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1. Introduction

In this paper we compute the homeotopy groups of certain closed, orientable,
irreducible 3-manifolds M which are non-Haken, i.e. do not contain any 2-sided
incompressible surfaces. The homeotopy group #(M) is the quotient group of the
group of all homeomorphisms from M to M modulo the normal subgroup of those
homeomorphisms which are isotopic to the identity mapping of M.

The manifolds studied here all share a crucial property: each M contains a closed
non-orientable and embedded surface K of non-orientable genus 3 which is unique up
to isotopy, representing a fixed element of H,(M,Z,). Also M admits a 1-sided
Heegaard splitting M = N(K) u Y, where N(K) is an orientable line bundle over K
and Y is a handlebody of genus 2. The uniqueness of the surface K places a struc-
ture on M which is quite restrictive and it is this which allows the computation of
' (M). Similar techniques have been used elsewhere [1,17] in the case when K
has non-orientable genus 2. However, we are only able to treat some cases when
K has non-orientable genus 3, because we do not know whether the isotopy class
of K is always unique (see [18]). The hypothesis ‘K has genus 3’ is essential to our
techniques; it is quite unlikely that our methods generalize to genus greater than 3,
although they probably can be applied to many other cases of genus 3.

The manifolds which we investigate include two classes.

(1) The Seifert manifolds {b; (0,,0); (2,1), (4k,2k—1), (m,n)} where 1<k,
0 < n <mor (m,n) = (1,0). These manifolds are irreducible and non-Haken so long
as the cases where (m,n) = (4k, 1) and b = — 1 are excluded. Our notation follows that
on page 90 of [13]; however, we allow the case where (m, n) = (1, 0), understanding
this to mean that M has two exceptional fibres. In that case M is a lens space L(2, 1) or
L(8pq+2¢, 4pq+2p+¢) where p,q>1 and e = +1 [13, pp.99-100]. These are
precisely the lens spaces which admit embeddings of K (see [6]). In terms of the Seifert
invariants,p =k,q=|b+1|,ande = —sgn(b+1). If b = —1 then M = L(2, 1). Note
that there is a sign error in [13] on line 11 of page 100, i.e. ¢ = ma, +np,.

ReMARK. The Seifert manifolds {b; (o, 0);(2, 1), (4, 1), (3, n)}, where n = 1 or 2, all
have n,(M) equal to a finite group O(48) x Z,, where 0O(438) is the binary octahedral
group. These 3-manifolds are often called the binary octahedral spaces.

(2) The 3-manifolds obtained by type-(2,2N + 1) surgery on the complement of the
figure-8 knot in S*. This knot complements fibres over S! with fibre a punctured
torus. It is not difficult to see that type-(2,2N + 1) surgery on any orientable once-
punctured torus bundle over S! yields a 3-manifold M which admits a 1-sided

The work of the second author was partially supported by the National Science Foundation under grant
No. MCS-82-01045.
Proc. London Math. Soc. (3), 49 (1984), 517-536.



518 J. H. RUBINSTEIN AND J. S. BIRMAN

Heegaard splitting of genus 3 (see [18]). Our method applies to all such 3-manifolds,
and most of them are irreducible and non-Haken [17,9]. In [21] it is proved that for
N #0, (2,2N +1)-surgery on the figure-8 knot yields an irreducible, non-Haken
and hyperbolic 3-manifold, whereas for N = 0 the surgery gives a Seifert manifold
in Class (1) above.

The results of our work are summarized in:

MAIN THEOREM. 1. Let M be the lens space L(8pq+ 2¢, 4pq+2q+¢), where e = +1
and p,q = 1. Then # (M) is

Z, ifp#qorp=q=1ande= —1,
ZyxZ, fp=q#lande= —1,
Z, ifp=qande=1.

II. Let M be a Seifert manifold of type
{b s (01 > 0) s (2a 1)’ (4k7 Zk— 1)) (my n)}

where 1 <k,1 <n<m,be Z,excluding the cases where (m,n, b) = (4k, 1, —1). Then
H(M) is

Z,xZ, if(m,n)=(4k,2k—1), or (m,n) = (2,1) and (k,b) # (1, —1),
Z, if (mn,k,b)=02,1,1, —1), or

(m,n) #(2,1), (4k,2k—1) and (m,n, k,b) # (3, 1,1, —1),
{1} if (mn,k,b)=(3,1,1, —1).

III. Let M be the manifold obtained by type-(2,2N + 1) surgery on the figure-8 knot,
where N # 0. Then # (M) is

Z,x2Z,.

We now summarize our results as they relate to the connection between (M) and
Out n,(M). There is a natural homomorphism 6 from (M) to Out n,(M), given by
assigning to a homeomorphism h: M — M the induced automorphism h, of n,(M),
and noting that if h is isotopic to the identity then h, is an inner automorphism. For
all our examples, we will find that 6 is one-to-one, that is, if : M - M is a
homeomorphism such that h is homotopic to the identity, then h is isotopic to the
identity. This result has been established by Waldhausen [22] whenever M is Haken.

Also we obtain that 0 is surjective for those examples with n,(M) infinite.
Equivalently, since then M is a K(m, 1) space, if f: M - M is any homotopy
equivalence then f is homotopic to a homeomorphism. Again Waldhausen has
obtained this result when M is Haken [22]. Note that for a hyperbolic 3-manifold M,
by Mostow’s rigidity theorem [12] any homotopy equivalence is homotopic to an
isometry. Also it is proved elsewhere (see [14, 15], and, especially, § 8 of [8]) that for a
Seifert fibre space M, any homotopy equivalence f: M — M is homotopic to a fibre-
preserving homeomorphism.

Our examples with 7,(M) finite are all Seifert manifolds. For M Seifert fibred, both
Outn,(M) and the quotient group of fibre-preserving homeomorphisms of M,
modulo the normal subgroup of those which are fibre-preserving isotopic to the
identity, are computed in [8]. The latter quotient group is isomorphic to 8(#(M)).
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We now summarize the method. Let G be the subgroup of s#(M) containing
isotopy classes of orientation-preserving homeomorphisms h: M — M such that the
induced map hy: H{(M, Z,) = H\(M, Z,) is the identity in #(M). By §7 of [18], if M
is in Classes (1) or (2), then any isotopy class in G contains homeomorphisms 4 for
which h(K) = K, where K is the embedded non-orientable surface of genus 3.
Conversely, since the rank of H,(M, Z,) <2 for M in Classes (1) or (2), it can be
checked that any homeomorphism h: M — M which takes K to K is such that h; is
the identity. Let s#(K) be the homeotopy group of K and let G, be the subgroup of
H#(K) consisting of homeomorphisms f: K — K which extend to orientation-
preserving homeomorphisms h: M — M. Then the map sending the isotopy class of
f to that of h gives an epimorphism ¥: G, — G. The kernel G, of ¥ is the set of
isotopy classes of homeomorphisms f: K — K which extend to homeomorphisms
h: M — M such that h is isotopic to the identity M — M.

