-ﬂe Xn.1 such that &< 'u;'.;-‘ and if o lies in the (n — 1)-dimen-—

be the collection of (n — 1)-dimensional simplices of the triangulation Tt It is clear

n-1-
that if 6€Auy,60'€A, and §c¢’ , then u (§< w(eh .
Now we consider the (n — 2)-skeleton X,—, of the triangulation Tp-1 and with it we make

the analogous construction (to that made with Xp-1); now Tp-1 will play the role of Tp. Then
we make the analogous constructionwith the (n —3)-dimensional skeletonX, 5 of the triangulation

Tn-2 obtained, etc. As aresult, weget asequence of triangulations tpn,..., To such that 74_,
is a triangulation of the (i — 1)-dimensional skeleton Xj-1 of the triangulation 11 (i =

n,...,1). We denote by A; the collection of i-dimensional simplices of the triangulation
Ti, and by A the union Ayv... w4, - For each simplex #6€A there are defined a number

u(o) and a point t(c). Here if 4& WW-, , then Kg is transverse to Ty(o) and if #U=U() ,
then T, is transverse to Ki(g). Moreover, if (S"GA,i,_1 , G'IEA{, and cov , then t(s’)es"
and W(f)<u(s’) . For gel; we set ur———u}, TG"‘Tu(ﬂ’ R&=Ruw) and Pe=Pues) -
(9.3) LEMMA. For te “/o. each component of the surface‘Kv nR,s,‘is an admissible surface in Ry.
Proof. Firstly, K¢ is transverse to Ty for teu, and hence all pairs (RG’,Ktn R’s’) with
Ve uf are diffeomorphic. 1In particular, these pairs are diffeomorphic with the pair (R,G,,
KV(&") NRe). Further, Ke(g) is transverse to Ty for W=#(F) and hence all pairs (Rs K.m,)n
Ry) with U=u®(6) , in their own right, are diffeomorphic. Thus for T)eus. and UsU(§) the
pairs (RG": K‘Van) and (Ry» Kt(ﬂ n R“) are diffeomorphic (we recall that R¢ = Rauter ).
By the Basic Lemma (8.2), for sufficiently small u, each component of the surface K‘b(ﬁ n Rw

is an admissible surface in Ry. Hence also each component of the subspace K‘b n Rav for ’Deﬁs_-
is an admissible surface in R;.
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(9.4) Let ta%"’ . For &€A such that te 'w,gv we denote by ’3%., the collection of
components of the intersection Kt” Tgv bounding a disk in Tg. We set ‘71;=U6v’ff%, . By
Lemma (3.4), each circle from Y4 bounds a disk in Kt also. Hence there is a standard iso-
topy {K%}éel , fixing the components of the intersection K'bnTG" belonging to {7'-; (cf.,
e.g., [8, Sec. 1] or [19, Chap. 2, Paragraph 5.2]). In more detail, for S’e‘jm. we denote
by QT(S) and @K(S’) disks bounded by the circle § in Ty and K, respectively. If the
disk %T(S’c) with ,S'geff'w is minimal with respect to inclusion among disks ﬂrp (8) with
Se"jw, then the union %'P(SID)‘U%KQSQ.)J: is obviously a sphere. Since Q is irreducible,
this sphere bounds a ball in Q. This ball defines an isotopy carrying ’%K<&) into Q?T(S/o) .
Extending this isotopy slightly farther, we make the image of the disk @_K(,S:,fg encounter
the disk %'T (,S';'.) and thus we get an isotopy of the Klein bottle Ky, fixing the component
So of the intersection with T;. Successively realizing several such isotopies, we get an
isotopy {Kﬂ}ﬁel such that K%z Kj; and K-p{ﬂstJ has no component bounding a disk in Tg
(for YeWgy ). Obviously if KtCﬂﬂ;P , for example, 1if teaﬂ)r’ , then all of this isotopy
takes place in int?P, i.e., K%C‘VW'E;P for a1l s€l.