Our main task is to compute G, and G,, since it is easy to find s#(M) knowing G,
and G = G,/G,. By [3] (see Lemma 3 and Corollary 4 of [18]), there is a unique
simple closed curve C in K up to isotopy with K—C orientable, and #(K) is
isomorphic to GL(2, Z), by the map which takes the isotopy class of f to f;. These
two facts, namely that C is unique up to isotopy, and that s#(K) is isomorphic to
GL(2, Z), are the essential results that make our calculation of (M) possible.

We now give an outline of the paper. In §2 we give an explicit picture of the Seifert
manifolds M in Class (1), in terms of 1-sided decompositions M = N(K)u Y. The idea
of a 1-sided Heegaard diagram for a 3-manifold is introduced, which is the analogue
of a Heegaard diagram, and explicit 1-sided Heegaard diagrams are determined for M
in (1).

In § 3 Class (1) is subdivided into subclasses (1a) and (1b). The manifold M is in (1a)
if M — C is not fibred over S' with fibre the open punctured torus K —C, and in (1b) if
M —C is a fibre bundle with base S* and fibre K—C.

In §4, s#(M) is computed for M in (la). The crucial step is to find a ‘special’
disk D properly embedded in the handlebody Y in the 1-sided Heegaard splitting
M = N(K)u Y, and having the property that if h: M — M is a homeomorphism
which respects the splitting, that is, takes N(K) to N(K) and Y to Y, then h(D) and D
are always isotopic in Y. Consequently, G, can be found by identifying the isotopy
classes of homeomorphisms f: K — K which extend to homeomorphisms
f: N(K) - N(K) such that f(6D) and 8D are homotopic loops on the surface
ON(K) = Y. It turns out that G, = {1} or Z, and so G is isomorphic to either G, or
G,/Z, for M in (1a).

In § 5 s (M) is calculated for M in Classes (1b) and (2). The method is applicable to
any (2,2N + 1)-surgery on a punctured torus bundle over S'. By [3] (see Lemma 3 of
[18]), a homeomorphism h: M — M with h(K) = K can be isotoped until in addition
WC) = C. Since M—C is fibred over S, the restriction of h to M—C is a self-
homeomorphism of a fibre bundle and by [22], 5#(M — C) can be easily computed.
Let G’ denote the subgroup of #(M —C) consisting of isotopy classes of homeo-
morphisms which extend to homeomorphisms of M. Let ¥': G’ — #°(M) be the map
induced by extension of homeomorphisms. Then Im ¥’ = G and ker ¥’ can be readily
calculated. So G and #(M) can be found. Note that G, is infinite in this case, contrary
to the situation when M is in (1a).

The Appendix concerns the relationship between branched covering spaces and 1-
sided Heegaard splittings of genus 3, and gives general ways to find all 3-manifolds
which admit such splittings.
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Recently, there have been two other independent calculations of the homeotopy
groups # (M) for all the 3-dimensional lens spaces M (see [5,11]). The methods
involve two different usages of height functions on M, and are special to lens spaces.
Another related paper which treats certain lens spaces is [2].

In [10], the problem of computing #(M) for 3-manifolds M with n, M finite has
been related to the existence of 4 spin solutions for a quantum theory for gravity. We
would like to thank J. Friedman and D. Witt for a helpful communication regarding
$3/0(48). We would also like to thank the referee for extremely thorough and helpful
suggestions.

2. One-sided Heegaard diagrams

Let M be a closed orientable 3-manifold with a 1-sided Heegaard splitting of genus
g, M=N(K)uY. Let L be a closed orientable surface, and let j: L — L be an
orientation-reversing involution such that the orbit space L/ j =~ K. Then N(K) can be

identified with the mapping cylinder of a free orientation-reversing involution jon L -

via the projection n: Lx1 — N(K). Let {D;: 1 i< g} be a complete system of
meridian disks for the handlebody Y. Let j' be the involution on L x I given by
j(x,t) = (jx,t). By an abuse of notation, we will denote dN(K) by L and the
involution n- j*n~*|, by j.

DEFINITION. A 1-sided Heegaard diagram for M (associated with the 1-sided splitting
M = N(K)uY) is given by the (g+2)-tuple (L, j,0D,...dD,). Note that given a
(g + 2)-tuple consisting of a closed, orientable surface L, a free orientation-reversing
involution j of L, and g disjoint simple closed curves C,,...,C, in L such that
L—{J;C; is planar, a 3-manifold M with a 1-sided Heegaard decomposition
M = N(K)u Y, which has (L, j,C,,...,C,) as a 1-sided Heegaard diagram, can be
uniquely constructed by gluing Y to N(K) via a homeomorphism ¢: Y — L so that
¢(0D;) = C, for all i.

The purpose of this section is to describe convenient 1-sided Heegaard diagrams for
the manifolds in Class (1).

If Cis a loop in L, then its homology class in H,(L; Z) will be denoted by [C]. Let
A, B, jA, jB be the curves illustrated in Fig. 1.

PROPOSITION 1. Each Seifert manifold with invariants

{b;(0,,0), (2,1), 4,2k—1), (m,n)},

where b is an arbitrary integer, k 2 1,0 <n<m,orb # —1,k 2 1 and (m,n) = (1,0),
may also be described by invariants {—1;(0,,0), (2,1), (4k,2k—1), (m,n)} where
k=1, m> 1 and nis a non-zero integer. With the latter description, M has a 1-sided
Heegaard diagram (L, j, 0D, 0D,) with

[(0D,] = k[A]+[B]+k[jA],
[0D,] = n[B]+m[jA]+n[jB].
The types of diagrams we will be using are illustrated in Fig. 2. Note that some of

the later arguments will need diagrams as in Fig. 2, not just the homological data of
Proposition 1.
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[éD,] = n[B]+n[jB]+m[jA]
m
n=—-1,m=2

FiG. 1
FiG. 2

ONE-SIDED HEEGAARD SPLITTINGS

[0D,] = k[A]+k[jA]+[B]
1
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Proof. Let N, and N, be small fibred neighbourhoods of the exceptional fibres of
multiplicity 2 and 4k respectively. It can readily be seen that an ordinary fibre in ON,
bounds a Mobius band J in N,.

If a solid torus N is glued to N, so that a meridian curve for N is matched up with
an ordinary fibre in dN,, then the result is the lens space L(4k,2k—1). In [17] it is
shown that L(4k, 2k — 1) has a 1-sided splitting of genus 2, L(4k,2k—1) = N(K,)u Y,,
and the Klein bottle K; can be chosen to meet N in a single meridian disk.
Consequently, K; n N, is a punctured Klein bottle K.

An annulus A of ordinary fibres in M —int N, —int N, can be found so that
0A = 0J UJK,. Then the non-orientable surface of genus 3 embedded in M is
K=JUuAUK,.

We may identify N(K,) with the mapping cylinder of a free orientation-reversing
involution j, on the torus T = dN(K,). Let C, C’ be simple closed curves on T which
intersect transversely at a single point such that j;;[C] = —[C] and j,;[C'] = [C'].
If D, is a meridian disk for Y,, then [0D,] = m[C]+n[C’] for relatively prime
integers m, n. Also n,(K,) = {x,y: y " *xy = x~ !>, where C, C’' have homotopy class
x, y* respectively. Consequently,

TLINK YU Yy) =y y Ixy=x"Ly"x" = 1) x Z,,

if and only if m = 1 and n = k, for suitable orientation of C, C'".

In [17] it is proved that the solid torus N can be chosen to miss D,. Consequently,
D, liesin N, and can be selected as the first of a system of meridian disks {D,, D,} for
the handlebody Y in the splitting M = N(K)u Y.

The three curves C,, with 1 < i < 3, drawn in Fig. 1 are all j-invariant, and so if
n: L — K is the covering projection with covering transformation j then the three
curves C; = n(C)) are the centres of three Mobius bands in K. We will assume that the
punctured Klein bottle K is K —int N(C,), where J = N(C,) is a small Mobius band
with centre C;. Let N(C;) be the preimage of N(C5) in L. Then T can be regarded as
L—int N(C,) with two disks attached along the boundary curves. The curves C, C' in
T can be chosen to be B and C, without loss of generality, so that

[0D,] = [C1+k[C] = [B]+k[C,] = [B]+k[A]+k[jA] < L—int N(Cs).

Note that dD, intersects C, and also C, transversely in a single point. (See Fig. 2.)

If D, is the second meridian disk for Y, then 6D, néD, = &, but D, A €, is in
general non-empty. However, by connecting D, with copies of D, by strips along arcs
of C, we can obtain a different choice of meridian disk D, wnth aD,nC, =@.
Consequently, 4D, can be taken to be a curve in L as in the examples of Fig. 2, since
0D, 3D, = @ and D, nC, = .

As C, is the centre of the Mobius band J in the complement of K, in K, C, can be
regarded as the exceptional fibre of multiplicity 2 in M. Therefore C, is an ordinary
fibre of M, without loss of generality. Let N(K) be a regular neighbourhood of K,
in M which is chosen so that IN(K,) n L = L—int N(C,). It is not difficult to check
that if N(D,) is a small regular neighbourhood of D, in Y, then N(D,)u N(K,) is a
solid torus. Consequently, we may as well assume that N, = N(D,)u N(K,). In
addition, because C, is the exceptional fibre of multiplicity 2, the solid torus
N; = M —int(N(D,) u N(K)) = cl(Y — N(D,)) is a regular neighbourhood of the other
exceptional fibre of multiplicity m.

The disk D, is a meridian disk for N,, as well as for Y. We will not be adopting the
usual normalization of Seifert invariants (i.e. 0 < n < m, as in [13]). First, the curve
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jA in Fig. 1 can be chosen as a cross-section to the ordinary fibre C, in dN;. With this
choice, the ‘invariants’ of the exceptional fibre at the core of N; are given by integers
(m, n), where [8D,] = m[ jA]+n[C;] = n[B]+m[ jA]+n[jB]. Note that k, m can be
assumed to be positive integers, but n is an arbitrary (non-zero) integer.

Finally, we compute the value of the b invariant of the Seifert fibring, given the
above choices of 0D,,0D, and k,m,n. A 3-manifold M" = N(K)u Y can be
constructed so that Y has a set of meridian disks D, D, with boundary curves on L
given by 0D} = dD, (as for M) and 0D, = j4. From the previous discussion, it
follows immediately that M” has Seifert invariants {b;(0,,0);(2,1), (4k, 2k—1)}
where the value of b is the same for M"” as for M.

It is easy to check directly that M” = RP3. Alternatively, since j(@D}) = A and oD/,
cross transversely at a single point, it follows that the 2-fold cover M” has a genus-2
Heegaard splitting with two pairs of cancelling meridian disks and so is S3. A simple
calculation shows that b = —1 is the only value for which H,(M”") = Z,. Conse-
quently, M has Seifert invariants { —1;(0,,0);(2, 1), (4k,2k—1), (m, n)}, where k > 1,
m > 1, and n € Z. This completes the proof of Proposition 1.

Remark. If M has Seifert invariants {b;(0,,0);(2, 1), (4k, 2k—1), (m, n)} where
k=1, 0 <n<m, or (mn)=(1,0), then M has ‘unnormalized’ Seifert invariants
{—1;(04,0);(2, 1), (4k, 2k —1), (m, m(b+ 1)+ n)}. This can be easily checked by com-
puting | H,(M, Z)| (see [13, p. 101]).

3. Fibred knots in Seifert manifolds

In this section, we determine which of the Seifert manifolds M in Class (1) have the
property that C is a fibred knot in M.

LEMMA 2. Let M be a Seifert manifold {—1;(0,,0);(2,1), (4k,2k—1), (m, n)}. The
following are equivalent:
(@) M —C is fibred over S* with fibre K—C;
(b) the meridian disks D,, D, can be chosen so that 0D, and 3D, both cross C in two
points;
(c) k=1landn= +1.

Proof. 1t is clear that (c) implies (b). To see that (b) implies (a), suppose that dD;
intersects € in two points, for i = 1,2. If L,, L, are the closures of the components of
L—C, then éD; N L;isasinglearcfori, j = 1,2. Hence L, and L, are parallel surfaces
in Y, since 8D; gives an isotopy between an arc of L, and an arc of L,, fori=1,2.
Since int L, and int L, both project homeomorphically onto K —C, it follows that
M —C is a punctured torus bundle over S* with fibre K—C.

Finally, we show that (a) implies (c). If C is a fibred knot in M, then there is a system
of meridian disks {D,, D,} for Y with 8D, and 8D, both crossing C in two points. Let
[6D,] = a[A]+b[B])+x[jA]+y[jB] and [dD,] = c[A}+d[B]+u[jA]+v[jB].
Assume that A4, B are included in L,. Since L, —d8D, —aD, is simply connected and
L, ndD, is a single arc, for i = 1,2, it follows that {a[A]+ b[B], c[A]+d[B]} and
{{A],[B]} generate the same subgroup of H,(L,Z). Therefore the subgroup G
generated by {[6D,],[0D,]} contains elements of the form

o[ A]+BLB] +y[jA]+0L[jB],
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where (a, B) takes on all possible values in Z x Z.
On the other hand, {[dD,], [6D,]} also is a basis for G, and

(0D,] = k[4]+[B]+k[jA], [6D,] = n[B]+m[jA]+n{jB].

So we must have
det<k 0) = +1,
1 n

to obtain all possible integral values for the coefficients of [A] and [ B]. Consequently,
k=1landn= +1.

4. Computation of # (M), when M —C is not fibred

Throughout this section, M will denote a Seifert manifold in Class (1a), that is, C is
not a fibred knot in M. Therefore, by Lemma 2, M has Seifert invariants

{— 1 ;(01’0);(29 1)’ (4k, 2k— 1)’ (ms n)}a

where 1 <k, 1 <m, n#0 with (k,n) # (1, £1). Let f be a homeomorphism of K.
After an isotopy, it can be supposed that f(C)= C. Any extension of f to a
homeomorphism f: N(K) — N(K) can be chosen so that f(€) = C (there are two
such extensions up to isotopy). If /" extends to a homeomorphism h: M — M, then h
maps Y to Y and C to C.