We look at what happens with the components of the surface Ktnks (for teugf ) under

the isotopy described. FEach such component is an admissible surface by (9.3). If it is a
nonessential [cf. (4.1)] admissible surface, then it obviously disappears under the isotopy.
Now if it is an essential admissible surface, then as a result of the isotopy it becomes some
new admissible surface. The boundary of this new admissible surface is the union of those
components of the boundary of the original surface (components of the surface K¢ i Ry) which
do not bound a disk in Ty. Thus the boundary of this new surface consists of two components
and the surface itself is a ring.

On the other hand, obviously each component of the surface Kwﬂ R’S' comes from some com-

ponent of the surface Kt, n stv . In particular, all components of the surface K:“nR@, are
admissible. :

(9.5) Now we want to put the isotopies {Kh}bel of the preceding paragraph together
into a continuous family {K“}';egw,ael . For this we use Hatcher's construction from [8,

Sec. 1]. We already have almost everything we need to apply this construction. It is only
necessary to note that we obviously can enlarge each ball Uy slightly and get a ball U; such

that K¢ is transverse to Ty for teﬁs’ and uyc nb aév . We apply Hatcher's construction to
the family {va}veg)w , the coverings {u’rjs'eA P {aov} pep » the tori Ty and the family{{iv}teﬁw
in the roles, respectively, of the family { Mv}-‘,—ezx , the coverings {B{},{Bv} , the slices
Ni, and the family {"61;} Hatcher's construction (recounted in [8, Sec. 1] in the

simplest special case) works in our situation, requiring only one essential change: since
we are working in the differential category, instead of Alexander's method one needs to use
the Smale conjecture, proved by Hatcher [10, 11]. As a result we get a family .{K%mn’aﬂ

such that: Ky~ Kt for all Te® i Ky nTe has no component bounding a disk in Ty for Velly,
6€A; cach component of the surface Kﬂ F\RQ. igs an admissible surface in R; and simulta-
neously a ring (for Te#e ); K-RCW.&P for fedg®.

(9.6) Let tﬁu-@' . Let Ai,...,A7 be the collection of components of the surface Kp,ﬂ
Ry. Since each surface Aj is admissible [cf. (9.5)], the manifolds W(A;) = WRG(Ai) are de~
fined. By Lemma (4.5), for any i, j, either W(A{,)'nW(Aa') =@ , or W(A{,)C W(Aj) , or W
(Aj’,) <W(A3). From which it follows that the manifold W=WAv-.UW(Ag) is a trivial co-
bordism between Wn R and CH(IWN dBe¢ ). It follows from this, in its own right, that
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the manifold C’Pa’::Ps"Uw is a tubular neighborhood of the Klein bottle K in Q. Obviously
thc%" . Moreover, if e " , then CWCWtP (since KpscintP)

Now we want to get from the tubular neighborhoods Cyy 2 continuous family ‘{C’V}Ve%b”
of tubular neighborhoods of the Klein bottle K in Q, such that ’thct for all beQ" and
Ct = P for Tedgh . Paragraphs (9.7)~(9.9) are devoted to this probiem.

(9.7) LEMMA. Let teu@'ﬂu,r , while §<T, &= % . Then C'VG’CC'V’V'

Proof. Let C' be a slightly enlarged tubular neighborhood of Cy; such that cn.Cin'l} C" .
Obviously, it suffices to prove that C-pe.c ¢’ for any such C'. Since ¢c % one has u(o) <
u(0) and hence va'C_P,p ; in particular, Psvc C/_ Let A1,...,A7 be the components of the
surface K'W n R,s, , as in (9.6). sSince Py< ¢/, it remains for us to show that WA, ¢ ¢’
for all i. Since 3W(A{,)C(Km UTe ) , one has 'BW(A{)C‘;W[/'C, . Hence either W(A{,)CW.F ¢’ ,
or W(hAj) =2 9C’ . However the inclusion W(A;)2 00/ is impossible: since Aj is an admis-
sible ring, the inclusion homomorphism 'R;(W(Ap)-—*’lt’,(ﬁr) is not an epimorphism; on the other
hand, the inclusion homomorphism '11}(00’)——* T(Ry) , and with it the inclusion homomorphism
'M(ac,)—*—ﬂﬁ(nr),is obviously an epimorphism. Thus W(A4)<i#b ¢/, which completes the proof.