In Fig. 3, a separating simple closed curve Cq in L is drawn which misses the loops
oD, and 0D, (see Fig. 2) but meets C in exactly four points, for every choice of M in
Class (1). It is easy to show (e.g. by Dehn’s Lemma) that C, = 6D, where D, is a
separating meridian disk for Y, disjoint from D, and D,. Note that h(D,) will be
another separating meridian disk for ¥ with boundary curve meeting C in four points.

Let H(M) = {h: M — M such that h is a homeomorphism, h(Y) = Y, i(C) = C}. As
noted in § 1, the results in [18] show that for the manifolds studied in this paper H(M)
contains a representative from each isotopy class in G.

CO = 6D0

Fi1G. 3

LeEMMA 3. If M isin Class (1a), then one of the following mutually exclusive conditions
holds:
(a) h(Dy) ~ Dy for all h e HM);
(b) one of the meridian disks D, for Y meets C in two points and satisfies h(D;) ~ D,
for all h e HM).
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Proof. We assume that (a) does not hold, i.e. there exists some h € H(M) such that
h(Dy) # Do. We first claim that in this situation there is a properly embedded disk in
Y with its boundary not homotopically trivial, which is disjoint from D, and meets C
twice.

Let D' denote any disk which is isotopic to h(D,). We can assume that D' is chosen
so that it intersects D, at most in arcs, and also that the number of such arcs is
minimal for all D' ~ h(D,). If D' n D, = & then clearly D’ and h(D,) are isotopic to
D,, because D, is separating and the genus of Y is 2. This contradicts the hypothesis
h(Do) # D,. Also the four points of C n D, can be selected to be h-invariant, since
hC€) = €. Hence h(Dy) n € = D, n C. The isotopy which takes h(D,) to D', decreasing
the number of arcs of intersection with D,, can then be chosen so that
D'nC =Dy~ C. Let A be the interior of an arc of D’ N D, which is outermost with
respect to D', that is, there is a subdisk D of D’ with 4D = 1L i, where u = 8D’ and
un oDy = . (Notice that our arcs are all open; a bar denotes closure.)

Let N be a regular neighbourhood of D, U D in Y. Then 0N has three components,
one of which is parallel to D,. Let D,, D be the other two. Note that D, and D, are
both disjoint from D, by construction. Suppose that D, (or dDy) is isotopic to a curve
which does not meet €. Then 4D, projects one-to-one to a simple closed curve on K,
and since K is incompressible this curve bounds a disk in L. The latter disk may be
used to define an isotopy of D’ in L, and hence an isotopy of D’ in Y to remove the
component 4 of D’ n Do. However, by our hypothesis | D’ 1 D, | is minimal, so this
cannot occur. So both dD, and éD; intersect C non-trivially. Since C is separatmg,
each intersects C in an even number of points, and since |dDy~ C| =4 -and
un € = &, each intersects € twice. So either D, or Dy, say D,, can be chosen to be
the disk we need.

We now claim that D, is isotopic to D, or D, in Y. To see this, note that Y split
along Dy is a union of two solid tori, and D, is in one of them. Since 0D, is not
homotopically trivial, D, must be a meridian disk for the solid torus. So D, is non-
separating in Y. Since a solid torus has unique meridian disks, and D, and D, are
meridian disks for Y which are disjoint from D,, it follows that D, is isotopic to D, or
D,. Thus we have shown that if (a) does not hold, then either 6D, or dD, can be
assumed to meet C in two points. Let D, = D, or D,, where dD; n C is two points.

It remains to prove that in this situation k(D)) is isotopic to D, for every h € H(M).
Suppose that this is not so. Then there exists some h € H(M) with h(D;) not isotopic to
D;. We may assume that D’ meets D; transversely in arcs only, with | D’ n D;| minimal,
for all disks D’ isotopic to h(D;). By an outermost disk argument, it follows that D’ is
disjoint from D; and hence that D’ and h(D;) are isotopic to D;, contrary to our
hypothesis. This completes the proof of Lemma 3.

We are now ready to compute G, for M in Class (la). Let f: K - K be a
homeomorphism, and let 7, /7 denote lifts to homeomorphisms of L. A basis £ of the
free abelian group H,(Z) is given by {[A], [B], [jA], [jB]}, where A, B are the curves

1
0), where Iisa2x2

identity matrix. We assume, without loss of generality, that the matrix of f; relative to

. - . . . (0
in L as shown in Fig. 1. In terms of this basis, j; has matrix < [

F 0 ~
B is ( 0 F)’ where F € GL(2, Z), because f preserves C.
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REMARK. The basis 4 is not a symplectic basis for H,(L, Z).

Case (A). Suppose that (a) but not (b) in Lemma 3 holds. So neither éD, nor éD,
meets C in two points. Clearly then k # 1 and n # +1. There are two ways for a
homeomorphism f: K — K to extend to a homeomorphism h: M — M, where f
denotes | restricted to L = dN(K). (Note that f is an extension of f to N(K).)

(1) Assume that k(D)) is isotopic to D, for i = 1, 2, that is, h preserves the handles of
Y on either side of D,. If fi[0D,] = +[dD,], then

F 0 . )
(0 F)(klkO)—i-(klkO),

where (a b ¢ d) denotes the transpose of (a b ¢ d). This gives F = +1, since k # 0.
If j;/;{oD,] = +[0D,] then

0 F . ,
(F 0)(k 1 kOy==(k 1k O0).
This implies that k = + 1, contrary to our assumption, and there are no solutions of
this type. Hence f; = +1 are the only solutions.

(ii) Suppose that h(D,) is isotopic to D, and h(D,) is isotopic to D,, that is, h
interchanges the handles of Y on either side of Dy. If f{[0D,] = +[4D,] then

F 0
(0 F>(k 1 k0Yy=2(0nmny.
Again it follows that k = +1 as m, n are relatively prime, which is a contradiction. So
there are no solutions for f. If j,f;[6D,] = +[0D,] then

(2 g>(k 1 kOY=+(0nmn).

Let F = (a 3) Thena=d =0, m= 1, k= +n and there are two solutions with
¢

b=41,c= +1.

We conclude that G, has at most two elements unless m = 1 and n = +k, in which
case G, has at most four elements if n = +k and G, has at most two elements if
n = —k (G, has only orientation-preserving homeomorphisms).

We must realize the above as homeomorphisms. In Case (A(i)), the homeo-
morphism h which induces —I on H,(L) is the covering transformation for the
projection of M to S3, which is a 2-fold covering branched over a link (see Theorem 4).
Note that the involution gives a visible symmetry in the pictures of 6D, and D, in
Fig. 2. If m # 2, then n,(M) has a cyclic centre with more than two elements and h
sends a generator of the centre to its inverse. (See [13, Chapter 5].) Note that C, is an
ordinary fibre of M and so gives an element of the centre. Hence h cannot be
homotopic to the identity. If m = 2 then H,(M, Z) contains a cyclic subgroup with
order greater than 2 and the same argument applies to show there is a no homotopy
between h and the identity. In Case (A (ii)) M is a lens space with Seifert invariants
{—1;(0,,0), (2,1), (4k,2k—1), (1, +k)}. Then M = L(8k*+2e¢, 4k* +2k +¢), where
g = +1 = sgn(—n) (see [13, pp. 99-100] with the correct sign on p. 100). These are
precisely the lens spaces L(p, q) in Class (1a) for which g> = 4+ 1 mod p. As above, G,
has at most four elements if e = — 1 and at most two elements ife = +1. If e = —1
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then ¢*> = +1 mod p and there are standard fibre-preserving homeomorphisms of
such lens spaces giving G, = Z,xZ,. On the other hand, if e= +1 then
g*= —1mod p and there is a standard orientation-reversing homeomorphism
whose square represents the non-zero element of G, =~ Z,. Since q # 1 (L(6, 1) is

excluded) all these homeomorphisms give outer automorphisms of =,(M).
Note. For all our examples so far G, = {1}.

Case (B). Assume that (b) in Lemma 3 holds. There are two possibilities to consider.
(a) Suppose that D, meets C in two points and is h-invariant up to isotopy. Then

k=1. Ifﬁ[aDIJ — i[aDl] then f# =41 If j,;fg[aDl] = i[aDl] and F = (z Z)»

then b =0and a = ¢ = —d = + 1. Therefore G, has at most four elements if k = 1.
(b) Assume that D, intersects C in two points and h(D,) is isotopic to D,. Then
n=+1.1f f;[6D,] = +[dD,] then f, = +1. Finally, if j,f;[6D,] = +[8D,] and

F = (? Z), then c=0, d= —a= +1, and b = +mn. Consequently, G, has at

most four elements if n = +1.

We show that all these elements occur as homeomorphisms, but in all cases two of
them lie in G,. So G is isomorphic to Z,. The covering transformation for the

standard 2-fold covering projection of M to §°, branched over a link, gives a
homeomorphism h such that h; restricted to L is — I (see the Appendix). The previous
arguments show that h cannot be homotopic to the identity.

(a) Suppose that k = 1. We investigate the solution

(1)

Then Jjyifi([B]+[jB]) = [B]+[jB], that is, jsfz[C;] =[C,;]. So h preserves the
homology class of an ordinary fibre of M (see Fig. 1 for Cs). Since k = 1, M has an
exceptional fibre which has a regular neighbourhood N, which intersects K in a
punctured Klein bottle K (see the discussion at the beginning of §2). In Fig. 4 the
embedding of K, in N, is drawn explicitly; K, is a meridian disk for N, with two
properly embedded strips attached, going from one side to the other of the meridian
disk. Note that 0K, is homotopic to 4 times a generator of 7;(N,) as desired, and is an
ordinary fibre of the Seifert fibring of M. As usual we take C, and C, to be the centres
of the cross caps of K,, where C; lifts to C; in L (Fig. 3) for i = 1,2. It follows
immediately that j, ;,[C,]1=[C,] and j. fi[C,1= —[C,].

Let N, = B® x S', where B? (respectively S') is the unit disk (respectively circle) in
C. The homeomorphism #': N, - N, given by h'(x,t) = (—x, t) can be assumed to
map K, to K, and to interchange the two cross caps of K,. Clearly 4’ extends to a
homeomorphism h of M which takes K to K, preserves C; but switches C, and C,.
Also h is obviously isotopic to the identity, but h; restricted to L induces the desired
homomorphism j f; of H (L, Z). So we have shown that G, * Z, x Z,, G, = Z,, and
G=2Z,.

1 -
(b) Suppose that n = +1. Consider the case when F = ( 0 rr;n) Then j;fy

preserves [C,] = [A]+[jA]. As in (a), let N, be a regular neighbourhood of the
(4k, 2k — 1) exceptional fibre, so that N, n K is a punctured Klein bottle K. Clearly
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FiG. 4

the annulus in N(K) which joins 4 to jA intersects the genus-2 handlebody
N(K,) = N(K)—int N(C5) in a meridian disk D. Also the meridian disk D, for Y
which lies inside N, has the property that dD, and @D cross transversely in one point
(see Fig. 2). Hence adding N(D,) to N(K,) cancels one of the handles of N(K,) and
yields the solid torus N,. It is now easy to see that C, is a core circle of the remaining
handle of N(K,), and hence of N,. So we can isotopically shrink N, to a small regular
neighbourhood N of C,, which meets K in a Mobius-band neighbourhood N(C,) of
C,. Also the homeomorphism h that we are seeking can be chosen as the identity map
on N.

Note that M —intN is a Seifert manifold with two exceptional fibres with
multiplicity (2,1) and (m, £1). We can attach a solid torus N’ to M —int N by an

identification of N’ and N so that a meridian disk D’ for N’ satisfies 0D’ = K n dN.
Then D’ U (K —int N) is an embedded Klein bottle K'in M’ = N' U (M —int N). So M’
is a prism manifold with Seifert invariants {b;(0,,0), (2, 1), (2,1), (m, £1)} [3,17].
But then by [3] we see that M’ has another Seifert fibring as an S* bundle over RP2.
The Klein bottle K’ can be viewed as the set of fibres over a non-contractible simple
closed curve C in the base RP2. Also a core circle of the solid torus N’ can be chosen to
project one-to-one to a simple curve C' in RP? which meets C transversely in one
point (so that N’ and K’ meet in the disk D’).

We construct the desired homeomorphism h which is isotopic to the identity by
‘inverting’ the Klein bottle K. Precisely, there is an isotopy of RP? which reverses the
orientation of C and can be chosen so that C’ is invariant as a set throughout the
isotopy. Lifting the isotopy to M’, we obtain an isotopy inverting K’ and leaving N’
invariant. The homeomorphism h is given by the time-one mapping of the isotopy on
M —int N’ and by the identity map over N. Clearly h takes K to K and is isotopic to
the identity.
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Finally, hy restricted to H,(L) takes [A]+[jA] to [A]+[jA], since
[C,] = [A]+[jA]

is the homology class of a curve in dN. In addition, hy maps [B] to [B]+[0D,] (cf. the
proof of Theorem § in [17]). Since [0D,] = n[B]+m[jA]+n[jB] and n = +1, we
can choose the direction of the isotopy so that hy takes [B] to —mn[ jA]—[jB].
Consequently, h restricted to L must be of the form jf where f; corresponds to the
—mn
-1
and G =~ Z, as in (a).

We are now ready to prove the Main Theorem of § 1, for the manifolds in Class (1a).
By Lemma 2, these are precisely the manifolds covered in Parts I and II of the Main
Theorem, if we exclude the cases where (k,n,b) = (1, +1, —1) (cf. the Remark at the
end of §2). If m is odd then H,(M,Z,) = Z, and so s#(M) = G. So Part I follows
immediately, since for M a lens space, m = 1 (see § 2 of [18]). Also Part II holds for all
examples with m odd. If m is even then H,(M, Z,) = Z, x Z,. Suppose that there is a
homeomorphism h: M - M with hy: H(M,Z,) - H,(M,Z,) not equal to the
identity. By [8], there must be a fibre-preserving homeomorphism h, of M with this
property. This can only occur if (m,n) = (4k,2k—1) or (2,1). Also there is just one
automorphism of H,(M, Z,) realizable by a homeomorphism and different from the
identity in this case. Hence hh, ™! or h belongs to G for all possible homeomorphisms
h. We conclude that # (M) =Z, or Z,x Z,.