In view of this lemma the existence of the family {Cp}temw needed is essentially ob-~

vious. The reader who does not doubt this can skip Paragraphs (9.8) and (9.9), which are
devoted to the formal proof.

(9.8) LEMMA. Let X¢ and X1 be two polyhedra, where XPXM and let {O;}Tzéxo and
{c‘;}te X, be two families of tubular neighborhoods of the Klein bottole K in Q. If int Ctl: o
Cg for all 'i?eX1 , then therg exists a family {C'v}'b,é)(o of tubular neighborhoods such that
Cg = C% for teX1 and Mt Cpo C; for VeXo-

[Tt is clear that the pair (Q, K) can be replaced by a pair consisting of an arbitrary
manifold and a compact submanifold of it.]

Proof. 1If we cut Q and c% along K, then C% becomes a collar of the boundary of the
manifold obtained by cutting Q. Applying to the family of collars obtained in this way the
uniqueness theorem for collars (cf., e.g., [18, Essay 1, Appendix A]) we see that the family

{0;}.&‘ Xo is isotopic with the comstant family. Applying the collar uniqueness theorem again,
we can reduce the lemma to the case of constant families {c';}tex. and {0;}-;6)(1 . In this case
the lemma obviously follows from the fact that G};\W'Fc; is diffeomorphic with ao;ﬂ I
(which, in its own right, is a consequence of the collar uniqueness theorem).

(9.9) This paragraph completes the proof of the existence of a family {Cj;}taﬁn' of
tubular neighborhoods such that Kt, CCp for all teﬁw and C¢ = P for Teab"'-

It is well known {(cf., e.g., [23]) that with each triangulation of a piecewise-linear
manifold there is connected a subdivision of this manifold into handles in which to a simplex

of dimension i there corresponds a handle of index i. We need, in the case of the ball 2" .
a small generalization of this construction, in which to handles there correspond simplices
of A mnot lying in aw” . In more detail, we set A’={€'€A:6’j¢ 056“}. We need a subdivi-
sion into handles ﬁj“=Cu U'mA’ Hr_ of the ball 9" with respect to the boundary " s

in which C is a collar of the boundary 02" and to each simplex e A’  corresponds a handle
Hy of index dimo, where H‘UC "“46\" . Such a subdivision into handles can be constructed by
induction on dimo: first as C one takes a sufficiently small collar of the boundary @§QW

and as Hy; with dimo = 0 one takes sufficiently small balls containing o; then these balls
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Fig. 7

are combined with one another and with C by sufficiently small handles Hy of index 1, going
along one-dimensional simplices €A’ ; etc. Cf. Fig. 7. Since CT(‘FC mb P for teaﬁ)"’nu@-,
@A, the collar C can be chosen so small that Cﬁ,thP for @ecnﬂ/@. ,TeA.

We set 'F;',-T—CU UMM&:}&H@J 1'z==n,...,0 . We define C¢ for T/e F"w as follows: for bel
we set Ctr = P; for 'teHby with MM E=% we take as Ct a slight enlargement of Cpy, so that
m‘l; ci": c-w. . Let us assume that the neighborhoods Cy are already constructed for te F‘;, and
have the following property: b Cv:a 01?6“ for teHﬁ VSA,, dimesd. 1ot ‘BeA,, T = 4-1
Then b Ct: Cpg for be F},nHT . In fact, if TzGCﬂH;F , then m‘b(};:m‘tl’:(‘/-pg . Now if
tGHfﬂ Hf;« with Mm ¢z24 , then §of (by virtue of the construction of the handle decom—
position) and by Lemma (9.7) chc-w,c int ct . Thanks to this we can use Lemma (9.8) and
extend the family {C¢} to Hr so that cht=6%' for PeH:; . Doing the same thing with the
remaining simplices of dimension i — 1, we extend the family {C} to Fi-1 so that imb %35?@
for teﬂ and tﬁng, g€A), dimy &2 4-1 . Applying (descending) induction on i, we get a family
{cf}teﬁ)” , such that m’bct: Cn, for te He . Moreover, Ckb‘---P for e { , in particular,
for Ye€d3" . Since Cw: Kv., for T/eH‘y (we recall that Hev‘:ﬂg ), one has 01;‘-:3 K44
for all t. Thus w‘e have gotten the family needed.

(9.10) Now we can complete the proof of Theorem 2.

Cutting Q and Cy along K, we turn Ct into a collar of the boundary of the manifold ob-
tained by cutting Q [as in the proof of Lemma (9.8)]. TFrom the parametric theorem on unique-
ness of collars (cf., e.g., [18, Essay 1, Appendix A]), it follows that the space of collars

is weakly homotopy equivalent with a point. Hence the family {ct}'bsﬁ"‘ can be deformed into
a constant family, all of whose terms coincide with P, while the deformation can be chosen to
be the identity on @2" . The deformation of the family of tubular neighborhoods induces a
deformation of the family {Kﬁ}tqﬁ“ of Klein bottles. Thus we get a family{K% fmzh,m;a,ﬂ
of Klein bottles in Q such that Kt&c P for all t.

Let Sy(K, Q) be the space of Klein bottles in Q. The canonical map E(K, Q) - SmlK, Q)
is a locally trivial fibration with fiber Diff (K). Applying the covering homotopy theorem

to this fibration, we see that the family {K%}"beﬁ”oﬂﬁioﬁi of Klein bottles lifts to a family
of imbeddings i{}}wx—a—a}t@rg,e@,g » such that fyp = f¢ for all t [we recall that {Hijeqn

is introduced in (9.2)]. Since obviously 51;2_(K)c: P for all t, it is evident that the ele-
ment of the group MW,(E,(K,0), E,(K,P)} represented by the family {;}t}tﬁﬂ”‘ is equal to zero.

Thus Theorem 2 is proved.

10. Proof of Theorem 1

(10.1) The proof of Theorem 1 is based on Theorem 2 and the calculation of the homotopy
type of spaces of diffeomorphisms of certain Waldhausen manifolds. The results on Waldhausen
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manifolds we need are the following.

For a smooth manifold M we denote by z‘iff(M,a) the space of diffeomorphisms M -+ M
which are the identity on the boundary and by G(M, 3) the space of homotopy equivalences
M -~ M which are the identity on 3M. If M is a Waldhausen manifold, then the inclusion

%&ff(M,@)uG-(M,a) is a homotopy equivalence. This follows from results of [14] and the
validity of the "Smale conjecture" [10, 11]. Instead of [14] one can use the corresponding
piecewise~linear results of Hatcher [8] and the PL/Diff-comparison theorem of Burghelea—
Lashof-Morley [4]. If M is a Waldhausen manifold with nonempty boundary, 3M # @, then the

components of the space G(M, 3), and hence the components of the space %W(M,a) , are con-
tractible. This follows from elementary obstruction theory and the fact that Waldhausen
manifolds are aspherical.

We need these results for M=%%x3’{ JTx I and P. Obviously F¥x 81 and T x T are Wald-
hausen manifolds. As to P, it is obviously irreducible, does not contain two-sided projec-
tive planes (since it is orientable), and the image of the surface 7 *(0) % I under the ca-
nonical map T X I -+ P [we recall that o is defined in (3.1), and 7 in (1.2)] is obviously a
nonshrinkable surface in P. Thus P is also a Waldhausen manifold.