1
matrix F = <0 ) as desired. So we have proved that G, 2 Z,xZ,, G, = Z,,

5. Calculation of #(M) for M —C fibred over S*

We begin with M in Class (1b) or (2). Then M — C is fibred over S* with fibre K —C.
Let ¢: K—C — K—C be the monodromy for a choice of orientation of the base S*.
Also let ¢y: H{(K—C,Z) - H,(K—C, Z) be denoted by ® € SL(2, Z). Then M —C is
determined up to bundle equivalence by the conjugacy class of ® in SL(2, Z) (with a
fixed orientation of the base S'). Our first task is to find this conjugacy class.

As is well known (see, for example, [16]) the monodromy for the figure-8 knot
3
1
always use the basis {[«], [#]} for H,(K —C, Z), where o (respectively B) is the curve
which is the projection of 4 (respectively B) to K. We now investigate the monodromy
where M is in Class (1b).

The meridian disks, D, D, for Y (see Proposition 1 and Fig. 2), determine the
fibring of M —C since dD;n C has two points, for i =1,2. Let L,,L, be the
components of L — C. We identify L, with K —C by projection. The monodromy ¢ is
then the composition of the map from L, to L, which takes the arc L, ndD; to
L, 3D, for i = 1,2, and the covering transformation j restricted to L,. Note that
under the identification of L, and K —C, the curves A, B correspond to «, . So

@s: [A]1+[B] = —[jA] - —[A],
¢s: [B] » —mn[jA]—[jB} - —mn[A]—[B], where n= +1,

-1
complement corresponds to the conjugacy class of ® = ( O)’ Note that we will

because, by Proposition 1,

[0D,} =[A]+[B1+[jA] and [0D,] = n[B]+m[jA]+n[jB].
5388.3.49 HH
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mn—1 —m

This implies that ¢; has matrix X = ( { {

n) relative to the basis {[a], (8]}

. . . 11
for H,(K —C, Z). Replacing X by its conjugate U ™' XU, where U = (0 1), we see

1
gives a different conjugacy class for each example in Class (1b). Note that the
conjugacy class is completely determined by tr ® = mn—2, and all values of tr ® occur
except +2.

-2 -1
that the conjugacy class of @ is that of the matrix (mn 0) in SL(2, Z). This

ExampLES. (1) If (m,n) = (1, 1), then
M=1L61) and trd= —1.

If (m,n) = (1, — 1), then M = L(10, 3) and tr @ = —3. These are the only lens spaces in
Class (1b).

(2) If m=2and n = +1then M is a prism manifold and tr® = 0 or —4. For these
examples s (M) has been computed in [1] and [17].

(3) If (m,n) = (3, +£1) then M is a binary octahedral space and tr® = 1 or —35.

(4) The case where (m,n) = (4, 1) is excluded (M is Haken). If (m,n) = (5, 1) then
tr® = 3. This Seifert manifold {~1:(0,,0), (2, 1), (4, 1), (5, 1)} is obtained by (2, 1)-
surgery on the figure-§ knot (see [21]).

To find (M), we start by calculating G’, which is the subgroup of G consisting of
isotopy classes of orientation-preserving homeomorphisms h which preserve the
orientation of the base S! of the bundle M —C. Let G, denote the isotopy classes of
homeomorphisms f: K — K which extend to orientation-preserving homeomorph-
isms h: M — M with isotopy class in G'. Let G, be the kernel of the homomorphism
from G| — G’, which sends the isotopy class of f to that of h. If f determines a class
in G, then the restriction of f to K — C induces a homomorphism of H (K — C, Z) with
matrix F and F® = ®F. Conversely, given F € GL(2, Z) such that F commutes with
®, a homeomorphism h: M—C — M —C, which preserves the orientation of the
base of M — C, can be constructed so that h induces a homomorphism of H,(K —C, Z)
with matrix F. We will say that h corresponds to F.

To find the centralizer of ® in GL(2, Z), we replace @ by the matrix

& - (mn—?. —1)
1 0

by a change of basis and note that an abelian subgroup of PSL(2,Z) ~ Z,*Z, is
cyclic. So if + ® has no roots in GL(2, Z), then the centralizer of @ is { +®P: p e Z}.
On the other hand, if W9 = +®, then since W9 = r¥ +sl, for integers r, s, and

- -1
o= (T 0) where x = tr @, we find that r and the off-diagonal terms of ¥ are all

2 -1
+1 and the only solutions are ¢ =2 and either x =3 and ¥ = i( ) or

I -1
2 1
=—-3and ¥ = + .
e sares( )

35UB017 SUOWILLOD AR 3 |eal [dde a3 Ag pauenof ale saonse WO ‘38N JO sajni 10y AriqiT auluO A8|1A UO (SUO 1} IPLIOS-PUE-SLLIBIAL0D A3 | 1M AReaq 1 Bu1uO//Sd1y) SUOIPUOD pUe SWB | Y1 39S *[£202/0T/T0] uo ARiqiauluo A3|1IA Hn'oee|B@ equislu-<yp 0qqIus> Ag TS € 67-€S/5WId/ZTTT 0T/I0p/W00 A8 [IM°Ae g 1 BU 1 {UO"I0SYeWPUO |//'SANy Wouy papeojumoq ‘€ ‘v86T ‘XZ09rT



ONE-SIDED HEEGAARD SPLITTINGS 531

ConcLusioN. (1) If x # +3, homeomorphisms h: M —C — M — C correspond to
matrices + ®7.

2 -1
(2) If x = %3, the class of matrices is { +'¥?}, where ¥ = ( > if x =3 and

1 -1
2 1\ .
‘{‘=(_l _1)1fx——3.

Next we seek the matrices corresponding to homeomorphisms h of M —C which
extend over M. Obviously all the matrices +®” are of this type, since the
homeomorphisms h can be chosen to be the identity map near C and so extend over

-1
M —C is a double cover of a K —C bundle over S! with monodromy matrix ¥. Let &’
be the covering transformation for this covering. Then &’ is isotopic to a homeo-
morphism h: M —C — M — C which leaves K — C invariant. Clearly the restriction of
hto K — C can be assumed to correspond to the matrix . Let N(C) be a small regular
neighbourhood of C which is invariant under h and let f be the restriction of h to
ON(C). Since det¥ = —1, if y is the homology class of (K —int N(C)) in
H,(ON(C), Z), then f;(y) = —7y. Also another member 6 of H,(6N(C), Z) can be chosen
so that {d,y} is a basis and fy(6) = &, because h is isotopic to h'. But then if D is a
meridian disk for N(C), we have [0D] = +26+(2N +1)y in H,(ON(C), Z) and so
fs[6D] # +[0D]. Hence h does not extend over M. We conclude that only the
matrices +®” correspond to homeomorphisms of M, if x = 3.
Finally, if x = —3, then M = L(10, 3). Now =n,(M — C) has a presentation

. . 2 . o
M. Consider the matrix ¥ = ( ) ), in the case where x = 3. Then ¥2 = ® and so

{xy, 60t xt = x"4yx, t Tyt = x 71},

where {x, y} generates n,(K — C). Note that adding the relation ¢[x, y] = 1 gives Z .
Define an automorphism 6 of n, (M —C) by 6(x) = y~'xy~'xy, 8(y) = y~'x, and
6(t) = t[x, y]. Then 8 induces the matrix ¥ on H,(K — C). Let h be a homeomorphism
of M—C which induces 8 on n;(M—C). Then h restricted to IN(C) gives a
homomorphism of H,(0N(C), Z) which takes 26 +y to 26 + y, where ¢ is the homology
class of ¢ and y is the homology class of d(K —int N(C)). Since 26 +y is the class of a
meridian disk for N(C), we see that h extends over M. Hence all the matrices +‘¥?
come from homeomorphisms of M in the case that x = —3.