The space ﬂi,f&(sbzxg’, 0) is connected. This follows from the fact that the space G
(@%x §* 8) is connected, which in its own right follows from obstruction theory. Thus the
space %Hf(ﬁwa §,8) is contractible.

We shall list the components of the space ﬁiﬁ(TXI)‘a) . Let 2€T . We note that a
homotopy equivalence T x I > T x I, which is the identity on 3(T x 1), is determined, up to
a homotopy bound on 3{(T % I), by its restriction to the segment ® X I, counsidered up to a
homotopy bound at the ends. This follows from elementary obstruction theory, since T x I
is an aspherical space and has a cellular subdivision in which the only one-dimensinal cell,
not lying in 3(T x I), is ® X I. The projection T x I + T identifies the homotopy classes
considered (of maps of segment % x T) with elements of the group w1 (T, ®). Since the in-

clusion ﬁd{.ﬂ(’]’xl,a) Co G'(TKQ‘I, ) isa homotopy equivalence, we get a one-to—one corre-

spondence between the components of the space ﬂir:H‘(TKI,a) and the elements of the group
T (T, n) .

(10.2) Let R be the solid torus from (2.4) and let T(:3R -+ 3R be the involution which
permutes the sheets of the covering 3R » K of (2.4). We need the space 50,, of diffeomor-
phisms R ~ R which coincide on 3R with either idyRp or T¢. Obviously Qe is a (topological)

group and hence all components of the space Do are homeomorphic. Moreover, since R is dif-
feomorphic with % x S‘ , one has that %, consists of two components, each of which is
homeomorphic with ﬂiﬂ(ﬂg’xs:a).i and hence is contractible.

Suppose further 11:T -+ T is the involution permuting the sheets of the covering m:T - K
of (1.2). We need along with @ the space 9y of diffeomorphisms T x I » T x I, which coin-
cide on T x 1 with idTx; and on T %X O with either idrxe or Ti. Just as in the case of %4, ,
all components of the space ﬁ, are homeomorphic, while those of them which contain idTx7,
coincide with the components of the space Q¥ff(TxI,8) which contain idTxT.

Now we shall list components of the space @y . Just as in the case of diffeomorphisms

from PiF(T,I, 0) , a diffeomorphism from A4 is determined up to a homotopy bound on 3
(T x I) [and hence, up to an isotopy bound on 3(T x I)] by its restriction to the segment
¥ x I [ef. (10.1)], considered up to a homotopy bound at the ends. The composition T X

:[-9—1-»-"[1 X, K identifies the homotopy classes considered with elements of the group w1 (K).
Obviously under these identifications of m(fOHfLTxI,_a)) with m (T) and of ’IL'o(fb',)v with
71 (K) the inclusion ﬂfc(‘foifj(TxI.,a)) L»-'Il',(faq) goes into the homomorphism m,:m1(T) - m1(K).
(10.3) Now we can turn directly to the proof of Theorem 1.
We consider the canonical map ‘.iﬁtf;f,,(@)——»E,(K',G): § — f‘l K . As is well known, it is a

locally trivial fibration. Its fiber over the inclusion K ¢+ Q can be identified naturally
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with ﬂo (since the result of cutting the manifold Q along K can be identified naturally with
R). If E¢(K, Q) is homotopy equivalent with a circle, then since o consists of two con-

tractible components, %Hzfo(a) is homotopy equivalent with the connected two-sheeted cover-—
ing of the circle, i.e., 1s homotopy equivalent with a circle. On the other hand, by Theorem
2, the spaces Eg(K, Q) and Eg(K, P) are homotopy equivaleni. Thus, it suffices for us to
prove that Eq(K, P) is homotopy equivalent with a circle.