Our calculation of G is now complete; G} = Z x Z, in all cases. The next step is to
compute G,. If h is a homeomorphism such that its restriction to K—C has a
homology action with matrix ®?, then clearly h is isotopic to the identity, because ® is
the monodromy matrix for the bundle M ~C. Hence the isotopy class of the
restriction of h to K is in G5.

On the other hand, let h be the homeomorphism such that h restricted to K—C
induces the homomorphism —1 on H,(K~C, Z). If M is in Class (1b) and n,(M) is
infinite, then a generator of the centre of n,(M) is mapped to its inverse by h,. So h
cannot be homotopic to the identity. The same argument works for the binary
octahedral example M where (m,n) = (3, —1) and n;(M)=048)x Z,, as n,(M)
has cyclic centre with order 14, and also for the two lens-space examples L(6, 1)
and L(10,3) (see [13, p.101]). Finally, the prism manifold example M, where
(m,n) =(2,1), has| H,(M, Z)| = 12. Since hy: H(M,Z) - H,(M, Z) isequal to — 1, it
follows that h cannot be homotopic to the identity. Note also that if M = L(10, 3), the
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homeomorphism h corresponding to the matrix ¥ is not homotopic to the identity. In
fact h,(&) = &3, where ¢ generates n,(M). So we conclude that for all M in Class (1b),
except for the cases where (m, n) = (2, 1) or (3, 1), G, corresponds to the set of matrices
{#*: pe Z}. S0 G’ = G,/G, = Z,.

For the prism manifold M = {-—1;(0,,0), (2,1), (2, 1), (4,1)}, by the proof of
Theorem 5 in [17] it follows that the homeomorphism h of M corresponding to the
matrix —I is isotopic to the identity. Let M be the binary octahedral space
{—1;(0,,0), (2, 1), (3, 1), (4, 1)}. If a small regular neighbourhood of the (4,1)
exceptional fibre is removed from M, the result is the trefoil knot complement. So a
non-orientable surface K can be formed by gluing a Seifert surface of genus 1 for the
trefoil knot to a Mobius band which is properly embedded in the neighbourhood of
the (4, 1) fibre. Note that M is obtained by (2, 1) surgery on the trefoil, so the boundary
curves of these surfaces can be matched for appropriate choices of the Mobius band.
This shows that the curve C in K is isotopic to the (4, 1) exceptional fibre (any two
embeddings of K in M are isotopic [18] and there is a unique curve C in K such that
K —C is orientable, up to isotopy).

The homeomorphism h of M which corresponds to —I can be viewed as the
covering transformation for the double covering projection of M to $3, branched over
a link. The fixed set of h has two components, one of which is C and the other is
isotopic to the (2, 1) exceptional fibre since M — C has a Seifert fibration and is a fibred
knot. The homeomorphism h on M —C can be viewed as an involution with three
fixed points on each punctured torus fibre. But & can also be constructed by a rotation
through n along each of the ordinary fibres and on the (3, 1) exceptional fibre for the
Seifert fibring of M — C and by fixing each point of C and the (2, 1) exceptional fibre.
Consequently, h is isotopic to the identity, and in the cases where (m,n) = (2, 1) or
(3,1), Gy, = G, and G' = {1}.

Suppose now that M is in Class (2) and again let h correspond to the matrix —1/.
Then h is an isometry of the complete hyperbolic structure on M, so h cannot be
homotopic to the identity by Mostow’s theorem [12]. Alternatively, this can be
checked by showing that h,: n,(M) — m,(M)is not an inner automorphism. As M is
hyperbolic, 7,(M) has no centre, so this is easily proved by considering h2.

0 -1
-1 0
®~'Y = Y® holds for all monodromy matrices ®. Hence it easily follows that there is
a homeomorphism h': M —int N(C) - M —int N(C) such that k' corresponds to Y,
and h' reverses the orientation of the base S' of the bundle M —int N(C). Let {5,y} be
a basis for H,(0N(C), Z), where y is the homology class of §(K —int N(C)), and let [’
denote the restriction of A’ to dN(C). Since det Y = —1, it follows that fi(y) = —y.
Because k' is orientation-reversing on the base S!, f4(6) = —J for any choice of §. So
K extends to a homeomorphism of M, which we will again denote by /', in all cases.
Hence G is of index 2 in G,.

To find G, suppose first that M is in Class (1b). If we change back to the basis

The second step is to find G,, G,, and G. Let Y be the matrix ( ) Then

-1
det Y = —1 but i’ is orientation-preserving, clearly h' restricted to L has the matrix

(g i) with respect to the basis {[4], [B], [j4], [jB]}. But in Case (B) of §4, this

-1
{[«], [B]} for H(K—C, Z), then Y is converted to the matrix Z = ( ?) Since

matrix is shown to correspond to a homeomorphism which is isotopic to the identity.
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(The desired isotopy is a rotation in a regular neighbourhood of the (4, 1) exceptional
fibre.) Hence G is of index 2 in G, and G = G, /G, = G /G, = G’ for M in Class (1b).

Finally, assume that M is in Class (2) and is hyperbolic. Then the homeomorphism
k' can be chosen to be an isometry of the complete hyperbolic structure of M
(see [21]) and so neither A’ nor hk' is isotopic to the identity, where h corresponds to
the matrix — 1. This can also be checked by showing directly that k), and h,h, are
both outer automorphisms of n,(M). So G, = G}.

The proof of the theorem is nearly complete. We need only check when there
are homeomorphisms h: M - M such that h,: H(M,Z,) - H,(M,Z,) is not
the identity. This can only occur if | Hi(M, Z,)| > 2, which completes the proof of
Part ITI. For M in Class (1b), h can be assumed to be fibre-preserving by [8]. Hence
(m,n) = (2, £1) are the only two cases. This finishes Parts I and II of the main
theorem.

REMARK. It is interesting that (2, 1)-surgery on the figure-8 knot gives a Seifert
manifold with a different homeotopy group from all the hyperbolic 3-manifolds
obtained by (2, 2N + 1)-surgery, for N £ 0.

Appendix. Branched coverings and 1-sided splittings of genus 3

The manifolds considered in this paper all admit 1-sided Heegaard splittings of
non-orientable genus 3; however, we only consider a subset of that class. Since the
techniques used here undoubtedly apply to other manifolds in the class, we give in this
section ways to construct all 3-manifolds which have 1-sided Heegaard splittings of
non-orientable genus 3.

THEOREM 4. Let M be a closed orientable 3-manifold.

(1) M has a 1-sided Heegaard splitting of genus 3 if and only if M is a 2-fold branched
cover of S® branched over a link « U ¥, where %, is a 6-plat and o is an unknotted circle
which bounds a disk meeting £, in exactly three points, as in Fig. 5(a).

(2) If M has such a splitting, then there is a commutative diagram of 2-fold covering
spaces as in Fig. 5(b), all of which are branched except for p. The branch sets of
P1:P2:P3:ParPs are £y, L, =a0 L), Ly=0a, Ly=p3 (&), Ls=p, (). In
particular, the link ¥, has a symmetric 6-plat representation as in Fig. 5(a), wherer is a
rotation of 180° about an axis through the point O and perpendicular to the plane of the
paper.

(3) Each 3-manifold M which admits a 1-sided Heegaard splitting of (non-orientable)
genus 3 also admits a Heegaard splitting of (orientable) genus 3. Also the 3-manifold M’
in Fig. 5(b) admits a Heegaard splitting of (orientable) genus 2.

Proof. (1) Assume first that M has a genus-3 1-sided splitting M = N(K)uU Y.
Define L, j,n: LxI — K asin §2. In Fig. 1, an embedding of L in R? is drawn which
is symmetric relative to the coordinate axes. Then j is reflection in the origin, that is,
j(x) = —x for x € L. Also the rotation through 180° about the x,-axis gives an
involution k on L which has six fixed points {Qi,jQ'i: 1 <i< 3} and commutes
with j. Hence the involution on L x I defined by (x, t) — (kx, t) induces an involution
k' on N(K), via the projection n, and Fix(k') consists of three properly embedded arcs
{Q;xI: 1 <i< 3} in N(K) together with C = n(C). Regard Y as the handlebody of
genus 2 given by the compact region bounded by L in R3 in Fig. 1. Let k” be the
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involution on Y which is rotation through 180° about the x,-axis. Exactly as in
Theorem 5 in [4], the isotopy class of k is central in #(L). Consequently, the
involutions k" on N(K) and k" on Y can be matched up (after isotopic adjustment) to
produce an involution k on M. Since M/k = (N(K)/k)u(Y/k")~ B3 U B* ~ §3, we
have proved that there is a 2-fold branched covering p,: M — S with k as covering
translation.

The branch set of p, is a link ¥, =au .#,, where a = p,(C) and &, is the
projection of the arcs of Fix(k) and Fix(k"). It is easy to check that K /k' is a disk, and
so a bounds a disk p,(K) which meets &, in three points. Since M — K is an open
handlebody of genus 2, it follows that £, n p,(M — K) consists of three unknotted
open arcs properly embedded in the open ball $*—p,(K) (cf. [4]). Hence %, is a
3-bridge link determined by a 6-braid f§ as in Fig. 5.

Conversely, suppose that there is a 2-fold covering p,: M — S with branch set a
link &, =au %, as in Fig. 5. Let D be the disk bounded by a which meets .#, in
three points. Then it can easily be shown that K = p,~!(D) is a closed non-orientable
surface of genus 3. Moreover, if B? is a small 3-ball neighbourhood of D in S3, then
p»~ '(B3) is homeomorphic to N(K). Finally, p, ”!(S* —int B%) is homeomorphic to a
handlebody of genus 2 and so M = N(K)u Y.

(2) Assume that M = N(K)u Y is a genus-3 1-sided Heegaard splitting and let
p: M —» M be the associated double covering. Also let p,: M — §° be the 2-fold

(a)

R (@) ™
\@ U Ly=a 0
Lr=au¥, @

VAN
M M S3

P

\‘

=

=

P}zﬁ
}
S3

FiG. §
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branched covering as in (1). Finally, let p,: M" — S and p;: S* — S be the 2-fold
coverings of §° branched over %, and o« = %, respectively, where £, = a U &, is the
branch set for p,.

Now g = p,'p is a 4-fold covering from M to S* with 2-fold branching over %,. To
construct this covering, H,(S> —.%,) can be split into a direct sum Z, @ Z", where the
first summand is-generated by a meridian of a« and the second factor has meridians
of the n components of &, as generating set. Let n: H(S*—%,) - Z,® Z, be
the direct sum of the epimorphisms Z — Z, and Z" —» Z,. Then the composition of 5
with the epimorphism from =,(S®—.%,) to H,(S*—.%,) gives an epimorphism from
n(S3—%,) to Z,® Z,. The kernel of this latter map induces a regular 4-fold
covering of $>— %, which extends to give g: M — S°. However, the 4-fold covering
of 83— %, can be factorized into a composition of two 2-fold coverings in three
distinct ways. This gives the diagram of coverings in Fig. 5(b), with
q=Dp2’pP=P3'Ps = P1'Ds- .

Finally, the branch set %, for p,: M — S3 clearly satisfies &, = p; " (%,). So &£,
has a symmetric 6-plat representation as in Fig. 5 because pj is just the 2-fold covering
of §3.

(3) Since the branch set %, (respectively .#,) is represented in Fig. 5(a) as an 8-plat
(respectively 6-plat) it follows from Theorem 5 of [4] that M (respectively M’) admits a
Heegaard splitting of genus 3 (respectively 2).

A partial converse to Theorem 4 will now be given.

Let M’ be a closed orientable 3-manifold which admits a genus-2 Heegaard
decomposition M’ = Y U Y”. Let f: Ty x1 — Y’ be any homeomorphism, where T,
is a once-punctured torus, and let C' = f(0T, x {4}). An epimorphism

n,(M-C) - Z,

can be constructed by taking intersection numbers modulo 2 of loops in M’ — C’ with
f(Tox{3}). Let ps: M — M’ be the associated 2-fold covering of M’, branched over
C.

THEOREM S. Let M', M, and Ps: M — M’ be as above. Then there is a double
covering p: M — M, where M is a 3-manifold which has a 1-sided Heegaard splitting of
genus 3. Also the projections ps and p can be included in a commutative diagram of
coverings as in Fig. 5(b).

Proof. By Theorem 5 of [4], there is a 2-fold covering projection p,: M’ — §* with
branch set a 3-bridge link %,. Let h: M’ — M’ be the covering translation for p,.
Then h can be chosen so that each surface f(T,x {t}), for 0 <t <1, is invariant
under h. Consequently, h restricted to f(T, x {t}) is an involution with three fixed
points and p, (T, x {t}) is a disk. So the simple closed curve « = p,(C’) bounds a disk
pif(Tox{3}) in S* which intersects %, in three points. Therefore the link
L, =au P, is exactly as in Fig. 5(a).

As M is the 2-fold covering of M’ branched over C' = p, ~!(a), it follows that the
map p,-ps: M —» S* is a 4-fold covering with 2-fold branching at the link
L, =au P,. The 3 factorizations p,ps = p,'p = p3° P, are obtained exactly as in
Theorem 4. Also by Theorem 4, M, which is the 2-fold covering of S* branched over
Z,, must have a 1-sided Heegaard splitting of genus 3.
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