We consider the canonical map ﬂiﬁ,(ka)-—-)Eo(K,P): Fr>~3#K . 1tisa locally trivial
fibration, like the map ﬁi«ﬁo(@r}——*’Eo( K;8). 1ts fiber over the inclusion can be identified

naturally with the union of some components of the space ﬂ.; (since the result of cutting the
manifold P along K can be identified naturally with T x I),.

We shall clarify which components these are. Let 7 be the image in P of the union %8 a

TuT®)xI, 1t is clear that I is a segment with ends on 8P. Maps . > P, which coincide on
with the inclusion, considered up to a homotopy bound on @, can be identified with ele-
ments of the group 71(K) (with the help of the natural map P + K). Let ;Feﬂ, and let £ lie

in the component of the space 9y corresponding to the element grbs of the group 71 (K) [each
element of the group w1 (K) can be written in this form]. Let f£:P > P be a diffeomorphism
corresponding to f£. One can verify directly that the segment f(I1) lies in the homotopy class

9”&%”%'*&7@(1() . Since a’”—%’w”%“’a& 1 for r # 0, one has for r # 0 that the diffeomorphism
f is not homotopic (bound on 3P) with idp. On the other hand, if r = 0, then f is isotopic
with idp. We shall show this. The torus T can be identified in a natural way with the stan-
dard torus S' x S' so that the generators g and b? of the group m1(T) will be represented by
the circles st x 1 and 1 x S, and the involution 71 will be defined by the complex formula
(x, y) > (%, —y). Using this identification, we define the isotopy {ii:T > Tlyaey Dy the

Tist
i y) .

complex formula i?(x, y) = (x, e Obviously this isotopy covers some isctopy {@%K"‘"’

K}‘FGI’ where jf = 1dg [as 1s known, %H—f,LK) is contractible to the circle {Q%tel} 1.
We extend the isotopy {}%}.FGI to some 1sotopy {h%:P“’fP}'beI fixed on 3P and starting

m

with hos = idp. The diffeomorphism hi induces a diffeomorphism T x I -~ T x I which, as one can

verify directly, lies in the component of the space A4 corresponding to b%. Thus, this
diffeomorphism is isotopic with f (we recall that now r = 0) and f is isotopic with idp.
Thus, the components of the space ﬂ1 of interest to us correspond to elements of the in-~

finite cyclic subgroup of the group mi1(K) generated by b.

Combining this fact with the fact that z&ff,(P, a) and the components of the space @1
are contractible, and using the homotopy sequence of the fibration ﬁa‘ﬁf‘fo(P,ﬁ)—-i-EgiK,P) ,
we get that Eq(K, P) is homotopy equivalent with a circle. In addition E¢(K, P) is contract-
ible onto the circle {‘iﬂoj% :teI} , where i«"ff" Kﬁr-P is the inclusion.
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Topo-

3

QUADRATIC FORMS OF CLOSED MANIFOLDS

0. A. Ivanov ' UDC 515.164.11

In this paper it is shown that for any integral-valued unimodular quadratic form
and any number n of the form 8k + 4 (where k > 1), there exists a smooth closed

n-dimensional manifold with this quadratic form. The proof is based on the con-—
struction {(with the help of the "plumbing" construction) of smooth closed three-
connected eight-dimensional manifolds with given form.

1. The terminology of the paper is differential-~topological. All manifolds are as-
sumed to be compact and oriented. By the quadratic form (or simply form) of a 4k—dimensional
manifold W is meant the form on the group Hok (W) /TorsHyk (W) defined by the intersection in-
dex.

THEOREM 1. Let I be a seven-dimensional homotopy sphere. Any unimodular integer-valued
quadratic form of rank no less than three can be realized as the form of a three—connected
eight-dimensional manifold whose boundary is diffeomorphic with I.

Translated from Zapiski Nauchnykh Seminarov Leningradskogo Otdeleniya Matematicheskogo
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